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Abstract

Lie groups are the mathematical basis for gauge interactions in physics, and gauge symmetries are together with
the Lorentz symmetry the fundamental symmetriesin our physical universe.

This paper is an introduction to Lie groups and agebras, based on origina papers, mathematical and physical
literature, and own cal culations.

The Flowcharts chapter sums up the important aspects in a graphical form.

In chap. 1, thereis a concise summation of the basics of Lie algebras.

In chap. 2, 3, 4 we present resp. Lie groups and manifolds, proper Lie algebras, and fundamental theorems.
In every chapter, there is a concise description, followed by mathematical definitions, theorems and lemmas.
This second part is a precise mathematical formulation of the respective subject, and can be skipped by non-
mathematicians.

Chap. 5 deds with the important subject of root system, Cartan subalgebra, and Dynkin diagram.

Chap. 6 describesin detail the four classical types and exceptional Lie algebras.

Chap. 7 gives a characterization of low-dimensiona Lie algebrasfor dim=2, 3,4 .

In chap 8, we describe briefly the spin representations.

In chap. 9 and 10 we give a short introduction to the related subject of Clifford agebras and spin
representations
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Structure of Liealgebras

l

fildK=R, C

Liealgebragover K

dements X eg, X =) o] [ X}
T

g=ring with operations + *

additive commutative group

multiplicative non-commutative half-group
representation: kxk matrices over K
g=vector space over K, basis{ Xi,...,.Xn }
g={(X,,.... X,) , dim(g)=n

Cartan subalgebra h |
h maximal commuting subalgebra of g

h=(H,,...H,), rank(g)=dim(h)=k
non-commuting basis {)Zl X k}

commutators [ b, X, | = > e X,
k

roots &; =(ay.),

Killing matrix
a b
Kij = CGpCia

eigenvalues A (x)#0 — gsemisimple g=0,®...D g,
dhc g, h Cartan subalgebra, h= 0
eigenvalues 4 (k)=0 — gsolvablegD[g,g]D[g,[g,gHD...DO

eigenvalues 4 (k) <0 — gcompact (bounded)



Rootsin & basis

Cartan subalgebra h
basis E}k =By —Benjin
Cartan subalgebra h=(E; ) , remaining subspace h, :<E}> i #

ansatz H =) AE, for Heh

i=1

Commutators

smpleroots ¢ =E, , &, =E;, , .., § = f (E;)
with the commutators

r1:[H'e1]:(ﬂ‘1_}~2)el
rzz[H’%]:(;tl_;tz)eQ

rn =[H.e,]=(citns+Chy )&,

for su(n+1) r, = (A, — A1) Byt

for so(2n) , = (A4 +2,)(Ezp1n — Esnns )
for so(2n+1) 1, = 4, (E Epnitn )

for sp(2n) 1, =22, (E, ., — Esny)

n,2n+l

Roots
simple roots

alz(}‘l_;tz)
a,=(A,— 1)

o, = (Cn—l}’n—l + Cn}’n)
dl roots to; ta;




Typesof Liealgebras

Liealgebragover K
generators Xu,...,Xn , commutator [Xi X J =Gy X,

dements X eg, X =) X,
g=ring with operations + *

g=vector space over K, basis{ Xi,...,Xn }
9={X X,) , dim(@)=n

su(n+1) so(2n+1) odd orthogonal
{xegl(n+1C),x" =-x,tr(x) {xedl(2n+1),x" =—x}
dim=(n+1)-1, rank=n dim= n(2n+1), rank=n

generators Ti , i=1...(n+1)%-1

commutator relation generators M , (M )'m = O = Gaim ’

k,I=1,...2n, k<l

_ Ak ) y y

[_Ta’Tb] =Ca Ty commutator relation

smpleroots ; = A -4, MM ]=6,M -6, M +6. M, —5M,_,
i=1,...,n+1, n(n+1) roots a; nsimpleroots o, =(4 - 4,,) i=1..n-1, o, = 2,

2n’roots: +4, +4, , 1<=i<j<=n, 43 1<=i<=n

sp(2n) symplectic so(2n) even orthogonal
2nx2n meatrices of the form ( )I . _g
X:[A B],withsymmetricB,C {xedl(2n),x __X}
cC -A
. H=(M. ..

dim= n(2n+1), rank=n dim=n(2n-1), rank=n, " < 2'*1'2'>
generators A :[E” 0 J i:jzl---n generators Mkl (Mkl )mn = 5km5In _5kn§Im

]| 0 _E'i H H

: o 0 k,1=1,...2n, k<l
g (0 B*E C = commutator relation
1j 0 0 R E‘ +E. 0] . __.
 1<5) NS MM ]=6,M =6, M +6 M, -5 M,

commutator relation [ A A, |=6,A ~d,A, » nsimpleroots o =(4 -4.,) , i=1..n-1 ,

[Aj’BkIJZBjkBlI —6;By » [Aj-ck|:|:_ Gy —6:Cy a, =(ln_1+ln)
[By.Cu | =61A +8,A +3,A +5, A,

n simple roots % =(A=2A4) fori=1,..n1;
a, =24,

2n(n-1) roots =(A2) 1<=i<j<=n

£(A+4) £ 1<i<j<n

2n? roots ,

Five exceptional algebras
g2 (Dimension 14)

f4 (Dimension 52)

es (Dimension 78)

e7 (Dimension 133)

es (Dimension 248)




Special linear Liealgebrassu(n+1) , Cartan type An

su(n+1)= {XE g (n+1C),X" :—x,tr(x):O}

dim=(n+1)?-1, su(n+1) semi-simple compact,
Cartan subalgebradim=n
generators Ti , i=1...(n+1)%-1

commutator relation (T, ), =Cj
smpleroots o, = 4, — 4, for i=1,...,n+1, n(n+1) roots o

Killing formis x (%, y)=2(n+1)tr (xy)

l

su(2)=gauge algebra of AK-quantum gravity
generators o, Pauli matrices,

commutator relation [o,,0, ] =2i¢,,.0.
dim=3, , Cartan subalgebra dim=1

smplerootis o, =4,

rootsare +4,

su(3)=gauge algebra of (strong) color interaction
generators Ta=i Aa /2, a=1...8,

commutator relation [T,,T,]=ciT,

where Aa are the 8 3x3 Gell-Mann matrices

dim=8, Cartan subalgebra dim=2

3smplerootsare o, =4, -4, , o, =4, — A, , az =4 — A,
6rootsare o, , ta, , ta,

Killing matrix «; =—diag,({3,...,3})

|

su(4)=gauge algebra of extended weak interaction
generators T, =i 4,/ 2, &=1...15,

commutator relation [T,,T,]=ciT,

where 4, arethe 15 extended 4x4 Gell-Mann matrices

dim=15, Cartan subalgebra dim=3

the3simplerootsare o, =4, -4, , a, =4, -4, , =4, -4, ,
the12rootsare +(4,—2,) , £(4—-4;) , (4 -4,) , ¥#(4,-4;) ,
(2= 2) s £ (A4~ 2)

Killing matrix «; =—diag,; ({4,....4})




so(1,3)=Liealgebra of thelL orentz group

s0(1,3)= {XE gl (3 R),x'n= —nx} , 1 Minkowskin = diag({-1,111})
s0(1,3) is semi-simple non-compact

generators rotations J , boosts Ki , i=1,2,3

commutators [ J,,J; | = d, » [ KK, [==¢3d, . [ 3.K; [=¢,K,
dim=6, Cartan subalgebra dim=2, Cartan type Al

2smpleroots o, =4 -4, , o, =4, + 4,

4roots tA +4, ,

Killing matrix is «; = diag, ({~4,-4,-4,4,4,4})
000 O 0O 0 0O 00 O O
00O0 O 0 0 01 00 -10

J, = J,= J,=
0 00 -1 0O 0 0O 01 0 O
0010 0 -100 00 0 0
0100 0010 0 001

[l 0 0O K {O 00O K {0 00O
0000 *|1000 *|0000
0 00O 00O0O 1 000




Odd orthogonal Liealgebrasso(2n+1) , Cartan type Bn

so(2n+1)= {XE g (2n+1),x" = —x}

dim= n(2n+1), so(2n+1) simple compact,
Cartan subalgebradim=n

generators M , (M ) = Sinin =i ,k1=1,...2n, k<l
[M MTS]:anrMn'S_gmrMns-’-émsMnr_5nsM

mn? mr

commutator relation
nsimpleroots o, =(4 —4,,) , i=L.n-1, a, =4,
2n?roots: 4+, , 1<=i<j<=n, *4 1<=i<=n

A 4

s0(3) 3x3 skew-symmetric matrices, tangent space 3-dim rotations
dim= 3, ssmple compact,

Cartan subalgebradim=1

generators infinitesimal rotations (J, -, J3) about x,y,z axes

0 0 O 0 0 1 0 -1 0
J={0 0 -1"J3,={0 0O 'J,=|1 0 O
01 O -1 00

0 00
commutator relation [Ji J; ] = & Jy

1 simpleroot A
2 roots 4

s0(5)= 5x5 skew-symmetric matrices, tangent space 5-dim rotations
dim= 10, simple compact, so(5) sp(4) so(5) = sp(4)

Cartan subalgebra dim=2

generators 10 matrices Su k,1=1,...5, k<l

(Sk| )rm = 5km5|n _5kn5|m
[Sm,35]25nr8m—5m8ns+5 S -6.S

ms —nr ns —mr

commutator relation
2smpleroots o, =4, -4, , a0, =4,

8 roots J_r/ll,iﬂ,z , T4 A,




Symplectic Lie algebras sp(2n) , Cartan typeCn

sp(2n) 2nx2n matrices of the form
A B
X :[ _ATj,with symmetric B, C

dim= n(2n+1), sp(2n) simple non-compact
Cartan subalgebradim=n

» 0
generators A :(E'O‘ E j ij=1..n
ji

B_:(o 5j+EjiJ
1j
0 0 J i

c ( 0 OJ
ij Ej+Eji 0 <=

commutator relation | A, A, | =5, A —8,A;
[AJ’Bk|]:5jkB‘n _5|inj ) [AJ’CKI:I:_5ikCIj _5i|ij )
[Blj’Ckl:I:(SikAj +5jkAi +5iIA<j Jr5“'6}4

nsimple roots % =(4-4a) fori=1,...,n-1;
£(4£%) #4 1<i<j<n

a, =24,

2n° roots

|

A B
sp(4)= 4x4 block matrices X of theform X = (C j symmetric B,C

—_AT

dim= 10, simple non-compact , ; :[ 0 'z]
2 -1, 0

2

Cartan subalgebra dim=2
4 generators Aijj , 3 generators Bij , 3 generators Ci;

commutator relation [ A, A, |=5, A —8,A; . [ A;By |=6,B, -5,B,
[Aj’ckl]:_5ikclj _5i|ij ) I:Blj’ckl:|:5ikAj +5jkAi +5iIA<j +5j|A<i
2simpleroots o, =4, -4, , o, =24,

8 roots *A, +4, , 24, , £24,




Even orthogonal Lie algebrasso(2n) , Cartan type Dn

so(2n)= {Xe gl (2n),x" = —X}
dim=n(2n-1), so(2n+1) simple compact (n>=2),
Cartan subalgebradim=n, Hy = (Maia)

= 5km5|ﬂ _5kn5lm , k,|:1'_._2n' k<l
Mrs] :5nerrs_5mrMns+5msMnr _5HSM

generators My , (M, )mn
[M

mn? mr

commutator relation
nsimpleroots o, =(4 —4,,) , i=L.n-1, a,=(4,,+4,)

+(A + A
2n(n-1) roots _(;L' _/1') 1<=i<j<=n

|

0 -
so(4) 4x4 skew-symmetric matrices | B (t))s b -a, |, tangent space 4-dim rotations
|h b 0
a a a O
dim= 6, ssimple compact
Cartan subalgebra dim=2
generators 6 rotations of so(3) A1, Az, Az
0000 0 010 0 -100
00 -10], 0 00 Of, 1 000
Ao 100 1000 ®lo o0 0o
0000 0 000 0 0 00O
3 boost rotations B1, Bz, B3
000 -1 000 O 0000
oooo,_ooo-1,83_0000
B5=l000 0| *|ooo o lo oo -1
100 0 0100 0010
commutator relation [ A, A |=¢, A . [B.B; |=¢,A . [A.B]=¢5,B,

2simpleroots a, =4, -4, , a, =4 +4,
4roots +A £ A,




10

Exceptional Lie algebras
* g2 (Dimension 14): is the automorphism group of the octonions and the stabilizer of ageneric 3-formin 7
dimensions, rank=2
* f4 (Dimension 52): The Lie algebra of the exceptional group Fa4, is the automorphism group of the Albert
algebra (a 27-dimensional exceptional Jordan algebra), rank=4
Albert algebrais the space of 3x3 self-adjoint 3x3 matrices over the octonions .
* & (Dimension 78): isthe stabilizer of acertain cubic form and appears in the classification of certain
projective planes over division algebras, rank=6
» ¢7 (Dimension 133): Leavesinvariant a symmetric rank-4 tensor in its fundamental 56-dimensional
representation, rank=7
* eg (Dimension 248): Its root diagram is the Es lattice, which models the densest possible sphere packing in 8-
dimensional space, rank=8



Structure of Clifford algebras

l

fildK=R, C

Clifford algebra g over K

elements ge g,
q=q, + Z qiliquqz + Z qi1i2i3q1qz q3 Fot qil'"inql qn

g=ring with operations + *

additive commutative group

multiplicative non-commutative half-group
representation: kxk matrices over K
g=vector space over K, basis{ Xi,...,Xn }

9=(Xys X,) o dim(g)=n

Quaternion field
H={q=a+bi+cj+dklab,cdeR}
iZ=j2=k?’=-1,ij=k=—ji ,
jk=i=-kj , ki=j=-ik

_ i i _ —bi-cj—-dk
L= (a+bi+cj+dk) =2
q"=(a+bi+cj+dk) a’+b?>+c?+d?

. 1 S
q :—E(q+|q|+1qj+qu)

la| =+/ag" =+a? +b? +¢c? +d?
equivalence {1, 1, j, k} —{l,io,,i0,,ic,}

Dirac-Clifford spinor algebra
Cl(1,3)(C) generators y* {y“,y” =2n,|

Il O 4 0 o 0 I
Dirac form y° = Lyl = Py =iy Oy %3 =
I4 [0 —J /4 (‘G,— Oj /4 yvrvy | 0

0 I . 0 o -1 0
Weyl form y° = Lyl = _ S =
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General Dirac-Clifford spinor algebra dim=d

2d/2
General Dirac matrices I", are nxn matrices, n ={

{TaTp} =2n,1 inCl(p,0)(C)
Weyl basis Euclidean metric d=4 Dirac matrices

o (O 1) i_i[0 o) s_i(t O
7E—| 0 » Ve = sl 0 Ve = 0 —I

in CI(d)(C):
ford=2, T, =(ioic,)
ford=3, I', =(io,,io,,io;)

for d=4, I = (y¢,7¢.72.7¢)
for d=5, T® =(y2.72.72.72). TY =7¢,
ford=6, I'® =—¢,®TI'® a=12,34,5; TP =¢,®1I

292 o —om41

ford=7, T =—0,T® a=

Vector rotations

J .

X'= AX, Lorentz A:exp(——co M #
2 "

6 elementary rotations o, ,
Kronecker matrices M,

(Mkl )mn = NrOin ~ MaOim

A =exp(-i (¢ J+v K))

rotation vector ¢ =(¢,,0,,¢;),

boost vector V =(v;,V,,V,)

rotation &boost(J; ),(K;) Lieagebra
(KK == dc o [ 30K, |=g5K,
rotation operator @ = (¢ J +v K)

J

12,345, T =6,®1, T =ic,®]
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Spinor rotations

Y,
Y'=8S¥Y,¥Y= ,
Vi

[ .
S= eXp(_Ew’” Z”Vj , Spin tensor generators X"

v_i_ 7 [ 0
2 _4[7//1'7/ ]_( 0 ~/WJ

(o)
with rotation vector ¢ =(¢,,0,,0;),
boost vector V =(v;,V,,V,)

0
S= (% A\J with the left- and right Weyl-spinor rotations

N

rotation operator @ = % (po tive
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1 Basics

Lie groups are mathematical objects that are simultaneously groups (allowing for operations like multiplication
and inversion) and smooth manifolds (allowing for continuous, "smooth" transformations). Lie algebras
represent the infinitesimal structure of Lie groups, serving asthe "flat" tangent space at the group's identity.
 Lie Groups. Represent continuous global symmetries. Because they are curved manifolds, doing global
calculations (like multiplying group elements) can be geometrically complex

* Lie Algebras: Represent infinitessimal symmetries. They form aflat vector space, meaning you can add
elements together and scale them.

» The Correspondence: The exponential map connects the two. It translates tangent vectors (from the Lie
algebra) into curved trgectories on the Lie group.

Lie Groups

A Liegroup G isaset that possesses two compatible structures:

Itisagroup: Itisclosed under an associative multiplication operation, has an identity element, and every
element has an inverse.

It isasmooth manifold: It locally resembles n-dimensional Euclidean space R", alowing for calculus
(differentiation, integration) to be performed on the group.

Examples: Thecircle group (U(1)), the group of n x ninvertible matrices GL(n, R), and the group of 3D
rotations SO(3).

LieAlgebras

A Lie agebragisavector space equipped with abinary operation called the Lie bracket. The Lie bracket,
denoted as[.,.] measures the failure of commutativity

The bracket must satisfy three primary rules:

Bilinearity: ([ax + by, z] = a[x,z] + b[y,z])

Antisymmetry: ([x,y] =-[y.X])

Jacobi Identity: ([x, [y,Z]] + [y, [z.X]] + [z, [x,y]] = 0)

For matrices, the Lie bracket isthe commutator: [A, B] = AB —BA

Structure constants

Structure constants (or structure coefficients) are the numerical values that uniquely define the algebraic
multiplication in aLie agebra. They are the coefficients that appear when the Lie bracket of any two basis
vectors is expressed as alinear combination of the basis itself.

For aLieagebrag equipped with abasis{e}, the Lie bracket [g, g] of any two basis elements produces a new
element within the algebra. Because of bilinearity, you only need to know the products of the basis elements to
determine the multiplication for the entire algebra.

The basis vectors (also known as generators) satisfy the commutation relation:

(6.6 =g

where:

q‘j‘ are the structure constants, and Einstein summation notation isimplied (sum over k).
Structure constants inherently possess specific mathematical properties:

» Anti-symmetry: Since the Lie bracket is anti-symmetric, swapping the first two indices of the structure

constants flips the sign:
G =G
» The Jacobi Identity: The Jacobi identity into acrucial constraint on the structure constants:
m .k m Al mj
G G t+ Cjkc:ni + G Cr{"]' =0
« Killing Form: The structure constants are directly used to compute the Killing form, a symmetric bilinear
form that helps classify whether a Lie agebrais semisimple or solvable:

_ ~aab
Kij = GpCja

The properties antisymmetry and Jacobi identity are sufficient in order to define aLie algebra

Adjoint representation
The mapping ad, (y)=[x,y] iscaledtheadjoint of xeG of LieagebraG.

Derivation
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A derivation on a Lie algebra G is a linear map D:G—G that satisfies the Leibniz rule for all elements X,y G

D([x,y])=[Dx,y]+[x Dy]

The collection of all such derivations forms a Lie algebra known as the derivation Lie algebra, denoted Der (G) .
The key aspects of derivations are

» The Bracket Operation: The Lie bracket on Der(G) is the standard commutator operation, defined for any two
derivations D,, D, € Der (G)as:

[D,,D,]=D,°D,-D,oD,
* Inner Derivations: For any element x e G, the adjoint operator ad, (y) =[x, y]isaderivation. These are
called inner derivations and they form an ideal inside Der (G) .

Killing form
TheKilling form is the bilinear symmetric form «(x,y) =Tr (ad (x)~ad(y)), with adjoint ad, (y)=[x,y],

for basis vectors «; = cic>, expressed by the structure constants.

The Killing form characterizes the Lie agebra, and has the properties.

1. Cartan's First Criterion (Detecting Solvability)

A finite-dimensional Lie algebra g over afield of characteristic O is solvableif and only if the Killing form
vanishes identically on the commutator subspace:

k(% y)=0 fordl xeg and ye[a,q]

2. Cartan's Second Criterion (Detecting Semisimplicity)

A finite-dimensional Lie algebra g over afield of characteristic 0 issemisimpleif and only if its Killing formis
non-degenerate.

Non-degeneracy means that if

xk(xy)=0fordl yeg,then x=0 ,i.e «x; =«(q, ) hasfull rank det(x;)=0

3. Nilpotent Lie Algebras

If aLiealgebrag is nilpotent, its adjoint operators ad(x) are nilpotent endomorphisms, meaning all their
eigenvalues are zero. Consequently, the Killing form isidentically zero.

4. Compact Real Forms and Definiteness

For real semisimple Lie algebras, the Killing form provides a characterization based on its signature (the
number of strictly positive and negative eigenval ues).

A real semissmple Lie algebrais compact (the Lie algebra of acompact Lie group) if and only if the Killing
form is strictly negative definite.

In this case, all eigenvalues of the quadratic matrix x; =« (q € ) are strictly negative.

5 Associativity (Adjoint Invariance): The Killing form isinvariant under the Lie bracket, meaning that for any
X, Y,Zeq, it respects cyclic permutation:

e([xy].z)=r(x[y.2])

6 Orthogonal Ideals: If i isanideal in g, its orthogonal complement with respect to the Killing form isalso an
ideal.

X,y € g areorthogonal resp. x; :K(q,ej) , if their vectors x., y, inthebasisb={a} satisfy

%, K(€.) ¥, =0

Key Theorems

» Lie'sThird Theorem: Every finite-dimensional, real Lie algebraisthe Lie algebra of some Lie group.

» The Correspondence: While two different Lie groups can share the exact same Lie algebra (for example,
SU(2) and SO(3)), simply connected Lie groups have a one-to-one correspondence with their Lie algebras.
Applicationsin physics

» Quantum Mechanics: The angular momentum operators satisfy the commutation relations of the SU(2) Lie
algebra.

* Particle Physics: The Standard Model relies heavily on the gauge groups U(1) x SU(2) x SU(3) (where SU(3)
relates to quantum chromodynamics).
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2 Liegroupsand manifolds

A Liegroup isamathematical object that isboth a smooth manifold and a group, where the group operations
of multiplication and inversion are differentiable. This structure allows mathematicians to study continuous
symmetries using the tools of calculus and geometry, mapping complex curved spaces into linear structures
called Lie algebras.

Atitscore, aLie group sits beautifully at the intersection of algebra and geometry. It combines two
fundamental mathematical concepts:

The Manifold: A space that locally resembles flat Euclidean space. For instance, a circle looks like a straight
line when you zoom in.

The Group: A set of elements coupled with an operation (like rotation or tranglation) that obeys closure,
associativity, has an identity element, and allows for inverses

For the two structures to be compatible, the multiplication map (x, y) > x-y andtheinversonmap x> x*

must be smooth (continuous) functions.

Lie groups can be highly non-linear and curved, making global calculations difficult. The primary breakthrough
in Lietheory isthe Lie algebra, which essentially acts as a"flat map" or alinear approximation of the curved
group.

Tangent Space: The Lie algebrais defined as the tangent space of the Lie group at the identity element.
Exponential Map: The relationship between the Lie algebra and the Lie group is established via the exponential
map, which projects tangent vectors (elements of the Lie algebra) directly onto the curved group (the Lie
group).

The Lie Bracket: While the group has a multiplication operation, the Lie algebra possesses a specia operation
called the Lie bracket, which captures the non-commutativity and curvature of the group's operations.

Because Lie algebras are flat (vector spaces), it is often vastly simpler to perform algebraic and geometric
computations within them.

Liealgebra g isnilpotent if its lower central seriesterminates in the zero subalgebra. The lower central series
is the sequence of subalgebras

ao[ua] o[ [xa]]2..

Liealgebra g issolvableif its derived series terminates in the zero subalgebra. The derived Lie algebra of the
Liealgebra g isthe subalgebra of g, denoted

[g, g] that consists of all linear combinations of Lie brackets of pairs of elements of g. The derived seriesisthe
sequence of subal gebras

ao[xa] o[ [wa].[aa]]2..

Liealgebra g issemisimpleif it isadirect sum of simple Lie algebras. A ssimple Lie algebrais anon-abelian
Lie algebrawithout any non-zero proper ideals.

For afinite-dimensional Lie algebra a over afield of characteristic O, if nonzero, the following conditions are
equivalent:

g issemisimple;

theKilling form «(x,y)=tr (ad(x)ad (y))is non-degenerate;

g has no non-zero abelian ideals,

a has no non-zero solvable ideds;
the radical (maximal solvable ideal) of g iszero.

2.1 Local groups

[2]

As such, the local theory of Lie groupsis completely described (in principle, at least) by the theory of Lie
algebras, which leads to a number of useful consequences, such as the following:

* (Locd LieimpliesLie) A topological group - isLie(i.e. itisisomorphic to aLiegroup) if and only if itis
locally Lie (i.e. the group operations are smooth near the origin).

» (Uniqueness of Lie structure) A topologica group has at most one smooth structure on it that makesit Lie.
» (Weak regularity implies strong regularity, 1) Lie groups are automatically real anaytic. (In fact one only
needs alocal (! regularity on the group structure to obtain real analyticity.)
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* (Weak regularity implies strong regularity, 11) A continuous homomorphism from one Lie group to another is
automatically smooth (and real analytic).

The connection between Lie groups and Lie agebras aso highlights the role of one-parameter subgroups of a
topological group, which will play a central role in the solution of Hilbert’s fifth problem.

We note that there is also a very important a/gebraic structure theory of Lie groups and Lie algebras, in which
the Lie algebrais split into solvable and semisimple components, with the latter being decomposed further into
simple components, which can then be completely classified using Dynkin diagrams.

Definition 1 (Local group) A local topological group @ = (G2, A, 1.-.()7*), or local group for short, isa
topological space (& equipped with an identity element 1 £ &, a partially defined but continuous multiplication
operation - : {} — (& for some domain {? — & x (&, and apartially defined but continuous inversion operation

()7' : A = G where A C &, obeying the following axioms:

e (Local closure) {2 isan open neighbourhood of Gox {1} U{l} x G and Aisan open neighbourhood of 1.
o (Loca associativity) If 9: 1. &£ € G aresuchthat (9 1) -k and ¢ - (1t - k) are both well-defined in G, then
they are equal. (Note however that it may be possible for one of these products to be defined but not the
other.)
o (Identity)Foral 9 G g-1=1-g=g
« (Locd inverse) If 4 € G and 9 'iswell-defined in G, then 99~ = ¢+ § = L (In particular this,
together with the other axioms, forces1—! = 1.)
Definition 2 (Restriction) If (- isalocal group, and [ is an open neighbourhood of the identity in (-, then we
define the restriction & |7 of G to I to be the topological space [/ with domains
Qlp={lg.h) Qg h g heUladA l={g €A:9.¢7" €U} andwith the group operations": ()"
being the restriction of the group operations of G to £ |7, A |17 respectively. If {7 is symmetric (in the sense
that 9~ iswell-defined and liesin I for all § € U, then this restriction G |t will also be symmetric. If i isa
global or local Lie group, then & |7 will dlso be alocal Lie group.
Thus, for instance, one can take the Euclidean space R, and restrict it to aball B centred at the origin, to
obtain an additive local group B” | 5. In this group, two elements *: ¥ in B have awell-defined sum * + ¥ only
when their sum in R? staysinside B. Intuitively, thislocal group behaves like the global group R? aslong as
oneis close enough to the identity element (1, but as one gets closer to the boundary of 3, the group structure
begins to break down.

Example 1 Let G be aglobal or local Lie group of some dimension d, and let @ : I/ — V" be a smooth .
coordinate chart from a neighbourhood [ of theidentity 1 in (= to a neighbourhood 1" of the origin (1 in R”,
such that  maps 1 to (1. Then we can define alocal group @.G |t which isthe set 1V (viewed as a smooth
submanifold of R") with the local group identity 0, the local group multiplication law # defined by the formula

vy = olo ) o Hy)
defined whenever @' (), @~ (i), @~ () - ' (y) are well-defined and liein I, and the local group inversion
law ()"~ defined by the formula
vt i=alo~ ) )
defined whenever @ (), @~ ()~ are well-defined and liein I7. One easily verifiesthat @-G' |7 isalocal Lie

group.

Definition 3 (Homomor phism) A continuous homomorphism @ : & — H petween two local groups & H isa
continuous map from (= to [ with the following properties:

« © mapstheidentity L of G totheidentity L of H: ?(1c) = 1n.
. 1f9€ Gissuchthat 9 iswell-defined in G, then ?(9) " iswell-defined in H and isequal to ?(97").
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e 1f9. 1€ G aesuchthat 9 - I iswell-defined in 7, then @(g) - @(/) is well-defined and equal to @9 - ).
A smooth homomorphism @ : & — H petween two local Lie groups & H is a continuous homomorphism that
is also smooth (differentiable).

2.2 Some differential geometry

[2]

Definition 4 (Tangent space) Let 1f be a smooth d-dimensional manifold. At every point i of this manifold,
we can define the tangent space 1M of A at . Formally, this tangent space can be defined as the space of all
continuously differentiable curves ¥ : I — M defined on an open interval I containing 0 with 7{0) = =,
modulo the relation that two curves 71: 2 are considered equivalent if they have the same derivative at (1, in the
sense that

d . d .
Ef-"[“.'][r.:'_:'h:u = Eff:‘[“.'f[r.:'}'h:u

where @ 1 U = Visacoordinate chart of G defined in anei ghbourhood of r; it is easy to see from the chain
rule that this equivalence is independent of the actual choice of . Using such a coordinate chart, one can
identify the tangent space T M with the Eudlidean space R?, by identifying ¥ with @ (7 {t))li=0. One easily
verifies that this gives 1. the structure of a d-dimensional vector space, in amanner which is independent of
the choice of coordinate chart . Elements of 7. M are called tangent vectorsof Af atx. 1f 7 — Misa
continuously differentiable curve with 7(0) = ¥, the equivalence class of 7 in T M will be denoted 7' (1),

The space L M 1= U, cas 1} % ToM) o pairs (¢, ), where  isapoint in M and v is atangent vector of A/
at r, is called the tangent bundle.

If & : M — N isasmooth map between two manifolds, we define the derivative map D& : T'M — TN tobe
the map defined by setting

D®((x,~"(0))) := (P(x). (P o~)(0))

for all continously differentiable curves ¥ : 1 — M with 7(0) =  for some r € M. We also write
(P(x). DP(x)(v)) for DP(r. V) sothat for each w € M, DP(x)isamap from T.M to Ta)V one can
easily verify that this latter map islinear. We observe the chain rule

D(Vo®)=(DW)o (DD) (1)

for any smoothmaps & : M — N, ¥ : IV — {J. (Indeed, one can view the tangent operator 1" and the
derivative operator I} together as a single covariant functor from the category of smooth manifolds to itself,
although we will not need to use this perspective here.)

Observethat if 1" is an open subset of R, then 71" may be identified with 17 »x R*. In particular, every

coordinate chart @ © U — V' of 1M givesrise to acoordinate chart D¢ : TU = V' x R of T\, which gives
T M the structure of a smooth 2¢d-dimensional manifold.

Definition 5 (Vector fields) A smooth vector field on 1f isasmooth map X' : M — T M whichisaright
inverse for the projection map 7 : TAM — M, thus (by Slight abuse of notation) X maps = to [: X ()] for
some-X () € T.M The space of all smooth vector fieldsis denoted L (T4 ), 1t isclearly areal vector space.
Infact, itisaC ™ (M )-module: given asmooth vector field -X € I'(T"M) and a smooth function f € €™ ()
(i.e.asmooth map [ : M — R) one can define the product /X in the obvious manner: f-X (1) := f(x).X (x),
and one easily verifies the module axioms.

Given asmooth function / € €™ (M) and a smooth vector field ¥ € I'(TM) we define the directional
derivative Vx [ € C™(M)of [ dong X by the formula

o i
Vyflr) = ;Tf (¥(t))|e=0
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whenever 7 : I = M js a continuously differentiable function with 7(0) =  and 7'(0) = X{(); one easily
verifiesthat Vx f iswell-defined and is an element of €™ (M),

Thereis afundamental link between smooth vector fields and derivations of €™ (A );
Lemma 2 (Correspondence between smooth vector fields and derivations) Let M be a smooth manifold.

o 1f X € I{T'M)isasmooth vector field, Then Vx : (M) — C™(M)jsaderivation on the (real)
algebra (M), i.e. a(redl) linear map that obeysthe Leibniz rule
Vx(fg) = [Vxg+(Vxflg  (2)

forall [.g € C=(M),

« Conversly, if @ : C= (M) — € (M)jsaderivation on €™ (M ), Then there exists a unique smooth
vector field X suchthat @ = V.

Lemma 3 (Commutator of derivationsisa derivation) Let dy.dy + A — A petwo derivations on an algebra
A. The commutator [d1. da] := dy o dy — da o dy js also aderivation on A

From the preceding, we can define the Lie bracket [-X: Y| of two vector fields X+ ¥ € ['(T M) py the formula
Vixy) = [Vx, Vyl.

This gives the space [(TM) of smooth vector fields the structure of an (infinite-dimensional) Lie algebra
Definition 6 (Liealgebra) A (real) Lie algebraisareal vector space |* (possibly infinite dimensional),
together with a bilinear map L2V x V= Viwhichis anti-symmetric (thus[-'i'- V] =—[Y, Xlforall

X.Y €V orequivalently [X. X] = 0forall X V) and obeys the Jacobi identity

[[X.Y].Z] + [V Z] Xl +[[Z X].Y]=0

forall X.Y. Z €V
Lemma4 If M isasmooth manifold, Then I'(T M) (equipped with the Lie bracket) isa Lie algebra.
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3Liealgebras

LieAlgebras

A Lie algebragisavector space equipped with abinary operation called the Lie bracket. The Lie bracket,
denoted as[.,.] measures the failure of commutativity

The bracket must satisfy three primary rules:

Bilinearity: ([ax + by, z] = a[x,z] + b[y,z])

Antisymmetry: ([x,y] =-[y.X])

Jacobi Identity: ([x, [v,z]] + 1Y, [zX]] + [z, [X,y]] =0)

For matrices, the Lie bracket isthe commutator: [A, B] = AB —BA

Structure constants

Structure constants (or structure coefficients) are the numerical values that uniquely define the algebraic
multiplication in aLie agebra. They are the coefficients that appear when the Lie bracket of any two basis
vectorsis expressed as alinear combination of the basis itself.

For aLie algebra g equipped with abasis{ e}, the Lie bracket [, g] of any two basis elements produces a new
element within the algebra. Because of bilinearity, you only need to know the products of the basis elements to
determine the multiplication for the entire algebra.

The basis vectors (also known as generators) satisfy the commutation relation:

k
[e.6 ]=ciq
where:
cl‘j< are the structure constants , and Einstein summation notation isimplied (sum over k).

Structure constants inherently possess specific mathematical properties:
» Anti-symmetry: Since the Lie bracket is anti-symmetric, swapping the first two indices of the structure
constants flips the sign:
G =G
» The Jacobi Identity: The Jacobi identity into acrucial constraint on the structure constants:

o _ _
Cj i T CjCry +GC; =0
« Killing Form: The structure constants are directly used to compute the Killing form, a symmetric bilinear
form that helps classify whether a Lie agebrais semisimple or solvable:

a b

Kij = CGpCia

The properties antisymmetry and Jacobi identity are sufficient in order to define aLie algebra.

Adjoint representation
Themapping ad, (y)=[x,y| iscaledtheadjoint of xeG of LiealgebraG.

Derivation

A derivation on a Lie algebra G is a linear map D:G—G that satisfies the Leibniz rule for all elements X,y e G
D([x,y])=[Dx,y]+[x Dy]

The collection of all such derivations forms a Lie algebra known as the derivation Lie algebra, denoted Der (G) .

The key aspects of derivations are
» The Bracket Operation: The Lie bracket on Der(G) is the standard commutator operation, defined for any two

derivations D,, D, € Der (G)as:

[D,,D,]=D,°D,-D,oD,

* Inner Derivations: For any element x e G, the adjoint operator ad, (y) =[x, y]isaderivation. These are
called inner derivations and they form an ideal inside Der (G) .

Killing form
TheKilling form is the bilinear symmetric form « (x,y) =Tr (ad (x)-ad(y)), with adjoint ad, (y)

[X7 y] ]
for basis vectors «; =cpc>, expressed by the structure constants.
The Killing form characterizes the Lie agebra, and has the properties:



21

1. Cartan's First Criterion (Detecting Solvability)

A finite-dimensional Lie algebra g over afield of characteristic O is solvableif and only if the Killing form
vanishes identically on the commutator subspace:

k(xy)=0 foral xeg and ye[g,q]

2. Cartan's Second Criterion (Detecting Semisimplicity)

A finite-dimensional Lie algebra g over afield of characteristic 0 is semisimpleif and only if itsKilling formis
non-degenerate.

Non-degeneracy meansthat if

k(xy)=0foradl yeg,then x=0,i.e x; =«(q.€ ) hasfull rank det(x; )0

3. Nilpotent Lie Algebras

If aLiealgebra g isnilpotent, its adjoint operators ad(x) are nilpotent endomorphisms, meaning al their
eigenvalues are zero. Consequently, the Killing form isidentically zero.

4. Compact Real Forms and Definiteness

For real semisimple Lie algebras, the Killing form provides a characterization based on its signature (the
number of strictly positive and negative eigenval ues).

A real semisimple Lie algebrais compact (the Lie algebra of acompact Lie group) if and only if the Killing
form is strictly negative definite.

In this case, all eigenvalues of the quadratic matrix x; =« (q € ) are strictly negative.

5 Associativity (Adjoint Invariance): The Killing form isinvariant under the Lie bracket, meaning that for any
X, Y,Zeq, it respects cyclic permutation:

e([xy].z)=r(x[y.2])

6 Orthogonal Ideals: If i isanideal in g, its orthogonal complement with respect to the Killing form isalso an
ideal.

X,y € g areorthogonal resp. «; :K(q,ej) , if their vectors x., y, inthebasisb={&a} satisfy

% k(g€ ) ¥, =0

3.1ThelLiealgebraof aLiegroup
[2]
Let & bea(global) Lie group. By definition, G isthen asmooth manifolds, so we can thus define the tangent
bundle TG and smooth vector fields-¥ € ['(TG) asin the preceding section. In particular, we can define the
tangent space 11 of ' at the identity element 1.
eft . o .
If 9 € G then the left multiplication operation At w o ga is, by definition of a Lie group, asmooth map
eft .
from (+ to (+. This creates a derivative map D;;_{} TGS TG6 from the tangent bundle T'(+ to itself. We say
- . cdefty Vo v ~ . .
that a vector field X € [{TG)jisleft-invariant if one has (77X = Xgor a1 g G or equivalently if
(D7) o X =XepT g q1g€ G,
From the above, we can identify the tangent space 11 with the left-invariant vector fields on T'(:, and the Lie
bracket structure on the latter then induces a Lie bracket (which we also call [+ }) on 71 The vector space T:G
together with this Lie bracket is then a (finite-dimensional) Lie algebra, which we call the Lie algebra of the Lie
group (&, and we write as 9. o
Lemma7Let @ G — H peasmooth homomorphism between (global) Lie groups. Then the derivative map Do(lg)

at the identity element L is then a Lie algebra homomorphism from the Lie algebra @ of ( to the Lie algebrah of H
(thus this map is linear and preserves the Lie bracket).

3.2 The exponential map o

The exponential map ¥ — €XP(T) on the reals R. (or its extension to the complex numbers C) is of course
fundamental to modern analysis. It can be defined in avariety of ways, such as the following:

(i) exp : R = Rjsthe differentiable map obeying the ODE i “XP{*} = €XPIT) and the initial condition
exp(0) =1
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(i) exp : R — R jsthe differentiable map obeying the homomorphism property eXp( + ) = exp(r) exply)
and theinitial condition iz “XP () [z—0 = 1

i) &xp : R — R isthelimit of the functions® (1 + 2 ) asn — oc.

(iv) “xp : R — R jsthelimit of theinfinite series™ ZH—H al.

Definition 7 (C'*+! local group) A C'*! local groupisalocal group 1 that is an open neighbourhood of the origin 1 in a
Euclidean space R, with group identity (}, and whose group operation # obeys the estimate

rxy=x+y+O0(|x||y) (4
for dl sufficiently small - ¥, where the implied constant in the () notation can depend on V but is uniform in - ¥,

Remark 6 In real andysis, a(localy) ' functionisafunction / * ' = R™ onadomain '  R" whichis
continuously differentiable (i.e. in the regularity class '), and whose first derivatives VI are (localy)
Lipschitz (i.e. in the regularity class C'+!) the C'*+ regularity classis dlightly weaker (i.e. larger) than the class
(' of twice continuously differentiable functions, but much stronger than the class €' of singly continuously
differentiable functions.

The reason for the terminology "'+ in the above definition isthat C'*+ regularity is essentially the minimal
regularity for which one has the Taylor expansion

flx) = flag) + V[firg) - (r — 1) + Of|r — I1|| )

for any fn in the domain of [, and any r sufficiently closeto n; note that the asymptotic (4) is of thisform.

We can now defin?the exponential map “xP - V' =V onthis C'*! local group by defining
exp(r) = lim [’E.J'}"T' (G)
forany & in asuffici ently small neighbourhood 1 of the originin 1.

Lemma 10 Let V bealocal ' group.
(i) Thenif 1" isasufficiently small neighbourhood of theorlglnln‘L thenthellmltln(_)eX|stsfor alr e 17,

(Hint: use the previous exercise to estimate the distance between[ L) and[_r’?J .) Establish the
additional estimate

exp(x) = x+ O(|z]*). (7) _ _

(i) Thenif 7 I = G isasmooth curve with 7(0) = 1, and 7'(0) is sufficiently small, then

exp(7(0)) = lim ~(1/27 )%

(iii) Then for allﬁ'suffici ently small Il Y, one has the bilipschitz property
|[(exp(x) —exp(y)) — (x —y)| = Slx —yl.
We conclude in particular that for 1 sufficiently small, “*P is a homeomorphism between V" and an open
neighbourhood €XP1 V') of the origin.
Then
exp(sz) = exp(tr) = exp((s + t)x)  (8)
— d e . . . e FIL .
for 5.1 € Rgndx € R with 5. 11 sufficiently small. (Hint: first handle the case when ¥ S z[E]are dyadic
numbers.)

(iv) Then for any sufficiently small ¥+ if < R’ , One has
explr +y) = 111:1 (exp(x/2") = exply/ 0”}} . (9)

We conclude the stronger estimate
explr +y) = 1111 (exp(r/n) = ex J[r;en}}"” (10)

(v) Then that for any suff|C|entIy small £ < R , one has
explr +y) = exp(r) = exply) + Of|x||y|).

Let us say that a "' local group isradially homogeneous if one has

sr#tr=(s+t)r (11)

whenever 5.t € R and + £ R are such that 5 1 are sufficiently small. (In particular, thisimplies that

r*~! = —r for sufficiently small xr.) From the above exercise, we see that any "'+ local group V' can be made
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into aradially homogeneous C'*! local group V" by first restricting to an open neighbourhood €XP( V") of the
identity, and then applying the logarithmic homeomorphism exp~’, Thus

Corollary 8 Every C'!:! local group has a neighbourhood of the identity which isisomorphic (as atopological
group) to aradially homogeneous "'+ local group.

Now we study the exponential map on global Lie groups. If (- isaglobal Lie group, and ¢ isits Lie agebra, we
define the exponential map “*P - @ = G on aglobal Liegroup (& by setting
exp(v(0)) := lim ~(1,/2%)*"

T

whenever 7 : I = G isasmooth curve with 7(0) = 1,

Lemma 1l Let & beaglobal Lie group. _

(i) Then the exponential map is well-defined. (Hint: First handle the case when 7' (0) is small, using the
previous exercise, then bootstrap to larger values of 7'(0))

(i) Thenforal ¥ €8and 5.t € R onehas

exp(sr)exp(tr) = exp((s + t)x)  (12)

and

explr +y) = l'ﬂri (exp(x/n)exply/n))".  (13)

T

(iif) Then the exponential map is continuous.
(iv) Thenfor each ™ € 8, the function t — €XP(f) js the unique homomorphism from R to ¢ that is
differentiable at ¢ = () with derivative equal to .

Proposition 9 (Lie sfirst theorem) Let (< be aLie group. Then the exponential map is smooth. Furthermore,
there is an open neighbourhood L7 of the origin in § and an open neighbourhood 1 of the identity in (& such that
the exponential map “XP is a diffeomorphism from 7 to 1/,

Lemma 12 (Classification of one-parameter subgroups) Let G beaLie group. For any X € 8, Thenthe
map t — {‘-‘11?[?‘-'*{ ! is aone-parameter subgroup. Conversely, if @ - R—G is a one-parameter subgroup, there
existsaunique-t € 8suchthat @(t) = exp(tX)foralt = R

Proposition 10 (Weak regularity implies strong regularity) Let &: H be global Lie groups, and let

¢ : ¢ — H beacontinuous homomorphism. Then & is smooth.

Corollary 11 (Uniqueness of Liestructure) Any (global) topological group can be madeinto aLiegroup in at
most one manner. More precisaly, given atopological group (-, there is at most one smooth structure one can
place on (& that makes the group operations smooth.

Lemma 13 Let & be aconnected (global) Lie group, let /I be another (global) Lie group, andlet & : ¢ — H
be a continuous homomorphism (which is thus smooth by Proposition 10). Then @ isuniquely determined by
the derivative map D®(1) : @ = b. n other words, if & : G — H isanother continuous homomorphism with
D®(1) = DP'(1) then & = &', (Hint: first prove thisin asmall neighbourhood of the origin. What group does
this neighbourhood generate?) What happensif (- is not connected?

Lemma 14 (Weak regularity implies strong regularity, local version) Let G, H peloca Lie groups, and let
¢ : ¢ — H beacontinuous homomorphism. Then & is smooth in a neighbourhood of the identity in (.
Lemma 15 (Local LieimpliesLie) Let (+ be aglobal topological group. Suppose that there is an open
neighbourhood 7 of the identity such that the local group G |t can be given the structure of alocal Lie group.
Then & can be given the structure of aglobal Lie group.
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4 Fundamental theorems

The Fundamental Theorems of Lie Theory—often called Lie's Theorems—form the backbone of the
relationship between Lie groups (continuous symmetries) and Lie algebras (their infinitesimal counterparts).
They establish adirect dictionary between the calculus of smooth manifolds and linear algebra.

Lie'sThree Theorems

The core of Lietheory revolves around three foundational theorems that connect aLie group G withitsLie
algebra g (typically represented as the tangent space at the group's identity element).

Lie'sFirst Theorem: This states that every finite-dimensional (local) differentiable manifold or group can be
embedded into alocal Lie group. It establishes that the tangent space at any point fundamentally characterizes
the infinitesimal transformations of the group.

Lie's Second Theorem: This theorem establishes a direct link between the structure of aLie group and its
algebra. It states that two elements (x,y) correspond to the commutator product, meaning the structure of the
algebrais entirely determined by its structure constants.

Lie'sThird Theorem: Thisisthe most profound result. It states that every finite-dimensional, real Lie agebra
isthe Lie algebra of some unique, connected, and simply connected Lie group.

The Homomor phisms and Subgroups Theorems

The Homomorphisms Theorem: If ¢ :q — b isaLie algebra homomorphism, and the domain group G is simply
connected, there exists a unique global Lie group homomorphism @ : G — H whose derivative at the identity
maps to Q.

The Subgroups—Subal gebras Theorem: For any Lie group G and any Lie subalgebra h of a, thereisaunique
connected Lie subgroup H € G that has h asits Lie algebra.

Enge's Theorem

This theorem applies to nilpotent Lie algebras. It states that afinite-dimensional Lie algebra g is nilpotent if
and only if every element in the adjoint representation is a nilpotent endomorphism. Consequently, there exists
acommon basisin which all matrices representing elements of g are strictly upper triangular.

Lie's Theorem solvable algebras

This appliesto solvable Lie algebras. It statesthat if g isasolvable Lie algebra over an algebraically closed

field of characteristic zero (like C), and p :a— End (V) isafinite-dimensional representation (on amatrix

space V), then all elements of o can be represented by upper triangular matrices simultaneously.
Cartan'sCriterion

This provides a powerful test for the semisimplicity of aLie algebra. It states that afinite-dimensional Lie
algebra o issemisimpleif and only if its Killing form (a symmetric bilinear form defined by the trace of the
adjoint representations) is non-degenerate.

Levi's Decomposition Theorem

Thisisacornerstone for the structure theory of al finite-dimensional Lie algebras. It asserts that any finite-
dimensional Lie algebra g can be decomposed as a semi-direct sum of its radical (the unigue maximal solvable
ideal) and a semisimple subalgebra (known as the Levi factor).

4.1 The Baker-Campbell-Hausdor ff formula

[2] .

Theorem 12 (Baker-Campbell-Hausdor ff formula, qualitative version) Let V' < R" be aradially
homogeneous C''+! local group. Then the group operation = is real analytic near the origin. In particular, after
restricting 1” to a sufficiently small neighbourhood of the origin, one obtains alocal Lie group.

Explanation: In geometric group theory and the study of Hilbert's Fifth Problem, aradially homogeneous (''*
local group refersto alocal topological group equipped with a differentiable structure where the multiplication
and inversion operations are locally Lipschitz continuously differentiable ',

Remark 7 In the case where I comes from viewing a general linear group GL.(C)inloca exponential -
coordinates, the group operation = is given by & * § = loglexp(x) exp(y)) for sufficiently small - ¥ € M, (C)
. Thus, acorollary of Theorem 12 isthat thismap isreal analytic.

Lemma 16 (Lipschitz bounds) If ¥ % € V are sufficiently small, establish the bounds
rxy=x+y+0(xr+y|ly) (15
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rxy=r+y+O(|x+y|lx]) (16)
rey=r=*z+N|y—=z) (17)
and
yxr=z=1r+ Oy —z|). (18)
Now we exploit the radial homogeneity to describe the conjugation operation i — - * If * (—) asalinear
map:
Lemma 13 (Adjoint representation) For all x sufficiently closeto the origin, there exists alinear
transformation Ad, : R® — R gych that * * ¥ * (—x) = Ad.(y) for all ¥ sufficiently close to the origin.
Remark 8 Using the matrix example from Remark 7, we are asserting here that
explx) exply) exp(—r) = exp(Ad.(y))
for some linear transform (%) of ¥, and all suffici ently small -+ . Indeed, using the basic matrix identity
exp(AzA~") = Aexp(x) A~ for invertible A (coming from the fact that the conjugation map  — ArA~lis
a continuous ring homomorphism) we see that we may take Ad(r) = exp(x)y exp(—) here,

1 . 1 1.,
xx(y+2z)x(—x) =n(x* _”_y*( x)+ x* 2 % (—x) O(-n?)’

1

=xxyx(—x)txxzx(—x) O(n};
Remark 8a
From (4) we see that
|Ad, — Iop = O(x])
for x sufficiently small. Also from the associativity property we see that
Ad,., = Ad_Ad, (19)
for al -+ Y sufficiently small. Combining these two properties (and using (15)) we conclude in particular that
|Ad, — Ad,[[,, = O(lx—y[) (20
for - Y sufficiently small. Thus we seethat A« isa (locally) continuous linear representation. In particular,
t — Ady, isa(locally) continuous homomorphism into alinear group, and so (by Proposition 1 of Notes 0) we
have the Hadamard lemma
Ad, = exp(ad,)

for all sufficiently small &, where ad,. : R* — R?{sthe linear transformation

il
ad, = —Ad.|i—p.
' dt " &
From te above, we see that

Ad Ady, = Adyyy, + Ot

for . Y. sufficiently small, and so by the product rule we have

ad, ., = ad, + ad,.

Also we clearly have ad;. = tad, for .t small. Thus we see that #d.. islinear in , and so we have

ad,y =[x,y  (21) . .

for some bilinear form [:] : R* — R*,

One can show that this bilinear form in fact defines aLie bracket (i.e. it is anti-symmetric and obeys the Jacobi
identity), but for now, all we need isthat it is manifestly real anaytic (since all bilinear forms are polynomial
and thus analytic). In particular 2. and Ad. depend analytically on .

Lemma 14 For &+ ¥ sufficiently small, we have
vy =x+ F(Ad )y + O(|y[*)
where

F(z):= 2 log 2

e

-1

Coroallary 15 (B]»aker-CampbeII-Hausdorff-Dynkin formula) For -+ i sufficiently small, one has
TEY =T+ / FAd Ady, )y dt.
Al
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Lemma 17 From the Taylor-type expansion

. 1/z—1 (1/z—1)* (1/z—-1)
Flz)=1—- = —I-['L,}—['_l;I

2 )
we obtain the explicit expansion

=

['_1 i

ra=AIJ

wherem :=n+r; +...+71, + 51+ ... + 5, + 1 and show that the series is absol utely convergent
for s ¥ small enough.
Inverting this, we obtain the alternate expansion
- 1y
rEY =1+ Z—[ )

n—+1

ra=AIJ

Lemma 18 Let V' be aradially homogeneous ('*! local group. By Theorem 12, an open neighbourhood of the
originin V" has the structure of alocal Lie group, and thusis associated to a Lie algebra. Then this Lie algebra
isisomorphic to R and the Lie bracket L is given by the standard commutator.

Note that this establishes a posteriori the fact that the bracket [ Jis anti -symmetric and obeys the Jacobi
identity.

4.2. Consequences of the Baker-Campbell-Hausdor ff formula, Lie theorems

[2]

Theorem (Liegroupsareanalytic) Let ( beaglobal Liegroup. Then (- isarea analytic manifold (i.e. one
can find an atlas of smooth coordinate charts whose transition maps are al real analytic), and that the group
operations are also real analytic (i.e. they arereal analytic when viewed in the above-mentioned coordinate
charts).

Furthermore, any continuous homomorphism between Lie groupsis aso real analytic.

Theorem (Li€ ssecond theorem) Let G.H be global Lie groups, and let @ - 8 — h bealieagebra
homomorphism. Then there exists an open neighbourhood L’ of the identity in &G and a homomorphism

@ : [ — H fromtheloca Liegroup & i to H suchthat P P(1) = @ If (& is connected and simply
connected, Then one can takel’ to be all of (&.

Theorem (Li€’'sthird theorem) Ado’s theorem asserts that every finite-dimensiona Lie algebraisisomorphic
to a subal gebra of ol,.(R) for somen. This (somewhat difficult) theorem and its proof is discussed in this
previous blog post.

Assuming Ado’ s theorem as a “black box”, we conclude the following claims:

(i) (Lie sthird theorem, local version) Every finite-dimensional Lie algebraisisomorphic to the Lie agebra of
some local Lie group.

(ii) Every local or global Lie group has aneighbourhood of the identity that isisomorphic to alocal linear Lie
group (i.e. alocal Lie group contained in GLa(R) or G L. (C) for some n).

(iii) (Lie' sthird theorem, global version) Every finite-dimensional Lie agebra isisomorphic to the Lie
algebra of some global Lie group. (Hint: from (i) and (ii), one may identify 8 with the Lie algebra of alocal
linear Lie group. Now consider the space of all smooth curvesin the ambient linear group that are everywhere
“tangent” to thislocal linear Lie group modulo “homotopy”, and use thisto build the global Lie group.)

(iv) (Li€ sthird theorem, simply connected version) Every finite-dimensional Lie agebra @ isisomorphic to the
Lie algebra of some globa connected, simply connected Lie group. Furthermore, this Lie group is unique up to
isomorphism.

(v) Every local Lie group (& has a neighbourhood of the identity that isisomorphic to a neighbourhood of the
identity of aglobal connected, smply connected Lie group. Furthermore, this Lie group is unique up to
isomorphism.

Remark 11 Li€ s three theorems can be interpreted as establishing an equivalence between three different
categories: the category of finite-dimensional Lie algebras; the category of local Lie groups (or more precisely,
the category of local Lie group germs, formed by identifying local Lie groups that are identical near the origin);
and the category of global connected, ssmply connected Lie groups.
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Lemma 16 (Criterion for Liestructure) Let (= be atopological group. Then (- isLieif and only if thereisa
neighbourhood of the identity in G which isisomorphic (as atopological group) to a '+ local group.

Remark 12 Informally, Lemma 16 asserts that ' regularity can automatically be upgraded to smooth (')
or even red analytic (C') regularity for topological groups.

Lemma 22 Let (= bealLie group with Lie algebra 8. For any X.Y €8 then

exp([X. Y]) = lin 1 (exp(X /n)exp(Y/n)

exp(—X/n)exp(=Y/n))"".
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5 Roots, weights, Cartan subalgebra, Dynkin diagrams

Root system

[1]

Let E be afinite-dimensional Euclidean vector space, with the standard Euclidean inner product denoted by
(+,7). A root system @ in E is a finite set of non-zero vectors (called roots) that satisfy the following conditions:
1 Theroots span E.
2 The only scalar multiples of a root a€® that belong to @ are a itself and —a.
3 For every root o€, the set ® is closed under reflection through the hyperplane perpendicular to a.
4 (Integrality) If a and B are roots in @, then the projection of § onto the line through a is an integer or half-
integer multiple of a.

Equivaent ways of writing conditions 3 and 4, respectively, are as follows:
3 For any two roots a,€®, the set @ contains the projection

a,
. ()= p-2u L

4 For any two roots a,BED , the number (double projection B onto a )

(p.a)=a\®P)
(o)
IS an integer.
Therank of a root system @ is the dimension of E.
Two root systems (E1, ®1) and (E2, ®2) are called isomorphic if there is an invertible linear transformation
E1 — E2 which sends ®1 to @2 such that for each pair of roots, the projection (X,y) ispreserved
The group of isometries of E generated by reflections through hyperplanes associated to the roots of @ is called
the Weyl group of ®. As it acts faithfully on the finite set ®, the Weyl group is always finite.

Root system rank 2

In rank 2 there are four possibilities, corresponding to - (B)=p+na , where n=0,1,2,3
https.//en.wikipedia.org/wiki/Root_system - cite_note-8

Theroot system is not determined by the lattice that it generates: A1xA1 and B2 both generate a square
lattice while A2 and G2 both generate a hexagonal lattice.

Whenever O is a root system in E, and S is a subspace of E spanned by ¥ = ® N S, then ¥ is a root system in S.
Thus, the exhaustive list of four root systems of rank 2 shows the geometric possibilities for any two roots
chosen from aroot system of arbitrary rank.

In particular, two such roots must meet at an angle of 0, 30, 45, 60, 90, 120, 135, 150, or 180 degrees.

Root system A; x A; Root system Dy
00 Q
(] O

Root system Aj Root system G Root system By Root system C'y
?-9 132 QEE? QE?

Rank 2 root systems
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Lie Algebrasroots and weights
[3]
Lie Algebra Root
Theroots of asemisimple Lie algebrag are the Lie algebra weights occurring in its adjoint representation. The
set of roots form the root system, and are completely determined by g. It is possible to choose a set of Lie
algebra positive roots, every root a is either positive or -a is positive. The Lie algebra simple roots are the
positive roots which cannot be written as a sum of positive roots.
The simple roots can be considered as a linearly independent finite subset of Euclidean space, and they generate
the root lattice.
For example, in the specia Lie algebrasl>(C) of two by two matrices with zero matrix trace, has abasis given
by the matrices

(1 0 J (0 1) (0 oj
H = X = Y =

0 -1 00 10

The adjoint representation is given by the brackets
ad(H)(X)=[H,X]=2X
ad(H )(Y) :[H ,Y] =-2Y
so there are two roots of slo(C) given by a(H)=2 and - a(H)=-2. The Lie algebraic rank of sl>(C) isone, and it
has one positive root o(H)=2.
Adjoint representation
In mathematics, the adjoint representation (or adjoint action) of aLie group G isaway of representing the
elements of the group as linear transformations of the group's Lie agebra, considered as a vector space.
For example, if G =GL(n,R), the Lie group of real n-by-n invertible matrices, then the adjoint representation is
the group homomorphism that sends an invertible nxn matrix g to an endomorphism of the vector space of all
linear transformations of R" defined by:
X gxg™

Rootsin e basis
For aLie algebrawith dimension d=2n or d=2n+1 (e.g. orthogonal Lie algebras so(2n) , so(2n+1), sp(2n) ) we
use an orthonormal basis of extended Kronecker matrices i, j =1...n

E:jlk = Ejk - Ek+n,j+n ' Ejzk =E E Ej3k = Ej+n,k - Ek+n,j ' Ejsk =E

where the ordinary Kronecker matrices are E; = (5ik5 i )

jk+n T Sk, j+n 0 j+nk Ek+n,j 1

Ko
For su(n+1), we usethe basis E;, =E;, .
Cartan subalgebra is spanned by the diagonal operators h=(E,;) ,
the remaining subspace is spanned by the non-diagonal operators h, = < E|}> I # |
We make the ansatz for the Cartan subalgebrah: H =>4 E; (n=dim(h)
i=1

we obtain the commutator relations

[HEj ]=(4 —A)E) i #]

[H.Ej |=(4 +A)EL i<]

[H.Ep ]=-(4+A4)E} i<]

For the classical Lie algebras we obtain simple root vectors g in the form
6=E &=Eh, . 6=T(E)

with the commutators

rl:[H'el]:(ﬂ'l_}’Z)e.L

rn=[H.&]l=(4-%)e
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rn = [H ’en] = (Cn—lln—l + Cn)“n ) en

Here, the final term differs

for SU(n‘l'l) rn = (}“n - )“n+l) En,n+l

for SO(Zn) r‘n = ()“n—l + )“n )( E2n—1,n - E2n,n—l)
for 50(2n+1) I"n = ln ( En,2n+1 - E2n+1,2n)

for Sp(zn) I’n = 2)“n ( En,2n - E2n,n)

Rootsin Weyl-Cartan representation

We start for the Lie algebra g with the generator set 9=(Hy s Ho Y Vo) :

where the Cartan algebra h is spanned by the first k generators h= <H1""’ Hk> :

The form ladder operators L, =Y, 1Y,,...,L =Y, .,tY, . andlet them span the remaining subspace

h = < Ly L(n—k—l)/21>

Themapping ad(H,)(X)=[H,,X] X eh, mapsthe subspace h, intoitself, it isa (n-k)x(n-K) matrix

ad ( H,) onthevectorsof h, . Thek common eigenvectors of these matrices, which belong to the eigenvalues

(lpl(Hl)’---’/lpk(Hk)) ,p=1,.k
are the k smpleroots of the Lie agebrag.

(n-k-1)/2+

Lie Algebra Weight

Consider a collection of diagonal matrices Ha,...,Hk, which span a subspace h. Then the ith eigenvalue, i.e., the
ith entry along the diagonal, is alinear functional on h, and is called aweight.

The general setting for weights occursin a Lie algebra representation of a semisimple Lie algebra, in which
case the Cartan subalgebra h is Abelian and can be put into diagonal form.

For example, consider the standard representation of the special linear Lie algebrasi3(C) on C3.

100 000
H,=|0 -1 0| H,=|0 -1 0
000 001
1 00
0-10
000

Then

Hy =

0 00
0-10
0 01
span the Cartan subalgebra h.

H> =

There are three eigenvectors (standard orthonormal basis) S with e [i]=6,
There are three weights,

a=(1-21)

which are the eigenvaluesof H, +H, ,

corresponding to the decomposition of

C'=(g)®(e)®(e)

into its eigenspaces.
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Notethat o, +a,+a; =0, because the matrices have zero matrix trace. The eigenvectors e, e,,e, arecalled

weight vectors, and the corresponding el genspaces are called weight spaces.
In the important specia case of the adjoint representation of asemisimple Lie algebra, the weights are called
Lie algebraroots and the weight space is called the root space. The roots generate a discrete | attice, called the
root lattice, in the dual vector space h*. The set of al possible weights forms aweight lattice, which contains
the root lattice. The Lie Algebrarepresentations of g can be classified using the weight lattice.
Cartan matrix
A Cartan matrix A=(a;) is an nxn integer matrix that uniquely encodes the structure and root system of a
semisimple Lie agebra. It captures the angular and length rel ationshi ps between the simple roots.
For the simple roots (ai, o) the matrix entries are defined as:

Z(ai Q| )

17

» Diagonal entries are dways a;=2.
« Off-diagonal entries are non-positiveintegers a; <0 i= j and represent how roots reflect into one

another.

» The product &;j gi can only equal 0,1,2,3.

The Cartan matrices of the types An, Bn, Cn, Dn are
* An(su(n+1))

2 -1 0 .. 0O
-1 2 -1 .. 0 O
0O -1 -2 .. 00
0O 0 0 0 0 O
0O 0 0 0 -1 2
* Bn(so(2n+1))

2 -1 0 0 0
-1 2 -1..0 0
0 -1 -2 0 0
0 0 00 2 -2
0 0 0 0 -1 2
* Cn(sp(2n))
2 -1 0 .. 0 O

-1 2 -1 .. 0 O
O -1 -2 .. 00

0O 0 0 0 2 1
0O 0 0 0 -2 2
* Dn(so(2n))

2 -1 0 .. 0 0 O
-1 2 -1 .. 0 0 O
0O -1 -2 .. 0 0 O

2 -1 -1

0O 0 O
0O 0 O -1 2 O
0O 0 O -1 0 2
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Five exceptional agebras:
» E6: A (6 times 6) matrix characterized by a"Y" shape on its Dynkin diagram with a central branch.
* E7: A (7 times7) matrix corresponding to a 7-vertex diagram.
» E8: An (8 times 8) matrix associated with the largest ssmple exceptional Lie group.
* F4: A (4 times 4) matrix corresponding to the 24-dimensional exceptional Lie algebra
2 -3
* G2: Thesmallest exceptional Lie algebra (14-dimensional), whose Cartan matrix is [‘1 2 j

Simpleroots and weights

In general, for a simple Lie algebra g, the relation between the simple roots oi and the fundamental weights w;
reads

ai =] Aij o ,

where A is the Cartan matrix of g

Cartan Subalgebra
Let g beafinite-dimensional Lie algebraover somefield K.
A subalgebra h of g iscalled aCartan subalgebraif it is nilpotent and equal to its normalizer, which is the set

of those elements x e g suchthat [x,h]<b .

Liealgebra g isnilpotent if itslower central seriesterminatesin the zero subalgebra. The lower central seriesis
the sequence of subalgebras

ao[ua] o[ [xa]]..

Let o bethe Lieagebraof al endomorphismsf of vector space k" (for some natural number n), with
[f,g]=fog—gof

Then the set of al endomorphismsf of k" of the form

F (X %) = (A0 A%, )

f (-xl s wees -Tn} — (111 ) RN fl—n -Tn}

isa Cartan subalgebraof g.

Properties of Cartan subalgebra

1. If Kisinfinite, then g has Cartan subalgebras.

2. If the characteristic of K isequal to O, then al Cartan subalgebras of ¢ have the same dimension.

3. If Kisalgebraically closed and its characteristic is equal to O, then, given two Cartan subalgebras b and b'

of a, thereisan automorphism f of g suchthat f (h)=h'f(h)=h'.

4. If ¢ issemisimple and K is an infinite field whose characteristic is equal to O, then all Cartan subal gebras of
g are Abdlian.

5. Over field C, a Cartan subalgebrais precisely equivalent to amaxima commutative (or abelian) subalgebra.
6. In general, if amaximal commutative subalgebra contains non-semisimple (nilpotent) elements, it failsto be
a Cartan subalgebra.

7. Every Cartan subalgebraof aLie algebra g isamaximal nilpotent subalgebra of g. However, amaximal
nilpotent subalgebraof g doesn't have to be a Cartan subalgebra

Semisimple Lie Algebra

A Lie agebraover afield of characteristic zero is caled semisimpleif its Killing form is nondegenerate. The
following properties can be proved equivalent for afinite-dimensional algebraL over afield of characteristic O:
1. L issemismple.

2. L has no nonzero Abelian ideal.

3. L has zero ideal radical (the radical isthe biggest solvable ideal).

4. Every representation of L isfully reducible, i.e., isasum of irreducible representations.

5. L isa(finite) direct product of ssimple Lie algebras (Lie algebrais called simpleif it is not Abelian and has no
nonzero ideal smaller than L).

Theradical of anidea a inaring Ristheideal r(a):{x;EIn>O:x” ea}
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Dynkin Diagram

A,.n>0 0O :
ns 1 - . 1‘"
B,,n>l O—O— «++ —(O T
C,.n>2 O -
Eq
D,,n>3 ©
ry J
E;

3 v
G, ==

Every semisimple Lie algebra g isclassified by its Dynkin diagram. A Dynkin diagram is a graph with afew
different kinds of possible edges. The connected components of the graph correspond to the irreducible
subalgebras of a. So asimple Lie agebra's Dynkin diagram has only one component.
In fact, there are only certain possibilities for each component, corresponding to the classification of semi-
simple Lie algebras.
The roots of acomplex Lie agebraform alattice of rank k in a Cartan subalgebra h — o, wherek isthe Lie
algebrarank of . Hence, the root lattice can be considered alattice in R¥.
A vertex, or node, in the Dynkin diagram is drawn for each Lie algebra simple root, which corresponds to a
generator of the root | attice. Between two nodes « and S, an edgeisdrawn if the ssmple roots are not
perpendicular.
Onelineisdrawn if the angle 6 betweenthemis 27z /3, twolinesif theangleis 37 /4, and threelines are
drawn if the angleis 5z / 6. There are no other possible angles between Lie algebra simple roots.
Alternatively, the number of lines N between the ssmpleroots « and S isgiven by
2{a,B)2(B,a
N=AyA, = < 2ﬂ> <ﬂz >200529
ol |B]
where Agp isan entry in the Cartan matrix. In a Dynkin diagram, an arrow is drawn from the longer root to the
shorter root (whentheangle 6 is3z /4 or 57 /6).

L] L] . L] [ ) [ )

The picture above shows the two simple roots for G, at an angle of 5z /6, in the root lattice. Therefore, the
Dynkin diagram for G2 has two nodes, with three lines between them.

Here are some properties of admissible Dynkin diagrams.

Recover asimpleLiealgebrafrom its Dynkin diagram

The simplest way to recover asimple Lie algebra from its Dynkin diagram isto first reconstruct its Cartan
matrix A . Theith node and jth node are connected by A;A; lines. Since A, =0 iff A; =0, and otherwise

A €{-3,-2,-1},itiseasytofind A and A, up to order, from their product.

The arrow in the diagram indicates which is larger. For example, if node 1 and node 2 have two lines between
them, from node 1 to node 2, then A, =-1 and A, =-2.
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Weyl Group

Let L be afinite-dimensional split semisimple Lie algebraover afield K of field characteristic 0, H a splitting
Cartan subalgebra, and A aweight of H in arepresentation of L. Then

A'=AS, =1_M(a)
(a.a)
, 2(A @
AN = _A,_Slr =A- (ﬂ')
(@, @)

isaso aweight. Furthermore, the reflections S, with root a, generate a group of linear transformations in Ho*
called the Weyl group W of L relative to H, where H* is the algebraic conjugate space of H and Ho* isthe Q-
space spanned by the roots.

The Weyl group acts on the roots of asemisimple Lie algebra, and it is afinite group.

Weyl Group acting On the roots of the Cartan matrix of the infinite family of semisimple lie algebras Az

Calculation of thesimplerootsof asimple Liealgebra

To calculate the simple roots of asimple Lie algebra, you find alinearly independent subset of the algebra's
roots that cannot be written as the sum of other positive roots. These simple roots act as a basis for the root
system, meaning every other root can be expressed as alinear combination of these roots with non-negative
integer coefficients.

The number of simple roots will always equal the rank of the Lie algebra (the dimension of the Cartan

subal gebra).

For standard classical Liealgebras (e.g. Ai, Bi, Ci, Di thesimplerootsare commonly defined using the

standard orthonormal basis vectors e with factors A

* An=su(n+1) Thesimplerootsare o, = A -4, fori=1,..n

* Bn=s0(2n+1) Thesmplerootsare o; =4, -4, fori=1,..n-1; o, =4,

* Cn=gp(2n) Thesimplerootsare o, =4 — A, fori=1,..,n-1; o, =24,
fori=1,...n-1; a, =4, ,+4,

i i+1

* Dn=so(2n) Thesmplerootsare o, = A — A,

i+1
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6 Classical and exceptional Lie algebras

Four classical Lie algebras

The classical Lie algebras are finite-dimensional Lie algebras over afield which can be classified into four
typesAn, Bn, Cn and Dn, where gl(n) isthe general linear Lie algebraand I, = nxn identity matrix

An =su(n+1)=d(n+1,C) ={XE ol (n+1C),X" =-xtr(x) = O} the special linear complex Lie algebra
Br:=so(2n+1)= {xe gl (2n+1),x" =-x}, the odd orthogonal Lie algebra

0o |
Cn:=sp(2n)= {Xe gl (2n),xTJn =-J x,J :[ | Sj} the symplectic Lie algebra;

n

Dn:=so(2n)= {xe gl (2n),x" =-x} the even orthogonal Lie algebra

Except for the low-dimensional cases D1=s0(2) and D>=s0(4) , the classical Lie algebras are simple.

Five Exceptional Lie Algebras

* g2 (Dimension 14): The smallest of the exceptional Lie algebras, it is the automorphism group of the
octonions and the stabilizer of ageneric 3-formin 7 dimensions.

» f4 (Dimension 52): The Lie algebra of the exceptional group Fa, it is related to the symmetries of the Albert
algebra (a 27-dimensional exceptional Jordan algebra).

* & (Dimension 78): Can be understood through the stabilizer of a certain cubic form and appearsin the
classification of certain projective planes over division algebras.

* g7 (Dimension 133): Leavesinvariant a symmetric rank-4 tensor in its fundamental 56-dimensional
representation.

* eg (Dimension 248): The largest of the exceptional Lie algebras. It is heavily associated with the Es lattice,
which models the densest possible sphere packing in 8-dimensional space.

6.1 General examples

* Four-dim nilpotent Lie-algebra

math.stackexchange

Every 4-dimensional nilpotent Lie algebraover afield K of characteristic zero is either abelian or isomorphic to
the direct sum n3(K)@K, where n3(K) denotes the 3-dimensional Heisenberg Lie algebra, or to the filiform
nilpotent Lie algebra f4(K) with adapted basis (e1,...e4) and brackets determined by [e1,ei]=ei+1 for i=2,3. This
iswell known and not difficult to show. Obviously, both algebras contain an abelian ideal of dimension 3. For
example, (e2,e3,e4) isan abelian ideal in f4(K).

* Lie4(¢) algebra

The 4 generators Ti are (T, )ik =&y -

Commutator relations are

[Tk’Tm] = Eymi |

where ¢, ; isthe 3-dimensional Levi-Civitta (antisymmetric) 4x4x4 tensor with indices k,m,i=1,...,4.
The structure constants ¢, = ¢,., satisfy

antisymmetry Gm = ~Ck
and Jacobi-identity ¢, +cici, +cic =0

so they defineaLie agebra[1].

However, the four generators T. are linearly dependent, so the Lie algebrais 3-dimensional and has to be

reformulated.
-6 -2 2 -2
-2 -6 -2 2
2 -2 -6 -2

The 4x4 Killing matrix is ' =2 2 -2 ~®/1q]

has eigenvalues (-8,-8,-8,0),

so the reduced 3x3 Killing matrix has eigenvalues (-8,-8,-8)
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* 3-dimensional Lie3(¢) algebra

Lie3(e) is a reformulation of the Lie4(g) algebra, which results from the replacement of the generator T4 by a
linear combination of (T1,T2,T3) .

Commutator relations are

[Tl,Tz] =T,-T,+2T,, [Tl,TS] =T,-2T,+T, , [TZ,TS] =2T, -T,+T,

with generic formula [T, T,] =D (1+&4 )T,

The 3-dimensional Lie a gebra defined by these commutator relations isisomorphic to so(3) over realsR or
d(2,C) over complex nmbers C.

(-6 -2 2
-2 -6 -2

TheKilling matrix is' 2 -2 -6/ and has eigenvalues (-8,-8,-2).

Characterization of Lie3(g)
The derived algebra[g,g] in orthonormal basis g is spanned by the vectors

6§-6+26,6-26+6,26-6+6

1 -1 2
M=|1 -2 1
. . o 2 11 _ - _
The corresponding coefficient matrix is , det(M)=4, so dim([g,q])=3 .

Killing form is negative-definite, and by Cartan's criterion, asemisimple rea Lie algebrais compact if and only
if itsKilling form is negative-definite.

Cartan subalgebra has dim=1, the simple root is A1, the 2 roots are +4,

The unique 3-dimensional compact simplereal Lie algebrais so(3), isomorphic to su(2).

» Heisenberg algebra
The Liealgebra h of the Heisenberg group H (over the real numbers) is known as the Heisenberg algebra.
It may be represented using the space of 3x3 matrices of the form

0 ac
0 0D
00O
with a,b,ceR.
The following three generators form abasisfor b :
010 0 0O 0 01
x=|{0 0 0|, p=(0 O 1{,z=0 0 O
0 0O 0 0O 0 0O

they are all nilpotent p>=y?>=7°=0

These basis el ements satisfy the commutation relations

[x,p]=2,[x2]=0,[p.2]=0

Cartan subalgebrais generated by Z, so rank(H)=1.

The Heisenberg algebra H isthe Lie algebra of the conjugated variables in quantum mechanics, i.e. it hasthe
Helsenberg commuitation relations

[x, p]=inl , [x,inl]=0, [p,inl]=0

where X, p are the position resp. the momentum operator, and 7 isthe Planck constant, z=i%l isthe Cartan

generator (i.e. amultiple of the identity operator).
The Heisenberg group generated by the 3 generators has the form
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1 a c

010D
0 0 1
with a,b,ceR.

The Heisenberg group H has the special property that the exponential map is a bijective (one-to-one) map from
the Lie algebra b to the Heisenberg group H

0 a c 1 a c+ab/2
exp|0 0 b|=|0 1 b
0 0O 00 1

» Heisenberg algebrain R"*2
Heisenberg algebra with dimension 2n+1 has the form of (n+2)x(n+2) matrices

0 a c
0, 0,, b|withn-vectorsa b, andscalar c€eR.
0 0, O
With the canonical basis (e,,e,....,€,) in R" , we obtain for the generators
0 ¢ O 0 0 O 0 0 1
=10, O Oy, p=0, Oy &|,2=/0, 0y O,
0O o0 O 0O 0 O 0 o O

with the commutators
[%.p;]=6;z.[p,2]=0,[x.2]=0

Here, pi are the generalized momentums, and x; are the generalized positions, z is the Cartan operator
corresponding to iZl in quantum mechanics.

» Heisenberg algebra in quantum mechanics
The generalized momentums p; are derived from the Lagrangian L and have the properties

P __x Euler-Lagrange equation: ° P _

- 9(ox o) ot ox
The Heisenberg algebra yields for them the commutator relations
[ %, p; |=ins,

and the uncertainty relations o (X )o( p, )2%5” where o (x) = <(x_7)2> is the standard deviation.



38
6.2 Special linear su-Lie-algebrassu(n+1), Cartan type An

[4]

The specia unitary Lie agebrasu(n+1) consists of (n+1)x(n+1) skew-Hermitian matrices with atrace of zero.
It is the compact real form of the complex special linear Lie algebrasl(n+1,C). Its Cartan structure corresponds
totheclassica An.

su(n+1) is compact and semi-simple.

su(n+1) hasthe properties:

-dim=(n+1)%-1

-rank=n, dimension of the Cartan subalgebra

-the n(n+1) roots are al permutations of (1, -1, 0, ..., 0)

The simple roots are ai=€ - g+1 for i=1,...,n+1

The generators are tracel ess skew-symmetric matrices Ti , i=1...(n+1)%-1

with commutator relations [T,, T, ] = ci T,

In the ((n+1)? — 1)-dimensional adjoint representation, the generators are represented by

((n+1)? — 1) x ((n+1)?— 1) matrices, whose elements are defined by the structure constants themselves.

(Ta)jk :C?k

TheKilling formis x (x,y) =2(n+1)tr (xy)
Rootsin e-basis

We use as basis the matrices E; :(5ik6“ )k' .

n+1 n+1

We make the ansatz for the Cartan subalgebra H =Y AE, , Y. 4 =0,

i=1 i=1
and for theroot vectors € =E;,;, ,i=1..n

We obtain the commutator relations

[H.e]=(4-4.)8

and thesimpleroots o, =(4 —4,,) , i=1..n

* su(2) algebra
A Lie algebrawith structure constants proportional to the totally antisymmetric tensor ¢, isthe su(2) algebra
Its generators satisfy [T,,T,] = 2ie,,.T., where ¢, isthe Levi-Civitasymbol. This algebra describes the

rotational symmetry of 3D space and the spin of quantum particles.
The generators Ta are the Pauli matrices oi

oL ) olt 3)rols )

Therank is 1, meaning the maximal abelian subalgebra (Cartan subalgebra h) is 1-dimensional.

Cartan generator: It istypically chosen as the diagonal Pauli matrix:

H=o0,

The remaining dimensions of the 3-dimensional algebra form the root spaces. They are spanned by the ladder
(raising and lowering) operators

01 :
raising operator Ez(o Oj’ E=o0,+i0,

00 .
lowering operator F:(1 OJ’ F=0,-lo,

Theactionof HonE, Fis

[H,El=2E [H,F]l=-2F

The roots in Weyl-Cartan representation are «; = {+2,-2}, normalized simpleroot o =1 (one-dimensional)
In orthonormal basis we have: the smplerootis o, =4, ,the2rootsare £4,
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* su(3) algebra

[4]

The su(3) Lie algebraisthe rea vector space of 3 x 3 skew-Hermitian, traceless matrices. It is an 8-dimensional

i Aal2,a=1...8, where haare the eight traceless and Hermitian Gell-

Mann matrices. The fundamental representations are used heavily in particle physics, such as the Eightfold

Way and Quantum Chromodynamics.

Lie algebra of rank 2. Its generators are Ta

CaoTi

The commutator relations are [T,, T, |

The 8 Gell-Mann matrices Aa are

0
0
0

0
0

0 0 0
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Theroot system for the su(3) Liealgebrais of type A2.
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It consists of 6 non-zero roots spanning atwo-dimensional Cartan subalgebra.

Geometrically, these roots point to the vertices of a regular hexagon, with two simple roots al and a2
subtending an angle of w/3 .

e Rank:n-1=2

* Dimension: n*2-1 = 8 generators (2 Cartan diagona generators, 6 non-diagonal root generators)

_ 2agap) A= ( 2 —l)
Cartan matrix =/ (@p@) s -1 2

Rootsin Cartan-Weyl basis
Cartan-Weyl basis with integer coefficients is (2 Cartan operators I,,Y , and 2x3 ladder operators [, , U

L1 V. =F,+iF;
R S
2 U:—Fﬁ:ttFT I, =F+iFy

Y=2F, [,=2F

A

 V,)

+

has the commutator action of the two Cartan operators Y , I,
(V.. ]=0 [V.U.]=v30, [Y.V.]-+J3V.

[0 ]=2l, [[0.]=70. [[,V.]=2V
2 action vectors of Cartan operators on ladder operators (3-vectors) [6]

raw simple roots (3-vectors) are , B, =(2,-11) 8, = \/5(0,11) [6]
from this we obtain 2 simple roots

w=(20), %)

Positive Roots: al, a2, (al+ a2)
Negative Roots: -al, -a2, -(al+ a2)

Rootsrepresentation in e-basis

the2 simplerootsare o, =4, -4, , a, =4, -4,
the6rootsare £(A4,—4,) , £(4,—4;) , £(4,—4;)
TheKilling matrix [6] «; = cic>, of su(3) is x; = —diag, ({3....,3})

* su(4) algebra

[4]

Thesu(4) Liealgebraisthe mathematical framework for the special unitary group SU(4).

It isa15-dimensional real Lie algebra consisting of 4 x 4 traceless, skew-Hermitian matrices.

In physics, it is most commonly represented using traceless Hermitian matrices. It isisomorphic to the
orthogonal algebra so(6) .

Thedimensionisn=15 .

The generators are Ta=i Aa /2, a=1...15, where Aa &=1...15 are extended 4 x 4 Gell-Mann matrices.
Exponentiating these generators yields the continuous group transformations of SU(4) .

The commutator relations are [T,, T, | =ci T, .

su(4) isa compact, semi-simple Lie algebra with properties:

* Rank 3: There are 3 simultaneously diagonalizable matrices in the Cartan Subalgebra , denoted Hi, H, Hs.

» 12 Roots: The remaining 12 generators act as raising and lowering operators.

« Dynkin Diagram: Its roots map geometrically into R, structurally identical to the As Dynkin diagram, which
consists of three interconnected nodes.

The Aa a=1...15 are extended 4 x 4 Gell-Mann matrices
for su(2) subgroup a=1...3
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The first 3 structure constant matrices are [6]
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We obtain from the 3x2x6 commutator relations with 2x6 ladder operators [6]:
3 action vectors of Cartan operators on ladder operators (6-vectors)

Bi=(21-11-10),
B,=~/3(0,1,11/31/3,-2/3) ,
B, =(v176++/372)(0,0,0,1.11)

we obtain 3 simple root vectors al a2 a3 in Weyl-Cartan representation
o = ((2, o,o),(Ll/Jé,o),(Ll/Jé,y)) .7 =(V176+4372)

All 12 roots are +{a,,0,, 01,0ty + Ay, 0y + 0y, Oy + 0Ly + 0Ly |

Representation in ei-basis

In orthonormal basis {e,e,,e,,e,} we obtain:

the3simplerootsare o, =4, -4, , a, =4, — A, , ay=4,— 4, ,

thel2rootsare +(4,—4,) , (A —-4) , £(4-A) , (A4 —-4) , 2(A,-4,) , £(A4—-4,)
TheKilling matrix [6] «; = cic), of su(4) is k; = —diagy; ({4,....4})

* s0(1,3) Liealgebra

The Lie algebra of the Lorentz group O(1,3) is a 6-dimensional, non-compact, and semi-simplereal Lie algebra
denoted as so(1,3). It consists of infinitesimal Lorentz transformations, which are generated by three spatial
rotations Ji and three velocity boosts Ki .

It is semi-simple and non-compact.

Complex so(1,3)c isisomorphic to direct sum of (2,C) , s0(1,3), =d (2,C)®d (2,C)

The Killing form isindefinite rather than negative-definite, it defines a hyperbolic space, which is not bounded,
therefore so(1,3) is hon-compact.

T _
The matrices X of so(1,3) satisfy the condition X 7+1X =0
With the matrices M, , (M) =¥ ~Thaim 1121 4 k<l |

and the matrices M, |, (M) =i+ aPim 121 4 kel

the generators are [§]
\]i:_(M34)M42;M23) ’ K|:(M12’M13’M14)
00O0 O 0 0 0O 00 0O
00O0O 0 0 01 00 -10
le J2: J3:
0 00 -1 0 0 0O 01 0 O
0010 0100 00 0O
0100 0010 0 001
1 000 00O00O 0 00O
Kl= K2: K3:
0 00O 1 000 0 00O
0000 0000 1000

with the commutators | J;,J; |=¢,J, , [ K. K; |=-g, 3, . [ 3.K; |=&,K,
Ki-commutator differsin sign from the corresponding relation in the so(4) algebra.
Cartan subalgebra h=(J,,K,) is 2-dimensional (so(1,3) has rank 2), type A1

In Weyl-Cartan representation, the simplerootsare o, =(i,1) , a, =(1,i) [6].
Inthe ei-basisthesimplerootsare o, =4, -4, , a, =4, + 4,

The4rootsare +A £4,,

Killing matrix is «; = diag, ({-4,—4,—4,4,4,4})
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6.3 0dd orthogonal so-Lie-algebrasso(2n+1) , Cartan type Bn

[4]

The odd-dimensional orthogonal Lie algebras so(2n+1) compact simple Lie algebras of Cartan type Bn. They
correspond to the Lie agebras of the Special Orthogonal groups SO(2n+1) and consist of skew-symmetric
(2n+1) x (2n+1) matrices, the dimension of so(2n+1) isn(2n+1) .

The rank of the algebrais n, which the dimension of the Cartan subalgebra.

Generators are My , (My Jm = nin = GicOim ,k1=1,...2n+1, k<I
[M Mrs]zanrMn's_amrMns-’-amsMnr_5nstr

=M

mn?

with commutators

Cartan subalgebrais spanned by H, 2-L1=1,...,n

Rootsin ei-basis
with index 0=2n+1;

We use the Kronecker matrices E; = (5ik5 i )kI , and we use as basis the extended Kronecker matrices

E}k = Ejk - Ek+n,j+n 1 Ejzk = Ej,k+n -E Ej3k = Ej+n,k - Ek+n,j 1 Ej3k =E E
4 5

Ej = EOj - Ej+n,o ) Ej = EjO_ EO,j+n

We make the ansatz for the Cartan subalgebra H = Zﬂ,l E .
i=1

K,j+n j+nk — —k+n,j 1

we obtain the commutator relations

[H’Ejlk]:(’lj "Ik)E}k | # ]

[H.E |=(4 +A)E; i<]

[H.Ep J==(4+A)E} i<]

[ 14] = - Ef

[ 15] = 2,E}

and for theroot vectors ¢ =E,,, ,i=1..n-1, g =E’
The simple root vectors are then

(ﬂ'l_}vz) Ellz
()“2 _)“3) E;?,

H,E
H,E

2=
withnsimpleroots o, =(4 —4.,) , i=1.n-1 , a, =4,
2n?roots: 4 A, , 1<=i<j<=n, +1 1<=i<=n

» s0(b) Liealgebra

The so(5) Lie algebraisthereal, 10-dimensional Lie algebra associated with the 5-dimensional special
orthogonal group SO(5), which describes rotations in 5-dimensional Euclidean space. It isaclassical simpleLie
algebra of rank 2 and is mathematically isomorphic to the symplectic Lie algebra sp(4).

The standard representation is by 5x5 real, skew-symmetric matrices.

It is of Cartan type B2, its Cartan subalgebra has dimension 2, i.e. it has rank=2.

The generator basis for so(5) consists of the 10 matrices Su k,1=1,...5, k<l

( My )mn = 0O ~ OnOim

|\/|12' |\/|13' Ml4' |\/|15’ M23' M24' M25’ M34' M35’ M45

an’Mrs]:5nrMns_5mMns+5rrsMnr _5nst

The commutator relations are [
In the adjoint representation of a Lie algebra, ad(Sij) is alinear operator ad(S;)(X) =[S}, X1
Rootsin Weyl-Cartan representation

Cartan subalgebra is h=(M,,M,)
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the remaining space is spanned by the 8 ladder operators h, :<M13iM23’M14iM24’M15iMZS’M35J£M45>
Inthe basis h, , we have the eigenvalues and eigenvectors [6]:

for Hi

{t, &, %, -1, -1, -1, 9, @}

{{¢,e,0,@, -+,1, 0,0}, (0,0, -1,1, 0,0, 06,e}, {-1,1,0,0,0,0,90,0}, {¢,0,0,0,1,1,0, 0},
{0,0,:t,1,0,0,0,8}, {{,1,0,0,0,0,0,0}, {6,0,0,0,09,0,0,1}, {¢,0,0,0,0,0,1, 0]

for Ha

{t, &, t, -1, -1, -1, @, @}

9} BJ BJ B: 9) EJ _i) 1, a) i) 9} 1J BJ a: 9) 9, :: 9) 1J BJ B) E:, BJ @:’J B) e'J BJ a) 9} BJ j‘J :I'}J
".GJ _i: 3, 1.! 9: BJ B, 9:’; ':_iJ BJ j—: 3, 9.! GJ B: B:'J ':'BJ B, 3) 9.! GJ 1: 9.1 9:', ':9, 9.! 91 BJ 1, 9.1 9: a:’

We obtain common eigenvectors for H1 and Ho for the elgenval ue doubl ets (= simple roots)
(2(H,),A(H,)) = (G,i), (-i,0), sothesimpleroots are a, =(0,i) , a, =(-i,0)

and dl 8rootsare o, , tar,, ta, tar,

Rootsin e basis

In orthonormal basise , the2 smplerootsare a, =4, -4, , a, =4,

The root system consists of 8 roots ﬂi, £, : tht2,

» s0(3) Liealgebra, isomorphic to su(2)

The so(3) Lie algebrais the tangent space at the identity of the SO(3) rotation group. It consists of all 3x3 redl,
skew-symmetric matrices.

The algebrais spanned by three standard basis matrices, which correspond to infinitessmal rotations

(1, 2, 1) about thex,y,z axes

00 0 0 01 0 -10
J=[0 0 -1],3,=|0 0 0],J,=[1 0 O
01 0 100 0 0 0

with commutator relations of angular momentum [ J, J; | =&, J,
Cartan subalgebrais generated by J3, it has dim=1,
thesimpleroot is ’11, the 2 roots are £,
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6.4 Symplectic Liealgebras sp(2n) , Cartan typeCn
[4]
The symplectic Lie algebra sp(2n) is a simple non-compact Lie algebra corresponding to the Cartan
classification type Cn. It consists of the infinitesimal symmetries of a non-degenerate, skew-symmetric bilinear
form (the symplectic form), with dim=n(2n+1).
sp(2n) isrealized as the set of 2n x 2n block matrices X that satisfy the condition
XT3, =-J X
where Jisthe canonical symplectic matrix:

0 I,
J, =
(_ln 0]
Matrices are of the form
A B
X :(C AT]’ with symmetric nxn matrices B, C .

Generators are of three types[7]
where the basis elements are:
n2 generators Ajj

E. O

A=l o _E,
ij=1..n

n(n+1)/2 generators for symmetric Bj;
B 0 Eij+Ejij
1j

0 0 <=
n(n+1)/2 generators for symmetric Cj;

c 0 Oj

i Eij + Eji 0 <=
Here, the Ej are nxn ij-Kronecker matrices(E; ) =5,
Thegeneratorsare Ay = E; i, j=1..n, By =E 1<i<j<n, G =F 1<i<j<n
with extended Kronecker matrices
Ej=E,-E Eij2 =B E
The commutator relations are:
I:Aj’Ad:I:5jkAl _5IiA<j 1
[A] By ] =06,B, +6,By , [A; Cy ] ==6,Cy -6, Cy [B‘u Cy ] =03 A +6, A + 0 A+ 6, A
I:Blj’Ad:Iz_((slinj +5|jBki) ) I:Cij’Ad]:5ijIi +5kiC|j ) I:Cij’BkI]:_(5liA<j +5iji +5j|A<i +5kiAj)
Cartan subalgebrais spanned by h=(A,,..., A,)
Rootsin ei-basis

3 _
k+n,j+n ! K,j+n ? Eij - Ej+n,k _Ek+n,j

k
With the ansatz for Cartan elements H = Z A A,
-1

we obtain the commutator relations
[HoA= (2 -2) Aci=]
[H.By |=(4+4)B, i<]
[H.Cy]==(4+4)C i <]
The simple root vectors are then

(11_)“2) A&z
(lz _13) Azs
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22’[1 Bnn

The root system of type Cn has 2n? roots,,

in e basisthey are:

nsimpleroots are & =(4—4.) fori=1,...n-1; % =24
2n? roots are:: £ 24)) il 1<i<jzn

* 5p(4) symplectic Liealgebra

The sp(4) Lie algebraisthe 10-dimensional, rank-2 ssmple Lie a gebra associated with the 4 x 4 symplectic

group.
sp(2n) isrealized as the set of 4x4 block matrices X that satisfy the condition

X3, =-J,X
where J, is the canonical symplectic matrix:

0 |
{5, o)
-1, 0

M atrices are of the form

C
4 generators Ajj , 3 generators Bij , 3 generators Cijj

_ A’z,ij 0 B — 0 BZ,ij C = 0 0
Aj_ 0 _AZ’”_T ' ”_[0 0 j’ i = CZ’” 0

1 _ 2 _ 3
generators4 A, =E; , 3 B(ij) = Eij 3 C(”.) = Eij
with extended Kronecker matrices
E}k = Ejk - Ek+n,j+n ' Ejzk = Ej,k+n - Ek,j+n ) Ej3k = Ej+n,k - Ek+n,j ' Ej3k =E
The commutator relations are:

I:Aj’Ad:I:5jkAl _5IiA<j ) I:Aj’BkI:I=5jkB|I +5J|B|k ) [Aj’ckl:lz_5ikclj _5ikcj| )

I:Blj’ckl:|:5ikAj +5jkAi +5iIA<j +5jIA<i
The 10 generators are

Al.l’ A22' Aﬁ.Z' A’Zl' Bll’ B.LZ' BZZ'Cll’CIZ'CZZ

A B
X :[ Tj,with symmetric nxn matrices B, C..
-A

j+nk Ek+n,j

(12 @ @ @ © © @ @ 9@ 0,
8 12 @ @ 9 @ @ @ @ @
@ @ @ 12 @ @ © © © @
@ © 12 @ @ © @ e © @
@ @ @ @ @ @ e 24 @ @
8 @ e @ o @ e o 12 @
@ @ @ @ © @ © 8 0 24
@ @ @ @ 24 @ @ e © @
@ @ e e @ 12 e @ © @
Killing matrixis ‘¢ @ e e e o 24 6 6 o/ @]

with eigenvalues {—24, —24,24,24,-12,—-12,12,12,12,12}

Cartan agebra h :<Au, A22> has dim=2, so sp(4) has rank=2.

Rootsin the Weyl-Cartan representation

Cartan subalgebra h=(H,,H,) isspanned by H, = A, , H, = A,

the remaining space is spanned by ladder operators

hL = <A12 + AZl’ Alz - Am’ Bll + 812’ Bn - BlZ’ Bzz +C111 Bzz _Cn!Clz +C22!C12 _C22>
Inthebasis h, , we have the eigenvalues and eigenvectors of ad[Hi] [6]:

for Hy
[-+14, V14,2,2,0,0, 0, 0]
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[2 . [2

I | ] - N . -
\III;.I 1".! ‘g.l BJ BJ E’, 9.1 9: = 1’: '.B: 3, 9.! GJ BJ j—, 9: 9.’: '.E,J 9.! GJ E’: 1.1 9.! BJ B,’J

V7
9) EJ BJ 1) E:, BJ e'J B}J :@J 'BJ 1) 9} BJ BJ B: 9) B: 1) EJ BJ BJ a, 9) @} 1) e'J BJ B) E:, BJ e'J B}_'L

for Hz

':_2, _2: _21 2, 1: 3 GJ E’:’
".GJ 9.! GJ B: 9, 9.! 3 j—:’J ':91 GJ E’: 9.1 _j—, _j—: 3: 9:': ':3, 9.! _1.1 1.! BJ B: 3) 9:', ':3, 9.! 1J 1J B, 9: 9: 9:’.1
".GJ 9.! GJ B: 1, 1.! 91 B}J ':91 BJ E’: 9.1 1.! BJ B: 3:-, ':B: 1, 9.! 9: BJ B, 3) 9:': ".1: 9.! GJ B: 9, 9.! 91 B:’:’

We obtain common eigenvectors for H1 and Ho for the ssmple eigenvalue doubl ets

(A(H.).2(H,) = (0.2), (20)

le,0,0,0,0,0, -

a
a

Rootsin e basis

In orthonormal basis the ssmple roots are
==y, Ay =24,

8rootsare +A, A, , £24, , £24,
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6.5 Even orthogonal so-Lie-algebrasso(2n) , Cartan type Dn

[4]

The even-dimensional orthogonal Lie agebra so(2n) corresponds to the Cartan type Dn. It consists of all 2n x
2n skew-symmetric matrices. These algebras are simple for n > 4 and represent infinitesimal rotations and
reflections that preserve an even-dimensional non-degenerate symmetric bilinear form.

so(2n) has dim=n(2n-1), it isasimple compact (n>=2) Lie algebra.

Cartan subalgebra h , dimension n, consists of block-diagonal matrices with 2 x 2 skew-symmetric blocks along
the diagonal.

Generators are My (My Jim = nin = GicOim , k,1=1,...2n, k<l
[an’Mrs]:5nerrs_5mrMns+5msMnr _5nstr

Hi = M2i

with commutators

Cartan subalgebrais spanned by 12 j=1,...,n
Cartan type Dn has 2n(n-1) roots.
Rootsin e-basis

We use s basis the matrices E; = (5,5, ), , extended to

1 2 _ _ 3 _ _ 3 _ _
Ejk = Ejk - Ek+n,j+n ’ Ejk = Ej,k+n Ek,j+n ) Ejk = Ej+n,k Ek+n,j ’ Ejk = Ej+n,k Ek+n,j 1

We make the ansatz for the Cartan subalgebra H = Zﬂ,l E .
i=1

we obtain the commutator relations
[H.Ef |=(24 -4 )Ej i #]
[H.E |=(4+A4)E; i<]
[H.Ep J==(4+A)E} i<]
The simple root vectors are then
(ﬂ'l_}’z)EfZ
()“z_ls)Egs
(o + ) EL,
withnsimpleroots o, =(4 - 4,,) , i=1.n-1, a, =(4,,+4,)

+(A £ A
the 2n(n-1) roots are _(j“' 4 )

1<=i<j<=n

* s0(4) Liealgebra

The so(4) Lie agebrais the tangent space of the SO(4) group (4D rotations) and consists of 4 x 4 real, skew-
symmetric matrices. It has adimension of 6 and is uniquely characterized by its isomorphism to the direct sum
of two su(2) (or equivaently so(3)) Lie algebras:

so(4) =so(3)®so(3)

so(4) isasemi-simple and compact Lie algebra

Elements of so(4) are skew-symmetric and have the generic form

0O -b b -3
«_| B 0 b -a
-b, b 0 -a
a a a O
The six generators are the 3-dimensional rotations of so(3) A1, A2, Az
00 0O 0 010 0 -100
|00 -10 |0 00O |1 0 00
Ao 1 0 0™ 2000”0 0 0o
00 0O 0 00O 0O 0 0O
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and the 3 boost rotations B1, B2, Bz (in physics: velocity transformations, including the last (time) coordinate)

000 -1 000 O 000 O
Bl:o 00 O B::oo 0 -1 B - 00 O
000 O0|"2]000 O 000 -1
100 0 010 0 001 0

with the commutator relations

I:A’A\j:|:gijkA< ) [Bqu]:gijkpk , I:A’Bj]:‘gijkBk

Rootsin the Weyl-Cartan representation

Cartan subalgebra h=(H,,H,) isspanned by H, = A,;+B, , H, = A - B,

the remaining spaceis h, =(A,A,,B,B,),
Inthe basis h, , we have the eigenvalues and eigenvectors [6]:

for Hy
[2i,-21, 0, 0)
'J._-Tl-J 1: _iJ 1:’1 ':]'__, 1J iJ 1:’1 ':eJ _1.1 BJ j—:’J ':_13 91 j-.! E’:’:’

for Hz
[2i,-21,@, 0]
:) _1) _-TI-J 1}1 ':_i) _1) i) 1: B) 1, BJ 1:’_? 1) e'J 1J a:’:’

We obtain common eigenvectors for Hi and Hz for the ssmple eigenval ue doubl ets
(A(H.),A(H,)) = (0,27), (2,0)

Equivalent ladder generatorsand commutators

An equivaent ladder generator set is

X, =(A+B)/2,Y,=(A-B)/2
with the commutator relations
[Xi’xj:|:8ijkxk , I:Yi’Yj:|:8ijkYk , [Xi’Y']ZO

0, else
TheKilling formis «;, = cic?, and becomes here «;, =25,
Cartan subalgebrais 2-dimensional (so(4) has rank 2) and is spanned by

1000 0000

0000 0100
H, =  H,=

0010 0000

0000 0001

Rootsrepresentation in e-basis
In orthonormal basis {e,e,}

thesimplerootsare o, =4, -4, , o, =4, + 4,
al 4rootsare £A, £ 4, .

* s0(2) Liealgebra

The so(2) Lie algebrais the tangent space at the identity for the Lie group SO(2), which represents 2D
rotations. It isa 1-dimensional, abelian (commutative) Lie algebra. The elements of so(2) are 2 x 2 real, skew-
symmetric matrices.

.
J=
The generator is 10
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6.6 dl(n,C) algebras

d(n,C) isLieagebraisthe set of al complex n x n matrices with trace of zero. It isasimple Lie algebra of
dimension n?- 1.

Cartan agebra (dimension n-1) consists of traceless diagonal matrices.

Theroot system is An-1, with n(n-1) roots.

* d(2,C) Liealgebra
The Lie algebrad(2,C)isthe set of al 2x2 matrices with complex entries and atrace of zero.
(1 oj [0 1} [0 oj
H = X = Y =
generators 0 -1 , 00 10

commutator relations [H,X]=2X , [H,Y]=-2Y , [X,Y]=H

Cartan subalgebrais generated by H, has dim=1,
in Weyl-Cartan representation the roots are { 2,-2},
in orthonormal basistherootsare +/, .
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6.7 Exceptional Lie algebras
* g2 (Dimension 14): is the automorphism group of the octonions and the stabilizer of ageneric 3-formin 7
dimensions, rank=2
2 -

Cartan matrix (_1 Zj,rankzz

2simpleroots e;—¢, = (1,-1,0), —e;+2e;,—e3 = (—1,2,—1)

12 roots
(1,-1,0), (-1,1,0) 2,-1,-1), (-2,1,1)
(1,0,-1), (-1,0,1) (1,-2,1), (-1,2,-1)
(0,1,-1), (0,-1,1) (1,1,-2), (-1,-1,2)

* f4 (Dimension 52): The Lie algebra of the exceptional group Fa4, is the automorphism group of the Albert
algebra (a 27-dimensional exceptional Jordan algebra), rank=4

Albert algebrais the space of 3x3 self-adjoint 3x3 matrices over the octonions .

f4 is the automorphism group of Albert algebra.

f4 isthe group of automorphisms of the following set of 3 polynomiasin 27 variables

Cr=z+y+=z

Co=x’ 43> +22+2XX +2YY +2Z2Z

Cy =zyz—aXX —yYY —2ZZ +XYZ+ XYZ
where x,y,z areredsand X,Y,Z are octonions.

[ 2 -1 0 0]
-1 2 -2 0
0 -1 2 -1

Catanmatrix - © © ! 2-,rank=4

0 1 -1 07
0 0 1 -1
0 0 0 1

1 1 1 1

4smpleroots Lz ~2 ~3 T3
8 roots, red and yelllow vertices in the diagram
e

,t

! L){QCJ O
avl T
. -

,

i \ N
b\.p 0 / 57
‘0”

* & (Dimension 78): is the stabilizer of a certain cubic form and appearsin the classification of certain
projective planes over division algebras, rank=6

The minimal representation of €6 isthe Albert algebra.

The fundamental group of the adjoint form of e6 ad(eb) is the cyclic group Z3.

0

Cartan matrix is
The rank=6, simple roots are
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0,0,0;0,0,0;0,1,-1

0,0,0:0,0,0;1,-1,0

( )
( )
(0,0,0,0,1,-1;0,0,0)
(0,0,0;1,-1,0;0,0,0)
( )

0,1,-1:0,0,0:0,0,0

1 21 211 211
3733 333 333

72 roots, verticesin the diagram

S\qu’ '
NN
;’é{;fi\\‘%‘ /]
Mo

—\

» e7 (Dimension 133): Leaves invariant a symmetric rank-4 tensor in its fundamental 56-dimensional
representation, rank=7
The rank=7, simple roots are

(0,-1,1,0,0,0,0,0)
(0,0,-1,1,0,0,0,0)
(0,0,0,-1,1,0,0,0)
(0,0,0,0,-1,1,0,0)
(0,0,0,0,0,-1,1,0)
(

0,0,0,0,0,0,-1,1)

17111 1 1 1 1
(2:2:2:272:727272)

126 roots, vertices in the diagram

* eg (Dimension 248): Its root diagram is the Es lattice, which models the densest possible sphere packing in 8-
dimensional space, rank=8

€8 has rank=8

Cartan matrix is
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0
simpleroots are

240 roots are the vertices of the 3-dim diagram
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7 Characterization of low-dimensional Lie algebras

7.1 Four-dimensional algebras

Four-dimensional Lie algebras are entirely classified. The classification generally breaks down by the agebraic
properties of their derived algebras: solvable (or nilpotent), semisimple, or decomposable into direct sums of
lower-dimensional algebras. Because they are the tangent spaces to four-dimensional Lie groups, they are
deeply important in general relativity, differential geometry, and theoretical physics.

The most widely used classification of real 4D Lie agebrasis dueto G.M. Mubarakzyanov. They aretypically
divided into indecomposable and decomposable algebras.

I ndecomposable Algebras

These cannot be written as adirect sum of smaller Lie algebras:

Nilpotent: Thereis only one unique 4-dimensional indecomposable nilpotent Lie algebra, defined by the non-
zero commutation relations:

[e.&]=8.[e.6]=¢

Solvable: These have non-abelian derived agebras and play afundamental role in geometry. They are classified
into several families (e.g. A4,1 through A4,12) depending on the eigenvalues of the adjoint representation
matrix. Notable examples are the oscillator algebra and the Euclidean algebra of the plane e(2)

Semisimple: The only simple 4-dimensional real Lie algebrais su(2) @ su(l) ,whichisthe Lie algebrafor the
group U(2).

Decomposable algebras

These are direct sums of 2D or 3D Lie agebras

« R®aff (R) suma 1D abelian and 2D non-abelian affine algebra

* s0(3)®R or su(2) ® R rotation group algebraand a central 1D charge

* d(2,R)® R (2+1)-dimensiona spacetimein GR

Complex four-dim algebras

When working over the complex numbers C, the picture is ssmpler, and the classification reveal s fascinating

geometric properties. The moduli space of 4D complex Lie algebras forms an orbifold determined by the
natural action of the symmetric group on a2D complex projective space.

7.2 Classification of low-dimensional real Lie algebras

[5]
Let g, gn be n-dimensional Lie algebraover the field of real numbers with generators g, e,,...,e,, n<4

Two-dimensional
- 2g,, abelian R?;
{(”’ b) : a,beR},
0 0

. gy .solvable aff(1)

[61,&?2] =€].
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Three-dimensional

+ 3g,, abelian, Bianchi I;
* g», P 9,, decomposable solvable, Bianchi Il
* @4, Heisenberg—Weyl algebra, nilpotent, Bianchi Il
€2, €3] = ex;
* {34, Solvable, Bianchi IV,
le1,e3] = €1, [e2,e3] = €1 + e
= {33, Solvable, Bianchi V,
le1, €3] = €1, [e2, €3] = e;
* @34, solvable, Bianchi VI, Poincaré algebra p(1, 1) when o« = —1,
le1,e3] =e1, [ea,e3] =aey, —-1<a<l, a#0;
* {35, solvable, Bianchi VII,
le1, €3] = Ber — ez, [e2,e3] = €1 + Pes, B =0;
* g34. Simple, Bianchi VIII, s(2, R),

ler,ea] = €1, [ea,es] =e3, |e1,es] = 2es;

g3.7, simple, Bianchi IX, sa(3),
esveal =1, leayer] = €2 [er,ea) = es.

Algebra g4 5 can be considered as an extreme case of g, -, when 3 — oo, forming contraction of Lie algebra.

Jver the field C algebras g -, g5 > are isomorphic to gs 4 and g; 5, respectively.
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Four-dimensional
« 4g,, abelian;

* g1 P 2g,, decomposable solvable,
le1, €] = e
- 2g,,, decomposable solvable,
le1,e2] = €1 [es, e4] = es;
* 03, © g,, decomposable nilpotent,
€2, €3] = en;
* {39 & g;, decomposable solvable,
le1,e3] = €1, [e2,e3] = €1 + €33
* 034 B g;, decomposable solvable,
le1,e3] = €1, [e2, €3] = €33
» 034 © g;, decomposable solvable,
ler,e3] =e1, |es,es] =aey, —-1<a<l, a#0;
* @35 D @, decomposable solvable,
ler,e3] = Per —ex ez, e3] = €1 + Pea, B =0;
* 03¢ D g, unsolvable,
le1,e2a] = €1, [e2,e3] = €3, [en, €3] = 2e;
* {37 @ g;, unsolvable,
le1,e2] = €3, [e2, €3] = €1, [eg,e1] = e;
= 041, indecomposable nilpotent,
e2,e4] = €1, [e3,e4] = €33
= 049, indecomposable solvable,
le1,e1] = Ber, ez, eq] = €2, [es,eq] = €2 +e3, B#0;
* {43, indecomposable solvable,

le1,eq4] = €1, [es,eq] = ea;
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* {44, indecomposable solvable,

ler,eq) = €1, [ea,eq] =€) +ea, |e3,eq] = e + e3;
» @45, indecomposable solvable,

le1,€4] = aer, ez, eq] = Pea, ez, es] =ve3, afy #0;
* @44, Indecomposable solvable,

le1,eq] = ey, [es,eq] = Bes —es, [es,eq] =ex + Pes, a >0;
* {47, indecomposable solvable,

lea,e3] = €1, |e1,eq] =2e1, |es,eq] =e€s, [e3,e4] =es + e3;
* @44, indecomposable solvable,

e2,e3] = e1, [e1,es] = (14 Bler, [ez,ea] = €2, [ez,eq] =Bes, -1< /<L
» @49, indecomposable solvable,

lea,es] = e, ler,eq] = 2ae;, |es,eq] = aey —e3, |ez,eq] =€y +aey, a > 0;
* @410, indecomposable solvable,

le1,es] = e1, [ea,e3] =ea, [e1,eq] = —ez, [ez,e4] = ey,

Algebra g, 4 can be considered as an extreme case of g, 5, when 3 — 0, forming confraction of Lie algebra.
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8 Spin representation and Lie algebras

In guantum mechanics, spin is mathematically described through the representations of the su(2) Lie algebra
» spin-1 stateresides in a 3-dimensional representation

Lie algebrais so(3) (isomorphic su(2)), 3x3 representation with J-matrices

(oo (0 -1 0 10 0
h=pg|t 01 Jzzﬁlo—l J,=|0 0 0

010 0 1 O 0 0 -1

commutators L% 9] =1 €undn
* gpin-1/2 particleresidesin a 2-dimensional representation,
Liealgebraissu(2) , representation is by 2x2 trace 0, skew-symmetric matrices, generated by Pauli matrices.

R RS

with the usual commutator relations [o, 0, ] =i &40,

» spin-2 particle corresponds to a 5-dimensional irreducible representation (quintuplet).
Liealgebraissu(2) , the irreducible representation of su(2) corresponding to spin 2 is 5-dimensional., with J-
matrices as generators.

0o 1 0 0 0
1 0 32 o0 o0
J=l0 3/2 0 32 0
0 0 +B/2 0 1
0 0 0 1 0
0 i 0 0
i 0 -iv3/2 0 0
J,=10 iv3/12 0 -if3/2 0
0 0 i3/2 0 i
0 O 0 i 0
200 0 0
0100 O
J,=|0 00 0 O
000 -1 0
000 0 -2

Their commutation relations are given by:
[‘]k"]l ] =1 &ymdnm

and normalization

J2+32+37 =6l

The wavefunction for spin-2-particlesis a 2x2 symmetric matrix, with 5 parameters, and two polarizations, in
total 10=5x2 degrees-of-freedom.
The wavefunction has therefore the form

d h, h; h,
h, d, hy h,
hs Ny dy hy
h, M, h, d,

There are two 5-component spin vectors s and s , for polarization 1 and polarization 2.
§= (d11d21 h4,d3,d4)

h=
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S = (hlZ’hl3’h23’ h24! hSA)

The 5x5 J-matrices act on the spin vectors via matrix multiplication, and act on the wave function accordingly.
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9 Clifford algebras

A Clifford algebra[9] is an associative algebra generated by a vector space with a quadratic form, generalizing
complex numbers and quaternions, and widely used in geometry and physics.

Definition and Construction

A Clifford algebrais constructed from avector space V over afield K equipped with aquadratic form Q.
Formally, it is defined as the quotient of the tensor algebra T(V) by the ideal generated by elements of the form
VRVv—Q(v)1 for all veV .

This ensures that the square of each vector in the algebra corresponds to its quadratic form value. The algebrais
associative but generally non-commutative, and its dimension is 29™V

Generators and Relations

The algebrais generated by the elements of V, called generators, with the defining relation:

v? = Q) foralvev
or equivalently, using the symmetric bilinear form B associated with Q:
vw +wv = 2B(v,w)1

exterior algebra.

Applications

Clifford algebras have broad applications in both mathematics and physics:

Geometry: They provide aframework for geometric algebra, allowing the representation of rotations,
reflections, and orthogonal transformations ..

Spinors and Quantum Physics:

Clifford algebras define spinor spaces and the Spin group, which are essential in describing fermions like
electrons and in constructing spinor bundles on manifolds.

Representation Theory: They are used to study Lie agebras, root systems, and weights, providing a natural
setting for constructing spinor modules.

Combinatorics and Algebra:

Clifford algebras generalize complex numbers, quaternions, and octonions, and are useful in defining
hypercomplex numbers and various algebraic operations .

Structure and Properties

Grading: Clifford algebras are often Z2-graded, separating even and odd elements.

Tensor Products: The Clifford agebra of adirect sum of vector spaces can be expressed as atensor product of
the Clifford algebras of the summands .

Normed Division Algebras: Rea Clifford algebras are closely related to normed division algebras, connecting
them to quaternions and octonions .

Clifford agebras thus provide a unifying algebraic framework that extends classical number systems and
underpins many modern mathematical and physical theories.

Abstract definition

A Clifford algebraisaunital (with 1) associative algebrathat contains and is generated by a vector space V
over a field K, where V is equipped with a bilinear form <u,v> : VxV — K., which becomes a quadratic form

Q(v) V—K for VeV
The Clifford algebra CI(V, Q) isthe unital associative algebra generated by V , defined by multiplication
u-v with the anticommutator condition (Clifford product)

{uv}=u-v+v-u=2(u,v)l for uveV

here, Q(v) = (v,v) and <u,v>:%(Q(u+v)—Q(u)—Q(v))

If Q(v)=0, ClI(V, Q) becomes the external algebra AV .

Usually, the bilinear form is the inner product (u,v) =WV, +...+U,V,

A graded Clifford algebra Clpq(V, Q) hasthe quadratic form (v,v) =v,* +..+v ?-v 2 —..-v_ 2 withp
positive and g negative terms.

The canonical Clifford construction

The Clifford algebra CI(V, Q) can be formulated in astandard orthogonal basis (ge,,.....€,)

with therelations g -e, =€, -6 , g -¢ =1, and the quadratic form (v,v)=v*+..+v > -v_*—..-v  *.

for al v,weV . When the quadratic form is zero, the Clifford algebra reduces to the
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The general element of the Clifford algebra is given by

q=q, + Z qilizalqz + Z qi1i2i3q1q2q3 Fet qil"'inql qn

Thebeasis (g,e,,....,e,) arethen generators of the Clifford algebra, with dimension dim(CI(V, Q))=n.

The linear combination of the even degree elements of CI(V, Q) defines the even subalgebra CII%(V, Q) with
the general element

q=0, + z 4,,68, + z 4,,..56,8.8, t-

The quaternion algebra
The even subalgebra Clzo[O](R, (v, V) ) with the generic form

4=10, + 4,86, + (68 + 0,68

isHamilton'sreal quaternion algebraH with quaternions (i, j,k) and the relations
i=a,j’=p,ij=k, ji=—k, K =ijij=—ijj=—ap

where (a = B=-1) for Hamilton’s quaternions H

and (a =-1, B=+1) for split-quaternions, isomorphic to the ring of the 2x2 real matrices.
Hamilton’ s quaternions have the properties

i=j*=k*=-1,ij=k=-ji, jk=i=—kj , ki=j=-ik

H hasthe generic form g=a+bi+cj+dk

H is actually afield, with theinverse g = (a-+bi+cj+dk) " = :;bt')z_ccjz_ddﬁ
+b*+c? +

The conjugated element is q = —%(q+iqi +jqj+kgk)

tenormis ||qf = \/qq* =JaZ+b’+c? +d?

According to the Frobenius theorem, there are only two division-free algebras over the field of real numbersR :
complex numbers C and Hamilton's quaternions H .

A 2x2 matrix representation of H is by Pauli matrices {1, 1, j, k} —{l,io,,ic,,ic,} .

The dual quaternion algebra

With V=R" and the degenerate bilinear form d (v, w) = V;W, +V,W, + VW,

and the Clifford product vw+wv =-2d (v, w), we obtain the Clifford algebra Cl4(R, d) with 16 components
and the basis relations

g°=e’'=¢e’=-1,6°=0, 6,6 =-66, M=n

The linear combination of the even degree elements defines the even subal gebra CIt%(R4, d) with the general
element

h=h+hee +hee +hee +hee +hee +hee +heeeg,

The basis elements can be identified with the quaternion basis elementsi, j, k and the dual unit &
asi=e2e3,j=e3el k=ele2,e=cle2e3e4.

i=eg , =66, k=86 ,c=668686

Thisis an isomorphism with the dual quaternion algebra.

Dua guaternions Hq are an 8-dimensional real algebraisomorphic to the tensor product of the quaternions and

the dual numbers with the generic form 4 + ¢B , where A, B are quaternions, and ¢ is the dual unit, which
commutes with all quaternions and is nilpotent: £2=0 .

Super algebra

Clifford algebras are superalgebras, i.e. the reflection a: v = —v preserves the quadratic form Q and an
algebra automorphism.a:CI1(V,Q)—CI(V,Q).

We can decompose CI(V, Q) into direct sum of even and odd subspaces

cl(v,Q)=cl(v,Q)@ci¥(v,Q)
where I (V,Q) ={xe I (V. Q) e (x)=(-1) x|
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Transposition
A transpose of an element reverses the order in product terms

q=0, + z 4,,68, + z q,,.66,8, -

i1<i, i1 <ip <ig

' =0+2,0,68+ D 04,668 -

i <iy I1<iy<ig

The Clifford scalar product is then

St f ot
(@ y) = (2 y-)U',where\m y>ﬂ isthe scalar part qo of the product X'y

Pin and Spin-group

Pin,, = {vl...v2r v = il} consists of products of invertible unit vectors , where the spinor normiis ||v|| = (vtv)0 :
Pinpq isthe full rotation group O(p,q) ,

Spinp,q isthe proper (without reflections) rotation group SO(p,q) , it consists of even-number-products of unit
vectors

Sin,, , = {vl...v2r

v[=+1} ={aeCl(V)[aq=1]d|=3
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10 Dirac matrices, spinorsand Lorentz Lie algebra

Dirac Clifford algebra
Dirac algebrais the algebra with the basis of Dirac matrices matrices ys, ..., ys With the anticommutator

{y*.r*}=2n,,1 in(1,3) space, Minkowski signature (+,---)

Thisisthe complexification Cl13(R)c of the Clifford algebra Cl13(R), which isisomorphic to the 4x4 complex
matrices M4(C) .
The Dirac matrices (Dirac basis) are explicitly given by the Pauli matrices

01 0 -i 10
O, = o, = O, =
20 i o) P (o -
with the relations [ 5,0, |=2ig 0, , {0},0,} =25,,]
intheform

I 0 ., (0 o 0 |
0_ i _ j 5 _jy 0ty 2,3
y (0 _lj,y {_Gj Oj r =iy (l oj

y°=0,®l,,y =ic,®0, ,y°=0,®l,

100 0 0 001 0 00 -1 001 0
o [001 0 0f 0 010 , 0010 . 0001
00 -10 0 -1 00 0 100 -1 00 0
00 0 -1 1 0 00 100 0 0100
0010
s (0001
1000
0100

In chiral Weyl basisthey are

SR SRS P

The corresponding spin Lie algebra so(1,3) is generated by the spin generators = = l—l[y” 7" ] withthe Lie

bracket

I:Zuv ,pr] — (nwzpv 0TI RS g PEAT )

so(1,3) Liealgebra

The Lie algebra of the Lorentz group O(1,3) is a 6-dimensional, non-compact, and semi-simplereal Lie algebra
denoted as so(1,3). It consists of infinitesimal Lorentz transformations, which are generated by three spatial

rotations Ji and three velocity boosts Ki .
It is semi-simple and non-compact.

Complex so(1,3)c isisomorphic to direct sum of (2,C) , s0(1,3), =d(2,C)®d (2,C)

TheKilling form isindefinite rather than negative-definite, it defines a hyperbolic space, which is not bounded,
therefore so(1,3) is non-compact.

With the matrices M,, , (M) =l ~adin 1121 4 kel |

and the matrices M, , (Mis ) = i + 1 'm k,=1,..4, k<l

J; = (M341M421M ) , K :(M127M13’M14)
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00O 0 0 0O 00 0 O

00O0O 0 0 01 00 -10
J]_: J2: \]3:

0 00 -1 0O 0 0O 01 0O

0010 0 -100 00 0O

0100 0010 0 001

1 000 0 00O 00O0O
K= K, = K, =

0 00O 1 000 00O00O

0 00O 00O00O0 1 000
with the commutators,, [K K]] Ejedk [Jl,KJ] &5 Ky
Lorentz group SO(1,3)

The rotations A [8] of the Lorentz groups x'= Ax can be written in the Kronecker matrices with 6 el ementary
rotations ,, and Kronecker matrices M,

A= exp(—licoyv M ““j

or in the rotation and boost generators (J;),(K; ) with rotation vector ¢ = (¢,,¢,,¢,) and boost vector
V=(V,V,,v;) we obtainwith

Wy = &Py

intheform A =exp(—i (¢ J +v K))
rotation operator @ = (¢ J +v K)

Wy =V ==y

Spinor group Spin(1,3)
4
The corresponding spin rotations of the Dirac spinor ¥ = (‘PLJ , P'=8SY¥Y
. . y ,o y " 0
can be formulated with the spin generators ', X =—[ y*,y" | =
4 0 o

intheformS= E‘Xp(—%% Z“Vj

or in the rotation-boost generators

I, -
S:[A OJ: exp(—i(go—lv)aj 0
0 A 0 exp(—i—(g5+i\7)6j
with Pauli spin-tensor 6" =4[c*,6"] , 6" =4[c",0"] , 0" =3(L0) ,0" =3(1-0)

and Pauli 3-vector ¢ =(0,,0,,0;)

S= (% AO,J with the left- and right Weyl-spinor rotations

A = exp(—iiww GWJ = exp(—ii((ﬁ —iv )o-J left-handed Weyl-spinor
A= exp(—.—co &’”J = exp(—ii(gﬁ +1i \7)&) , right-handed Wey!-spinor
rotation operator @ = % (pc tiveo)

General Dirac matrices
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General Dirac matrices I", [10] generate the Dirac group G in dim=d . metrics (p,q) in the form

x=i"T,I'y .I', , xeG ,incanonical order a <@, <...<a,
with the anti-commutator {I",,I',} = 2,1 for Cl(p,q)(C)
In SO(4) with the Euclidean metric 6, , the Dirac matrices become

ve=v°, yi=iy’ yi=-iy

O_I O j_i O Gj 5_i0 |
7E—O 0 v Ve = o, 0 » V= I 0

compactly 2 =0,®1, , yl =-0,®0, , g =—i0,®],

5

with the anticommutator {y£, yc} =26 1,
In chiral Weyl basis the Euclidean Dirac matrices are

O_O I j_i 0 O-j S—il 0
T o) F T e o) F T 0 -

compactly 72 =0, ®1, , yl=-0,®0, , 72 =ic, ®l,

In SO(2,2) (bi-Lorentzian) they are
y&z) =y° 7/(12,2) =iyt (time-like)
Yey =7 Yoo =7 (spacelike)
292 d=2m
292 d=2m+1

In Euclidean space we have in CI(d)(C) the Dirac generators
ford=2, T, =(ioic,)

ford=3, I', =(io,,ic,,io;)

General Dirac matrices I', are nxn matrices, where N = { for even and odd dimension

ford=4, I'" = (ye.72.72.7¢), 72 =0,®1, , vl =—0,®0, , yg =ic,®1,,
for d=5, T =(y2.72.72.72). TY =7¢,
ford=6, I'® =—¢,®TI'® a=12,34,5; TP =¢,®1I

ford=7, T =-0,®T® a=12345,T{" =0,®1, 'Y =ic, ®|
This scheme is continued accordingly for higher dimensions.
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