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Abstract

Real and complex analysis isthe most important part of the mathematical fundament of physics.

Bosonic vectors (field-carriers with integer spin, e.g. electromagnetic 4-vector) are described by complex analysis, mass-carrying spinors (spin-1/2 particleslike
leptons and quarks) are described by Pauli-matrices, which obey quaternion-based arithmetic and analysis.

P-adic analysis based on p-adic numbers yields an alternative, which is similar in many respects, but has a completely different topol ogy.

P-adic analysisis applicable for the description of Planck-scale physics.

This paper is an introduction to functional analysis with p-adic, real, complex and quaternionic numbers.
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Numbers

Natural numbers N Galoisfield Fp, p prime
ne{0,1,2,..} o a{0,1,....p-1}
_ addition, multiplication, inverse—
l finite non-ordered commutative field
Integers Z l
ne{0,x1, +2,...} .
addition, multiplication— P-adic integers Zp
ordered metric commutative ring Nk S
w/o zero-divisors, compact {X_Z_;‘akp } a<chy.8,#0,n20

norm |x|p =p™"
l addition, multiplication—
Rationals Q nc;n-order;d _commutative metric ring
xe{ab, acZ,beN, b>0} w/o zero-divisors, compact
norm |x| =abs.value
metric d(x, y)=|x—y|
addition, mult1p11cat10n, inverse—
ordered commutative fle!d P-adic rationals Qp
countable, algebraically incompl ete, »
topologically incomplete {x=2akpk}, a ek, ,a =0
k=n

3/11=...23304 23304 35
norm |x| = p™", metric d(x,y) =|x- y|

ultrametric [x—y| < max (|[,|y|)

addition, multiplication, inverse—

non-ordered commutative field
cardinality=continuum, algebraically incomplete,
topologically incomplete, locally compact
disconnected, fractal




Reals R=Comp(Q,|x-y|)

R={x|(a)—>xa Q] P-adic reals C, = Comp(Q,.[x-])
QdenseinR _

.cl
norm |x| =abs.value ?P alg. closure Q,
metric d (X, y)=|x-y| Q,= U(Qp [£]1& =root(P(x)),P(x)  pol (Qp))
addition, multiplication, inverse— cardinality=continuum _
ordered commutative field algebraically complete , topologically complete
cardinality=continuum locally non-compact, disconnected, fractal
algebraically incomplete
(needs i =+/-1)

topologically complete,

locally compact

Complexes C=R{i] Quaternions geH
xe{atbl, a,beR} =0, +0=0,+qi+0,j+ gk,
QdenseinR Oos Chs 0, & € R
norm | =+/a’+b’ =abs.value i2=j2=k?=ijk=-1,ij=—ji=k
cardinality=continuum jk=—kj=i ki=—k=]j
algebraically complete conjugate g = ¢, — ¢4i — ), j — oK
topologically complete
locally compact »| NOorm |Q| ZEZ\/QOZ+%2+QZZ+%Z

inverse q*lzﬂ2

£

mapping to Pauli-matrices

(Li,].k) > (Lioioyic, )
H isnot closed algebraicaly
H istopologically complete

|
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Biquaternions geHc
q:qo+q:qo+0ui+q2j+q3k’q0’q1’q2’q3ec
Conquate q:qo_qli_qzj_qgk

qq=09eC

semi-norm | =\/ﬁ=\/qoz+0ﬂz+q22+qs2
inverse q*lz{q(qq)‘lif (@) =0

q=2z+we, = (0 + 08 )+(0, + 08 )€,

4 w
o 2]
-W Y4

complex 4-vector

X = (Xo) Xps X5, %3)
vector rotation x'= Ax
A= exp(—lgww M “VJ
=exp(-i (¢ J+vV K))

field bosons S=1, m=0
e.g. photon A’

\ 4

Spinor=biquaternion
q:q0+q:qo+q1i+q2j+q3k
Q:[ G +0e G+ g j
~(%*+%*e) (%*+q*e)
spinor rotation Q'=Q
ep{-iz(a—ima] 0
0 e@[—iz((fmf/)&]

particles=Dirac-bispinors S=1/2, m= 0
e.g. electron ¥

S=




Polynomials and power seriesinrealsR , p-adics Qp

sumsin R: Cauchy convergence

(ia,. la eR)—>a iff
i=0

Zn:|a,.|<e,Vm,n

A4

sumsin Qp: coefficients —0
(Zq E erj—>a iff
i=0

|a1.|p—>0

\4

polynomialsin Q: P(x)eQ[x]
algebraically solvablein C
zer os. Newton-Raphson iteration

X1 =% = F06)/ (%)
error ¢, =|a—x,|, & €[x,.«]

f n
converges le,,,| =¢,’ | I(é
2]t (¢

example P(x):(x—l)z(x—llz)

mapping [0,1]—R compact, connected

polynomialsin Qp: P(x)eQ,[X]
algebraically solvablein Cp
zeros. Hensd iteration

X(x)=x-P(x)/P'(x)

converges if order v(P'(x))<n/2
example P(x)=(x- 1)2(x 1/2)
mappmg [O 1] Qp fractal disconnected

¥ J,wﬂ‘uaw fit

'Mhhu'm Il 'MJ'_.
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polynomial approximationin R
Taylor serles

2 (x-a) +hl<( )

B fk+1('§) ”
h(x)= (k+1)! (x-a)

Welerstrald approximation
f continuous f :[a,b] > R

Zf(a+ jBab( )

pn( )— f(x) uniform
B>’ (x) Bernstein polynomials

polynomial approximation in Qp
Mahler series

Z VEE( ( )uniform conv.

x>k>0

(Xj: X(x=1)--(x=i+1) binomial polynomials

i i!
forward difference operator Vf (x)= f (x+1)— f (x)
van-der-Putt approximation
f:Z,—Q, continuous
8= (0), 8= f ()~ f(n_),n =n-n,p"
> a,— f uniform




Functional analysisin realsR , p-adics Qp

functional norm in R[X]

(x)dx Lz normoninterval | 1], —sup|

[l =] f*

differential f '(a):limM

mean value f '(c)
fixed point |f (x)— f (y)|<
I f(x )—)@
mtegralj

for x e [a, b]

1], =supial. ¢

X—a X—

differential operator Df (x)= f'(x) differential operator Df (x)=
forward diff.operator f

F(y)=2 (1) (V) () K

k>1

functional norm in Qp[X]
| max-norm

=Y a,x Gaussnorm

f(x)-f(y)

strict differential f'(a):( lim

:M,CE[a’b] mean value | f (x+h)— f (x)| <|h] 1

for [x<1, |h<r, :|p|”(p‘l)
fixed point | f |, <1, |nf

Ix eB, i f(x)=x

dX—|Ime ) (%= %) Volkenborn integral

n—o0

I f dx—Ilm
ZP

sum operator Sf

integral operator (Iaf)(x):J‘ f(t)dt integral operator (
)

fundamental theorem D(1, f

N—o0 p

(x)=f(x) fundamental theorem
(1f)(x) = (DS )(x)
(VS)(x)= f ( floor(x+1))
SVf =VSf - (0)




Functional analysisin complex numbers C , quaternionsH

Complex functional analysis Quaternionic functional analysis
equivalent for f(z) = u(x, y) + iv(x, y) 0= X%, +Xi+X,j+X%Kk
» fis holomorphic in Q, ¢ () jim (2= (%) « f:H —>H left/right-regular if satisfies Fueter eq.
7 Z_Z:]
* fsatisfies in Q the Cauchy-Riemann equations a +i ﬂ+ ] i+ kﬁ =
du_ov ov_ au 0% 04 0% 0%
oX oy ox oy i+ﬂi+ﬂj+ﬂk=o
« fisexpandablein Taylor series 0% 0% 0% 0%
f (Z) _ iak(z_c)k’ converges in ne ghborhood * fis left-differentiable in Q,
k=0 lim(h™(f(q+h)-f =f'
for every ce Q 'Ho( ( (a+h) (q))) (@)
Cauchy integral formula f left-differentiable — f linear f (q)=ag+b
1 ¢ f(2) Cauchy-formula: f regular inside QcH

=2 (-a) " 1 c(9-6,)"

L aurent Seriy&s flo)= 2r° I zbaf(a)
T o |q_qo|
_ 1 95 f(2) dz L aurent-Fueter series
27i ¥ (z—c)" f isregular in open set U except in ¢o € U, then
f(z):iak(z—c)k f(q)=;v;(|°v(q—qo)av+Gv(q—qo)bv)
k=—o0 n

1
%=F6{Gv(q—qo)qu(q)

b =— [P (q-q)Dgf
=27 > (9-9,)Daf (q)
q—l an
Gv q =72 av:
e T

Gy(q) isarational functionof q: G,(q)=0,G(q)
P,(q) isapolynomial in g

1
R/(q):_ Z )(tql_)gl)"'(tqn_xin)

n! -

#(0) (i




Generalized differential operator

Taylor operators
Taylor series, analytical function f

i K () .
f(X)ZkZ;ak(f,&,)(X—&)) o (%)= k(!xo) , convergence radius R( f, %)= Iimsup‘akl(f xo)rjk
n K . f(n+l) I
Taylor polynomial S( f,%,1) =>4 f,%)(x-%)", remainder R, (f,%,)= (n+§>,

Taylor operator T (« (k),3(k)) actsan Taylor coefficients(ak(f,xo))k: 8 (Tf, %) =a(K)ay,, (f.%)

D :T(k+ZLk+1)

Examples
f (x)=exp(x), % =0, truncation n=5

25k 4

20 sl

— Explx] — Explx]
b Taylor[D Exp[x],5] 21 Taylor[T[k+2,k+1] Exp[x],5]
1,047

— Exp[x]
4 Taylor[T[k,k+1] Exp[x],5]




Fractional quantum mechanics
Riemann-Liouville general derivative _d | | 1
. dn . dn 1 X N k|n (Zm)a—l Ca,z
DS (X)=— - 17 f (X) == [(x-t)"“ " f (t)dt,n-1<a <n
dx” dx" T'(a) fractional Laplace
D't (x)= & Fx) (~n26) v (pt)= 3jexp |— "Bl o(pt)d’p
X" > 2rnh
. neN,n>1 o application al2
approximated by alimit expression similar to derivative D »| fractional QM Hamiltonian H =d,, (_ ) +V (1)
Df (X) = a9 _ im f(x+hr)]—f(x) fractio?al S)chrddinger eq.
X h—0 oy (Tt al2
iIh————~=d_(-hA rt)+V(r)y(r,t
T(a.a)f(x)=D;f(x) , in an environment of x ot (1) Ty T+ () (1)
f(x+h(x-a)™)-f(x Coulomb V (F) = ~Ze2 /[f|, E. =—(ct ~1) E,—~—
T(a,a)f(X)=lim| (1-a) f (X)+a ( (x~a) ) () oulomb V(7 & /Il & =-(e )Eon“’(“‘l)
h—0 h apl(a-+p)
harm. oscillator V (F) = ¢?[F|” , E, = Eo(n+2j
application Examples
2Vx
D”Z(x):Tx 1
v EulerGamma—Log[x]+PolyGamma[0,—=]
Dl/2(1/ ) 2
Diffusion 2Vmxs/?
Diffusion is described by Fick’s equation Dﬂz( 2) 8’“;12
op(Tt) v

P DAp(F,t), where p(F,t)isthe density

Anomalous diffusion processes in complex mediais described by
o“p(F.t)

=DAp(T
v Pl

), with fractional order «, 8

V2 A _3(—1+EulerGamma—Log[x]+PolyGamma[O,—§])
D¥2(1/x"2) = R




1 P-adic number analysis
[1]

P-adic numbers
P-adic numbers Q, are an extension of the field of rationals Q such that congruences modulo powers of afixed prime p are related to proximity in the p-adic
metric.

Any rational number x= % € Q can be written uniquely in the form p" 4 where p\u p\v (uand v not divisible by p), where p is a prime number, r and sare
%
integers not divisibleby p .
The corresponding p-adic representation of x isthen x= Zak P, where a €{01,..,p-1,and a,#0.
k=n

The integer n isthe order of the p-adic number (index of the lowest non-zero coefficient), n can be negative.
The coefficient a, obey the arithmetic mod(p), i.e. they are elements of the underlying GaloisfieldFp, a, € F,.
Then we define the p-adic norm of x by |x|p =p™",also, |O|p =0

For natural numbers xe N we have the finite sum representation X = Zak p* with basis p analogous to the usual decimal representation.
k=n

For negative integers xe Z , x = —|X we have the representation x = z &, p“ , where the coefficients are the negative coefficients mod(p) &, +a, =0mod( p) of
k=n

the positive number representation [ =Y _a p“.
k=n

The p-adic integersZ, obey multiplication and addition mod(p) with carry, and they have no zero-dividers, i.e. they alow multiplicative inverse, and can be
extended to afield Qp .

Rationals 1/q, q= p* , k>0, are p-adic integers q‘1p €z,

Rationals 1/q, q= p* , k>0, are proper p-adic fractures e.g. 5% =1

Arbitrary rationals % (uand v not divisible by p) are formed by multiplication mod(p) u*(1/v)mod( p)
Valid identities are

1= ki‘;( p-1)p*, eg. (p=5) ...44444445

S
o &P

p-adicsarewritten as



« fractions, from right to left, where the point signifies the order (and is skipped, when at beginning, i.e. when order v=0), e.g. p=5
1/5=.1s
1Y11=... 42330423304233042331;

* lists, from left to right, where the order is the first element of thelist, e.g. p=5
15=1{-1, {1,90,€,0,0,0,0,0,0,0,9,0,0,9,0,0,9,0,0, 0}}

1/11= {0, {1,3,3,2,4,0,3,3,2,4,90,3,3,2,4,0, 3,3, 2,4}]

The cardindity of Z, (and of Qp) isthe cardinality of continuum like R, whereas Q is countable (cardinality of N).

The p-adics Qp werefirst introduced by Hensel (1897) in a paper which was concerned with the development of algebraic numbersin power series, p-adic numbers
were then generalized to valuations by Kiirschdk in 1913.

Rationals as p-adic numbers
The p-adic valuation (=norm) |x|p on Q givesrise to the p-adic metric d(x, y) =|x— y|p

which in turn gives rise to the p-adic topol ogy.
It can be shown that the rationals Q, together with the p-adic metric, do not form a complete metric space.

The completion of this space isthe set of complete p-adic numbers Qp = Comp(Qp ,|x— y|p) .
The real numbers R are the completion of the rationals Q with respect to the usual absolute value |x| :
R=Q R=Comp(Q,|x-Y|) isthe set of all convergent seriesin Q inthe metric d(x,y)=|x-Y|

A rational number with p-adic absolute value 1 has a purely periodic p-adic expansion if and only if it lies in the real interval [—1,0) .
A genuine fractional rational number with p-adic absolute value 1, outside the real interval [—1,0) has a fixed initial expansion followed by a purely periodic p-
adic expansion.
p-adic faculty n!
The p-adic faculty n! (without p-powers) has p-adic valuation
| = p*(n*Ap(”))/( p-1)
P

where the p-adic expansion of nis n=a,+a,p' +...+a,_p"

and A (n)=a,+a +..a,

For sufficiently largen, |n!|p < p @

p-adic metric
The p-adic metric isanon-Archimedean distance function where two numbers are close if their differenceis highly divisible by a prime p.



Any rational number x= % € Q can be written uniquely in the form p”% where p\u p\v (uand v not divisible by p).
The p-adic norm is then |x|p = p ", themetricis d(x, y)=|x— y|p

The metric is non-archimedean (ultrametric), it obeys the strong triangle inequality |x—y| < max (| X |y|)

instead of the simple (archimedean) triangle inequality |x—y|<|x|+|y| .

p-adic half-metric

The p-adic metric yields a distance function sufficient for convergence criteria, but it islittle sensitive near zero, therefore not well-suited for numerical
calculations.

A Dbetter metric functionis f (xp,n, L) used for recovering rational numbers from the p-adic numbers,

X[ =
|php

|Xp|hp isahalf-norm, becauseit is not symmetric |Xp|hp # |—xp|hp , and neither is the distance |xp - yp|hp , but it satisfies the triangle relation

fo (xp,n, L)| , Where period start position n=1 and period length L=N-1, N=precision.

Yol <Xl + Vil
|Xp yp|hp Xphp+yphp

Examples

p-adic numbers p=5, 10 or 20 digits

p-adic fraction form (right to left), below: list form (left to right)

1=1s

{0, {1,0,90,0,0,0,0,06,0,0,0,0,0,0,0,0,0,0, 0,0}]
finite

-1=44444444444440440444 4

0, {4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4}}
period 4

1/5=.15
{-1, {1,@,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,06,0,0}}
here order v=-1, norm | |s =1/5, all others havev=0, | |5 =1

11= 215
0, {1,2,0,0,0,0,0,0,0,0,0,0,0,90,0,90,0,90, 0, 0]]
finite



1/11:42336423 384233042331,

{0, {1,3,3,2,4,90,3,3,2,4,90,3,3,2,4,0, 3, 3, 2,4}}
fixed=1, period 04233

3/11=2339423394233942339435
{®, {3,4,90,3,3,2,4,8,3,3,2,4,0,3,3,2,4,0, 3, 3}}
fixed=3, period 23304

-3/11= 423304233842330423231140211468211402114062.
{0, {2,06,4,1,1,2,0,4,1,1, 2,0,4,1,1, 2,0, 4, 1,1}}
period 11402

12/11= 2842338423384233042332;

@, {2,3,3,2,4,90,3,3,2,4,60,3,3,2,4,0, 3,3, 2,4}
fixed=2, period 04233

Non-archimedean (ultra-metric) distance

p-adic distanceis d_ (X, y)=|x- y|p

A non-Archimedean distance, or ultrametric, is a distance metric d(x,y) that satisfies a strict form of the triangle inequality:

x-y|< max(|x| |y|) , Whereas Euclidean distance obeys the simple triangleinequality [x—y|<|x|+|y| ,, i.e. it is Archimedean.

Unlike Euclidean distance, it implies distances do not "add up" or accumulate, often resulting in topologies that are totally disconnected, where al balls are clopen
(both open and closed).

« Strong triangle inequality [x—y| < max(|x| |y|) , weaker in general [x—y|<[X+|y|

« Strong multiplicativity [x* y|=|x/*|y|, weaker in genera |x* y|<|x*|y|

* Isosceles Triangles: All triangles are isosceles, with the two larger sides equal.

« Ball Structure: Two balls B, , = {x||x| < r} either are digoint or oneis contained within the other.

» Center Property: Any point within aball can be considered its center.

» Topology: The resulting topology is totally disconnected, where all balls are clopen (open and close)

« Smallness: Numbers that are large in the real sense (like 5'%°) are small in the p-adic sense mod5, while small numbers (like 1/5'% mod5) are large.

» Ostrowski's Theorem: This theorem states that any non-trivial absolute value on the rational numbers Q is equivalent to either the usual real absolute value or a
p-adic absolute value.



» Ostrowski's Second Theorem: The theorem states that any field, complete with respect to an Archimedean absolute value, is (algebraically and topologically)
isomorphic to either the real numbers or the complex numbers.

Mapping Qp->R

There is no canonical embedding (anatural, structure-preserving map) from the p-adic numbers Qp into the real numbers R.

Here is a breakdown of why thisis the case based on number theory principles:

 Different Completions: Both Qp and R are completions of the field of rational numbers Q, but they are completed with respect to completely different, non-
equivalent metrics (absolute values).

» Topological Incompatibility: R isaconnected, archimedean field, while Qp is totally disconnected and non-archimedean. There is no continuous field
homomorphism between them.

 Algebraic Closure: R isnot algebraically closed (its agebraic closure is C), whereas Qp isalso not algebraically closed (its algebraic closureis Qp?).

Mapping Q->Qp
« Definition: The map is defined by, :Q — Q, , where ¢, (x) = x

» Completeness: The p-adic field Qp is defined as the completion of Q with respect to the p-adic absolute value | |p

Therefore, Q acts as adense subfield of Qp
* Dense Subset: Theimage 1, (Q) isdense in Qp, meaning any p-adic number can be approximated by a sequence of rational numbers using the p-adic norm.

 Field Structure: This mapping is ainjective ring homomorphism, preserving both addition and multiplication.
» p-adic expansion

Any rational number ge Q can be written uniquely in the form p”% where p\u p\v

The canonical embedding isthen :: p”%—)Zak p~, Q—Q,,with a €{0,1...p-1
k=n

Extensions of Qp
mathoverflow.net

* The elements of Qp are exactly those represented by series of the form Zar p', where S is a bounded-below subset of the integers and each aris a
reS

multiplicative lift (i.e., a "Teichmiiller lift") of an element of Fp.
» The Teichmuiller character is a homomorphism (lift) of multiplicative groups:
w:F—Z;, suchthat w(a) is the unique (p—1)-th root of unity in Zp which is congruent to a modulo p
* The elements of Qnrp (the maximal unramified extension of Qp) are exactly represented by series of the form Za, p,
reS
where S is again a bounded-below subset of the integers, but the ar can now be lifts of any element of Fq, where g=p" is a fixed power of p.



* The elements of (_Dp and its completion C, are represented by certain series of the form ZaT p", where the ar are again lifts of elements of Fq , butnow S can
reS

be a more general well-ordered subset of Q.
Theorem [Kedlaya] (Huang, Rayner, Stefanescu). Let L be the set of generalized power series of theform f = Z)gti , where the set ScQ (which depends on f)

ieS
has the following properties:
1. Every nonempty subset of S has aleast element (i.e. Siswell-ordered).
2. There exists a natural number m such that every element of m* S has denominator a power of p.
Then L isan agebraically closed field
* The elements of Qp, the spherical completion of Cp, are represented exactly by series of the form ZaT p', where the ar are as before, but now S can be any
reS
well-ordered subset of Q (with no other restrictions).
And thisisin some sense as far as we can go, since {2p is maximally complete: we can't extend it any further without adding geometry, in the sense that it's the

unique largest field of characteristic zero (sum of 1’s is always #0) with value group Q and residue field the algebraic closure of Fp.

Visualization

[2]
The canonical mapping isi: p”%—)Zakp" , Q—>Q, ,witha €{0,1,..p-1
k=n

The canonical p-adic scalar valuation is v, :(iakpkj a(p‘“iak pk‘“j , Q,—>Q
k=n p k=n

The canonical p-adic vector valuation length ncis v, : (i a, pkj —>p" {ak p"’”}
P

k=n

n+

n.-1
, Q> Q"

k=n

Example 1 p-adic norm , prime base po=5

Npts=100 number grid points

dint=1 interval [0,1]

p0=5 base prime p=5

Ndigits=100 number of elementsin series expansion

p-adic norm |x|p



pnorm(pad(x))

25
20
15
10
5

| L L L | L L L | X=p!\n UJ‘V
0.2 0.4 0.6 0.8 1.0
canonical scalar valuation v¢in Q
ve(pad(x))
120
100 ﬂ
80 |
60
40 u
20
L | | L | L | L X=p!\n UJ{V
0.2 0.4 0.6 0.8 1.0

canonical vector valuation v, with length 3in Q*



100



Example 2 polynomial p(x)=(x—1)"2 (x—12), prime base po=5

Npts=100 number grid points

dint=1 interval [0,1]

pPo=5 base prime

Ndigits=100 number of elementsin series expansion
pnorm=p-adic norm |x|p

pva=p-adic scalar valuation v
vpval vector valuation vy with length 3in Q*

()| in Q

(x=1)"2(x-1/2)
0.5

04
0.3
0.2

0.1

0.2 0.4 0.6 0.8 1.0
pnorm(p(x),p) in Qp
(x-1)"2(x-1/2)[pad(x)

15000 i

10000.
il 1|

5000

x=p”n ufv
0.2 0.4 0.6 0.8 1.0

scalar valuation pval (p(x),p) in Qp



(x=1)"2(x-1/2)[pval(x)
80000

60000

40000 |

20000 I h I

0.2 0.4 0.6 0.8
vpval vector valuation vy with length 3in Q3

2000

1000

x=p”n ufv



Example 3 polynomial p(x)=(x—1)"2 (x—12), prime base po=17

Npts=100 number grid points

dint=1 interval [0,1]

pPo=17 base prime

Ndigits=500 number of elementsin series expansion
pnorm=p-adic norm |x|p

pva=p-adic scalar valuation v
vpval vector valuation vy with length 3in Q*

()| in Q

(x=1)"2(x-1/2)
0.5

04
0.3
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P-adic analysisin brief

In mathematics, p-adic analysisis a branch of number theory that studies functions of p-adic numbers. Along with the more classical fields of real and complex
anaysis, which deal, respectively, with functions on the real and complex numbers, it belongs to the discipline of mathematical analysis.

The theory of complex-valued numerical functions on the p-adic numbersis part of the theory of locally compact groups (abstract harmonic analysis). The usual
meaning taken for p-adic analysisis the theory of p-adic-valued functions on spaces of interest.

Applications of p-adic analysis have mainly been in number theory, where it has a significant role in diophantine geometry and diophantine approximation. Some
applications have required the development of p-adic functional analysis and spectral theory. In many ways p-adic analysisis less subtle than classical analysis,
since the ultrametric inequality means, for example, that convergence of infinite series of p-adic numbers is much simpler. Topological vector spaces over p-adic
fields show distinctive features; for example aspects relating to convexity and the Hahn—Banach theorem are different.

Ostrowski's theorem

Ostrowski's theorem, (1916), states that every non-trivial absolute value on the rational numbers Q is equivalent to either the usual real absolute value or ap-adic
absolute value.

Mahler'stheorem
expresses continuous p-adic functions in terms of polynomials.



In any field of characteristic O, one has the following resuilt.

In mathematics, the characteristic of aring R, often denoted char(R), is defined to be the smallest positive number of copies of the ring's multiplicative identity (1)
that will sum to the additive identity (0). If no such number exists, thering is said to have characteristic zero.

Let(Vf)(x)= f(x+1)—f(x) betheforward difference operator. Then for polynomial functions f we have the Newton series:

o0

(-3 (v 1))

where ( _ X(x-1)..(x-k+1)
k k!

isthe k-th binomial coefficient polynomial.
Over the field of real numbers, the assumption that the function f is a polynomial can be weakened, but it cannot be weakened all the way down to mere continuity.
Mahler's theorem: If f is a continuous p-adic-valued function on the p-adic integers then the Newton series identity holds.
Hensel's lemma
Hensel's lemma, also known as Hensdl's lifting lemma, named after Kurt Hensel, is aresult in modular arithmetic, stating that
if apolynomial equation has a simple root modulo a prime number p, then this root corresponds to a unique root of the same equation modulo any higher power of
P,
which can be found by iteratively "lifting" the solution modulo successive powers of p. More generaly it is used as a generic name for analogues for complete
commutative rings (including p-adic fields in particular) of the Newton method for solving equations.
Since p-adic analysisisin some ways simpler than real analysis, there are relatively easy criteria guaranteeing aroot of a polynomial.
To state the result, let f(x) be a polynomial with integer (or p-adic integer) coefficients, and let m,k be positive integers such that m <k.
If r isan integer such that
f (r)=0mod p* and f'(r)=0mod p
then there exists an integer s such that
f (s)=0mod p*™ and r = smod p*

Furthermore, this sis unique modulo p“*™, and can be computed explicitly as

f(r)

p*f(r)
Hasse principle
Helmut Hasse's local—global principle, also known as the Hasse principle, is the ideathat one can find an integer solution to an equation by using the Chinese
remainder theorem to piece together solutions modulo powers of each different prime number. This is handled by examining the equation in the completions of the
rational numbers:. the real numbers and the p-adic numbers. A more formal version of the Hasse principle states that certain types of equations have arational
solution if and only if they have a solution in the real numbers and in the p-adic numbers for each prime p.
In mathematics, the Chinese remainder theorem states that if one knows the remainders of the Euclidean division of an integer n by severa integers, then one can
determine uniquely the remainder of the division of n by the product of these integers, under the condition that the divisors are pairwise coprime (no two divisors
share a common factor other than 1).
p-adic exponential function

=
I
o

s=r+tp“ wheret=—




In mathematics, particularly p-adic analysis, the p-adic exponential function is a p-adic analogue of the usual exponential function on the complex numbers. Asin
the complex case, it has an inverse function, named the p-adic logarithm.
The usual exponential function on C is defined by the infinite series

ep(2) =Y =
no N

Entirely analogously, one defines the exponential function on Cp, the completion of the algebraic closure of Qp, by
p— c Zn

eXpy (Z) - - ﬁ

However, unlike exp which converges on all of C, expp only converges on the disc

|Z| o< p—ﬂ( p-1)

It follows from Legendre's formulathat if |7 < p " then

— 0, p-adicaly.

p
L egendreformula
For any prime number p and any positive integer n, let vp(n) be the exponent of the largest power of p that divides n
(that is, the p-adic valuation of n).
Then
v, (n!) = i {LJ
p i
i1 P
where | x| isthe floor function.
Calculusover p-adic numbersin brief
Calculus over p-adic numbers (Qp) is abranch of analysis that operates on afield constructed from rational numbers using a non-Archimedean metric, where
numbers are considered closeif their differenceis divisible by a high power of aprime p . Unlikereal calculus, p-adic calculus uses an ultrametric, where
convergence of seriesis much simpler, and the concept of "derivative" does not necessarily imply constant behavior for zero-derivative functions.
Fundamental Conceptsin p-adic Calculus
Derivative

derivative of p-adic polynomial f (x)eQ,[x] , f(x)=>) ax

is f'(x)=> kax"
k=1
The derivative is computed by taking the limit
f (X+hr2_ f(x) for h—0,i.e h(n)=>p

i>n

lim

h—0

forwar d-difference operator V on the binomial functions:



(V)= f (x+1)— f (x)

e

compare: the differential operator D on x-powers X /i!
i i-1
D(x°)=0, D(ijz X iz

it) (i-1)

Mahler series
Theorem (Mahler)
Let f:Q, —Q,, thenthereisaunique sequence (m)

(-3 (}] m=(v1)0
With Pochhammer symbol (x), =1, (x), = x(x=1)..(x=i+1) i>1

I{& (%)

i~0 '’

binomial polynomes are V(x). =i(x). , ,

Mahler series becomes 1‘(x)=ZT(x)i : (VW)(O)zZ(—l)ki(l_(jf(i)

compare: classical analysis Taylor series f (x)=> — |
i-o I

Unlikereal analysis, the p-adic derivative of a non-constant function can be zero.

However, for apolynomial f (x) €Q, [x] , the formal derivative f' is not zero, unless f=const.

Integration
sum operator S (x)=F(x) , F(n)= Y f(i) istheinverseof in comparison to the integration operator jf(x)dx

0<i<n

p-adic Metric: The p-adic absolute value, |x| ) is defined by factoring out the highest power of a prime p from a number.
The distance between two numbersis [x— Y| ;
Convergence: A p-adic series »'a , g €Q, convergesif and only if lim,, [a| =0

Thisisamajor simplification compared to real analysis, as convergenceis only determined by the size of the terms, not their alternating sign.



Ultrametric Inequality: p-adic numbers satisfy a stronger triangle inequality:
|x+ y|p < max(|x|p ,|y|p) instead of |x+ y|<|X+|y|
Compactness: The space of p-adic integers Z, isacompact ring, which makes it anatural domain for integration.

Derivativesin Qp
Definition: A function f:Q, — Q, isdifferentiableat Xo

if a p-adic linear map exists representing the local behavior of the function, similar to the real-valued case.
fisstrictly differentiable at apoint a< X if the difference quotient

f(a+h)-f(a)

of (a+h,a)= has alimit f'(a):lhingd)f (a+h,a)

Definition: We say that f is strictly differentiable at apoint a< X and denote this property by f e Sl(a) if the difference quotients

f(x)-f(y) o
Of (x,y) Yy havealimit f'(a) (X,J)'D?a,a)q)f (x,y)
Zero Derivative Surprise: In p-adic analysis, afunction can have a (strict) derivative of zero everywhere, but not be a constant function. This is because the p-adic
numbers are totally disconnected, allowing functionsto "jump" without being continuousin the real sense.
Hensdl's Lemma: Animportant analytical tool, essentially ap -adic version of Newton's method, that allows for finding roots of polynomials by refining
approximate roots.
Integration in Qp
Haar M easure: Because p-adic numbers are locally compact groups, they have a natural trand ation-invariant measure (the Haar measure), which is used to define
integration.
p-adic Gamma Function: A specific function of interest defined using these principles.
Coleman's Theory: A powerful theory of p-adic lineintegrals (or "p-adic abelian integrals") that enables a"Fundamental Theorem of Calculus" anal ogue, which
can demonstrate that the integral of a 1/x function over a closed loop is zero, despite the different topological structure.

Application of p-adic analysisin Planck-scale physics
[6]

In Planck-scale physics, the uncertainty isin the order of the measured value of physical variables, in case of length we have the relation
AX>1, = /@ =1.6x10"*m, and the space-time is discrete with the Planck length as fundamental unit.
c

There are several reasons for p-adic-discrete mathematics being the most appriopriate description of Planck-scale physics.

« thetriangleinequality is no longer valid, we have a non-Archimedean geometry, typical for p-adic numbers.

* thefractal and hierarchical character of quantum spin foam at Planck scale are well represented in p-adic analysis, but not in complex analysis
* space-time vectors are integer variables on an equidistant grid, no longer continuous variablesin real and complex numbers



_ _ —34
» al physical variables become discrete: space-timeunitis |, , energy-momentum unit is minimal energy Epin =hC/ R, =2.06x10"eV :

_ / _ 26 _ 52 -2
R, =1//Ao =0.95x107m Lambda-radius, Ap=11x10"m cosmological constant
* the continuous differential operators in quantum mechanics become discrete difference operators at Planck scale, which is exactly the case in p-adic analysis
(differential operator V inreal and complex analysisis replaced by the forward-difference operator V , in p-adic analysis)

* thedifferential equations of quantum mechanics (Schrédinger, Dirac, Maxwell equations) become discrete difference equations

* the eigenfunctions of difference equations are discrete polynomials, based on binomial expressions, which corresponds to series expansions in p-adic analysis,
which are based on binomial polynomials (Mahler seriesinstead of Taylor series).

 anatural choice of p-adic baseisp=2, i.e. bi-adic numbers, which fits well to the Pauli principle for spinors, and their bi-adic nature (Grassmann algebra) .

Schradinger und Dirac equation as p-adic difference equations

Schrédinger equation in Planck units, =G =c=1, |, = /@ =1is,
C

oP(Xt) (1, o o
IT_( ZmV +V(x)j‘P(x,t)

where space-time vectors are discretein |, =1-units, i.e. are consist of integers
with time-independent form

E¥(X) = (—ivz +V(>”<)j‘1’(7()
2m
Dirac equation in Planck units with electromagnetic field is
(ir* (8, +ieA,)-m)¥(x*)=0
We can formulate both equations with p-adic functions ¥:Z , — C_, field vector A, :Z, — C_, and the p-adic forward-difference operator
V. (x)f(x)=f(x+1)- f(x), Z, p-adicintegers, C, p-adic complex numbers.
P-adic Schrodinger equation is

iV, () P(X,t) = (_2_;(69 (%)-V, (z))+V(>z)jqf(x,t) p-adic Schrodinger

with 3-dim forward-difference-gradient ?D(X)z(vp(xi),Vp(xz),Vp(x3))

P-adic discrete Dirac equation in Planck units with electromagnetic field is

(iy“ (Vﬁ(x“)+ieﬁ§l)—m)‘1’(x“) —0 p-adic Dirac

with 4-dim forward-difference-gradient V‘,;(x“):(vp(xo),vp(xl),Vp(xz),Vp(xs))
Here, |‘I’|2 isthe probability density, normalized appropriately over volumeV :



> (o) =1

xH eV

The time-independent p-adic Schrddinger equation results from the time-dependent continuous form:

EW¥(X) = (—%(ﬁp()”()ﬁp()”())jLV()”()j‘P()”() , with eigenvalues E = E,

P-adic Schrddinger equation with harmonic oscillator
Time-independent Schrddinger eq. for harmonic oscillator in Planck unitsis[7]

E¥Y(X) = (—%VZ + % ma)zxzj‘P(x)

with energy eigenvalues E =(n+1/2)hw and eigenfunctions

V4 2
Y, (x)= 1 (me exp _MOX Ny | x [T , Hermite polynomials H
" 2'n!'\ zh 2h " h "

reformulated m=1, w=1

E¥(X) = (—%Vz + % xzj ¥(X)

Hermite polynomials have the recurrence relation
H..(X)=2xH,(x)-2nH ,(x) , Hy(x)=1

For the p-adic discrete version we consider x on agrid with N points, stepsize h=+2/N ,
X =kh, k=-N,...,0,...N
Time-independent P-adic Schrodinger equation for harmonic oscillator is

1 1
E¥(X) :(—E(Vp(x)-Vp(x))+Ex2j‘P(x) ,
reformulated

1 1

EP(x) = (7042~ 2P0+ () 2100

This difference equation has the solution in Kravchuk functions [7], based on scaled Kravchuk polynomials k, (x) with the recurrence relation analogous to

Hermite polynomials
,h-1

Koan (X) =2xK,, (X)— Zn(l— h Tj Koan (X), kop=1

discrete Kravchuk polynomials



-z U(“ )

2n j=0 _J

RNty

with the norm factor o, 1N (N—n N
“h N!n! N n)!

1 N
27\ nl(N —n)!’
Kravchuk functions are

Pun (K) =0, 0k, 1 (hK) /o, (DK)

N
with norm function p, (k)= L (kj a=kh

d, =

h AN
with the eigenvalues E =(n+1/2).

Theorem: Kravchuk polynomials converge uniformly to Hermite polynomials
For givenNand h=+v2/N ,forall 0<§ <1, thereisaconstant C(&), with the following bound

for all n£%|logh| xeR, [H,(x)~k,, (x)| < C(5)hz &2 ni



2 Real analysis

[3]

Real analysis studiesreal numbers R, focusing on continuity, limits, and integration on aline, while complex analysis explores functions over complex numbers
c=a+ bi, which form a2D plane.

Real analysisisthe branch of mathematical analysis that is concerned with properties of real numbers and real-valued functions. Classical real analysis provides
the rigorous foundations of calculus, specifically convergent series, limits, continuity, differentiability, smoothness, and
integrability.https://en.wikipedia.org/wiki/Real _analysis - cite note-1 Central to the subject is the completeness of the real numbers, which distinguishes the real
numbers from the rational numbers and underlies many basic results about limits and continuous functions.

Basics

Limit

Definition. Let f be area-valued function defined on ECR. We say that f(x) tendsto L as x approaches x0, or that the limit of f(x) as x approaches x0isL if, for
any £>0, there exists >0 such that for all x€E, 0<|x—x0[<d implies that |[f(x)—L|<e. We write this symbolically as f (X) — L as X—> X

Definition. Let (an) be a real-valued sequence. We say that (an) is a Cauchy sequence if, for any £€>0, there exists a natural number N such that m,n>N implies

that |a, —a,|<¢.

It can be shown that areal-valued sequence is Cauchy if and only if it is convergent.

Uniform and pointwise conver gence

Roughly speaking, pointwise convergence of functionsf, to a limiting function f:E—R , denoted fo,—f, simply means that given any X€E , fo(x)—f(x) as n—0 .
In contrast, uniform convergence is a stronger type of convergence, in the sense that a uniformly convergent sequence of functions also converges pointwise, but
not conversely.

Uniform convergence requires members of the family of functions, f,, to fall within some error €0 of f for every value of Xx€E , whenever n>N , for some
integer N .

Compactness

Definition. A set ECR iscompact if it is closed and bounded.

Definition. A set E in ametric spaceis compact if every sequence in E has a convergent subsequence.

Continuity

Definition. If ICR is a non-degenerate interval, we say that f:I—R is continuous at p€l if

lim,,, f(x)="f(p)

We say that f isacontinuous map if f iscontinuous at every pel .

Definition. If X isasubset of the real numbers, we say afunction f:X—R isuniformly continuous on X if,

for any >0 , there exists a 6>0 such that for all x,y€X , [x—y|<6 implies that [f(x)—f(y)|<e .

Definition. Let ICR be an interval on the real line. A function f:I—R is said to be absolutely continuous on I if for every positive number ¢, there is a positive

number 6 such that whenever a finite sequence of pairwise disjoint sub-intervals (x1,Y1),(X2,Y2),...,(Xn,yn) Of | satisfies

Z(yk_xk)<5

k=1
then




>F ()= (3] <2

Differentiability
A function f: R—R is differentiable at a if the limit

f(a)=tim )= (3)
X—a X_a

Series convergence

51

Zyzl

k=1
Ly
2=

n k
Zﬂ =log2
a K
Taylor series
The Taylor series of areal or complex-valued function f(x) that isinfinitely differentiable at areal or complex number ais the power series

1)
(=37 (x-2)
Fourier series

The Fourier series of acomplex-valued P-periodic function f(x) , integrable over the interval [0,P] ontherea ling, is defined as a trigonometric series of the form

f (x):lﬁ‘;ck exp(i 27k x/ P)

exists

-
o} :%J. f (x)exp(—i 27k x/ P)dx
0
real form
N
fy(X)=a,+> (8 cos( 2rkx/P)+b sin( 27k x/P))
k=1

aozé_[f(x)dx , ak:%.([f(x)cos( 27k x/ P)dx bK:é.([f(x)sin(anx/P)dx

Integration
We say that the Riemann integral of f on[ab] isS if for any €0 there exists 6>0 such that,

for partition A, =(x,,—%) X% €[a,b] with mesh IAil<3 , we have



‘S—if()g)Ai <e

k=1

ie. jzf(x)dx=lim§ f(x)(%..—%) for x €[a,b]

N—o0
a I

I mportant results

Bolzano-Welerstral}

The theorem states that each infinite bounded sequence in R, has a convergent subsequence, i.e. Rn islocally compact.
Heine-Borel theorem

For asubset S of Euclidean space Rn , the following two statements are equivalent:

» S iscompact, that is, every open cover of S has afinite subcover

* S isclosed and bounded.

L'Hopital'srule

F09 i £

lim —=
X—C g(x) X—C g'(x)
where ' and g’ are the derivatives of f and g .
Mean value theorem

Let f:[a,b] >R be a continuous function on the closed interval [a,b] , and differentiable on the open interval (a,b) , where a<b .

Then there exists [f¥-fy<i¢y such that C € [a. b ]

Taylor'stheorem
Let k>1 be an integer and let the function f:R—R be k times differentiable at the point a€R .

Then there exists a function hc:R—R such that
k

F(9=3 W a) o1y (9

and remainder hK(x):m(x—a)k+1 , Eefa,x]

(k+1)!
limh (x)=0

X—a
Welerstrass approximation theorem
Let niw-3i(ao-a)s0 be acontinuous function.

If € > 0 is given, then there exists a polynomial function pn such that | f(x)-p, (X)| <¢ foral xe[a,b]

P, (x)—> f (x)



Here, the approximating polynomials are the Bernstein polynomials
1 n i n-i

B**(x)= ~|(x=a) (x=b

209 2 o oen

with the error
1

f-pl<Z £

Ji-pi<g el

Fundamental theorem of calculus

Let f be a continuous real-valued function defined on a closed interval [a, b].
Let F=1,f bethefunction defined, for al x in[a, b], by

X

(LF)()=] f(t)dt

Then F isuniformly continuous on [a, b] and differentiable on the open interva (a, b), and
(1 F)'(x) = (x)
for al xin (a, b) so F isan antiderivative of f.
Newton-L eibniz theorem
Let f beareal-valued function on aclosed interval [a,b] and F acontinuous function on [a,b]
which is an antiderivative (inverse-derivative) of f in(ab): F'(x)=f(x)
b
If f isRiemann integrableon[ab] then F(b)-F(a) =I f(t)dt
Dini theorem
If X isacompact topologica space, and (fn)neN isamonotonically increasing sequence
(meaning f,(x)< f,,,(x)foral neN and xeX) of continuous real-valued functions on X which converges pointwise to a continuous function f:X—R , then the

— ‘n+l
convergence is uniform.
Banach fixed-point theorem
Let (X,d) be anon-empty complete metric space with a contraction mapping f: X—X

d(f(x),f(y))<ad(xy),o<l, x,yeX
Then f admits aunique fixed point x-€X, meaning f (X )=x

Furthermore, x« can be found as follows:

start with xoeX and iterate

X1 = F(X,), then x, — x.

Hahn-Banach theorem: functional with given values

Let (x)i€l bevectorsin areal or complex normed space X and let ()i €l be scalars also indexed by I#@.



There exists a continuous linear functional f on X suchthat f (x)=c foral i€l
if and only if there exists a K>0 such that for any choice of scalars (s)i€l where all but finitely many s are 0, the following holds:

IEL

iel

<K

Z S§X ‘ (linear form is low-bounded)

iel

Stokes theorem
Let ¥ be a smooth oriented surface in R3, parametrized by Z(u,v) ,
with boundary 0X=I", parametrized by I'(t) .

If avector field F(X,Y,z) has continuous first-order partial derivatives in Z,
then

H(VxF)-dZ:SBF-dF

Newton-Raphson approximation method
The Newton-Raphson method is a solution procedure for azero « of adifferentiable function f

€, = |la - x,|

the error at nsteps &, e [x,, ], lel=e 1)

2 [F7(5)
" 2f(&,)

is |g =g , SO the convergence is quadratic.

n+1

3 Complex analysis
[4]
Complex analysis, traditionally known as the theory of functions of a complex variable, isthe branch of mathematical analysis that investigates functions of
complex numbers.
Complex analysis features superior rigidity in comparison with real analysis—differentiability impliesinfinite differentiability (ana yticity)—unlike real analysis
where derivatives may not be continuous.
Complex functions that are differentiable at every point of an open subset Q of the complex plane are said to be holomorphic on Q. In the context of complex
anaysis, the derivative of f at zo is defined to be
f(z)-f

f'(zo):Iim (Z) (ZO)

77, Z- 7,
The following properties are equivaent for (z) = u(x, y) + iv(x, y)
* fis holomorphic in Q
* fsatisfies in Q the Cauchy-Riemann equations
ou_ov ov_ au

Xy oy



« fisexpandablein Taylor series f(z)=)_a, (z—c)k , which converges in aneighborhood of ¢ for every ce Q
k=0

Important results

Great Picard's Theorem

If an analytic function f has an essential singularity at a point w, then on any punctured neighborhood of w, f(2) takes on all possible complex values, with at most a
single exception, infinitely often.

Cauchy integral formula

If :U—C is a holomorphic function, and v is a curve oriented counterclockwise, forming the boundary of D.

Then for every a in D,

1 ¢ f(2)
f(a)=—¢—+0dz
() 27riqj(z—a)
Laurent series
The Laurent series for a complex function f(z) about a point c is given by

f(2)= 3 a(z-0)

k=—o0

where a, and ¢ are constants, with a, defined by aline integral that generalizes Cauchy'sintegral formula

f(z

ak = 21 ¢ ( ?(Jrl dZ

G (Z_ C)
The path of integration vy is counterclockwise around a curve enclosing ¢ and lying in an annulus A in which f(z) is holomorphic (=analytic).
Liouville'stheorem
A bounded function that is holomorphic in the entire complex plane must be constant.
Riemann mapping theorem
If U isanon-empty simply connected open subset of the complex number plane C which is not all of C, then there exists a biholomorphic mapping f from U onto
the open unit disk

D={zeCl||Z<1]

Themap f is essentially unique: if zo isan element of U and ¢ is an arbitrary angle, then there exists precisely one f as above such that f(zo) = 0 and such that the
argument of the derivative of f at the point zo is equal to ¢.

Runge's approximation theorem : approximation by rational functions

Denoting by C the set of complex numbers, let K be a closed subset of Cu {0} and let f be a function which is holomorphic on an open set containing K. If A isa
set containing at least one complex number from every connected component of CU {e0} \K, then there exists a sequence (r») of rational functions which converges
uniformly to f on K and such that al the poles of the functions (r,) arein A.




4 Quaternionic analysis

Basics

Quaternionic analysisis an extension of complex analysisto the setting of quaternions, which retains the central concepts of analyticity, differentiation, and
integration, but is profoundly more intricate due to the noncommutative nature of quaternions.

Quaternionic analysis extends complex analytic concepts into four-dimensional quaternionic space, replacing the Cauchy-Riemann equations with the Fueter
equation. It reconciles anayticity, harmonicity, and integral structures within a noncommutative setting,

forming the foundation for further explorations in both pure and applied mathematics.

Quaternions

A guaternion geH can be expressed as.

0=0,+0i+0,]j+0;k, orin vector representation q=(q,,,0,,0;)
where Xo,X1,X2,X3€ER and the imaginary units satisfy:
i=j*=k*=ijk=-1,ij=—ji=k, jk==kj=i,ki=—ik =]
Quaternions form a non-commutative division algebra over R, and a non-commuitative field,
with multiplication
PA=(Po, Pu. P2s P3) (s G G G )
PBo B —B P
p1 po _ps p2 q1
P, P; Po B || %

Ps =P P, Po O
It is aso possible to present the quaternion multiplication in vector form

pq:(po’ p)(qo1q):(poqo_ P-G, P G+ P+ ﬁxq)

For aquaternion in vector form q=0,+4=0,+ i +0q, j + ;K
the conjugateis.q=0,—qi—0a, -k, §=0,—q

The conjugate has the properties

d=d, (p+a)=p+d, (pd)=0P, a4 =09

The norm of quaternionsis N(g)=|q| = Jag = \/qoz +q,°+0,” +q,” with the properties
N(q)=N(a), N(pa)=N(p)N(a), N(ra)=|r|[N(a), reR

Theinverseof q=0 is q‘lzﬁ.

There is aisomorphic mapping from quaternion to Pauli-matrices
(Li,].k)>(Lio,io,ic,)




Quaternions

A gquaternion geH can be expressed as:

=0, +0i+0, ] +0K, orin4-vector representation q = (0,0, 0,,0;) in R* with the basis
{&.8.6.6}={Lijk|

where go,q1,02,03€R and the imaginary units satisfy:

i=j"=k’=ijk=-1,ij=—ji=k, jk=—kj=i,ki=-ik=]

Quaternions also have a representation as complex 2-vector in C?

q=2z+we, , q=2z+we, =(0,+0&)+(0, +%& )6, inthebasis {e,,e,} ={1, j}

Z W
or in 2x2 matrix representation Qz( . z*j

Quaternions form a non-commutative division algebraover R, and a non-commutative field,
with multiplication

PA=(Po» Py: Pss P5)(G» Ch» O Gs)
R e e (A
S R N N
b, P P PG

Ps =P, P, Po O
It is aso possible to present the quaternion multiplication in vector form

pq:(pw p)(qmq):(poqo_ P-0, PG+ P+ ﬁxq)

For aquaternion in vector form q=0,+4=0,+q,i +0, ] + g,k
the conjugateis.=0,-qi—0,] -k, 0=0,—0

The conjugate has the properties

q=d, (p+a)=p+7, (pa)=0P, qd4=0qq
The norm of quaternionsis N(g)=|q| = Jog = \/qoz +q,° +0q,” +0,” with the properties
N(@)=N(a), N(pa)=N(p)N(a), N(rq)=[r[N(q), reR
Theinverseof q=0 is q‘lz%.
q
There is aisomorphic mapping from quaternion to Pauli-matrices
(Li,].k)>(Lio,io,ic,)
Biquaternions




A biquaternion geHc can be expressed as:
0= 0,8 + & +0,€ + €, Or in 4-vector representation q=(0;,,;,0,,0;) in C* with the basis

CSCACACY
where go,01,02,03€C and the imaginary units are the same Hamilton units as for quaternions, but now € #i .

Biquaternions form a 4-dimensional associative, non-commutative al gebra over the complex numbers.

The algebra of biquaternionsisisomorphic to the ring of 2 x 2 complex matrices M2(C).

Biquaternion algebrais not adivision algebra: unlike standard real quaternions, not every non-zero biquaternion has a multiplicative inverse (some non-zero
elements have a zero norm).

There are zero-divisors: (1+ig)(1-ig)=1-1=0

Biquaternions have two conjugations

-biconjugate J = 0,&, — 0,& — 0,&, — 0:€;

-complex-conjugate 0* =0,* §,+0,*g +0,*e, + 0, €&,

with the properties: qg=0dq, qGeC, q " = {q(qq)‘l if (qq)=0
Biquaternions also have a representation as complex 2-vector in H?

q=2z+We, , =2z+we,=(0,+0&)+(0, + e )6 inthebasis {e,,e,} ={1, j}

. _ _ zZ W
or in 2x2 matrix representation Q = (_W* z*j

The norm-squareis N(q) = |q|2 =00 =0, +q°+0," +0, where N(pg)=N(p)N(q), but N(q) can be zero or negative, so |q| isonly asemi-norm.

Application in quantum mechanics
a.

q j , with left-handed 2-component
R

Basic particles of Standard Model (leptons, quarks) with spin S=1/2 are represented by Dirac-bispinor wavefunctions ¥ = (

Weyl spinor ¢ and right-handed 2-component Weyl spinor ¢ .
Dirac-bispinor transform under spacetime rotation angles ((;3,\7 ) with the spinorial matrix S

i :
_ exp(——(gﬁ—ﬁ)&j 0
S:exp(_liwyvzyVJ=[% sz 2 .
A 0 exp(—%(gﬁﬂﬁ)&j



These Dirac-bispinors are isomorphic to biquaternions, and the Dirac equation and their solutions can be equivaently formulated in biquaternions. This has the
advantage, that different wavefunctions can be multiplied without osing the spinor transformation property, and they form a (non-commutative) semi-norm non-
division quaternionic algebra. Sum of products of Dirac-wavefunctions emerge in representation of many-particle systems.

Quaternions and rotation
A unit quaternion has the vector form q=cos6 +0siné, which isa3D-rotation by angle 26 around the axis U, the rotated vector is

R(V) = qvq , where the vector v=(v;,V,,v;) with the quaternion vector V=vji+Vv,j+Vk .

The polynomial ring H[x] has polynomials without zerosin H, so H is not algebraically closed.
p(x)=ix+xi—j hasno root in H, because ix+xi always lies in the plane spanned by {1,i}.
H istopologicaly complete (all Cauchy sequences convergein H).

Quaternionic Functions
A function f :H — H assigns a quaternion to each quaternion.

Unlike complex functions, left- and right-multiplication need to be distinguished:
The Fueter regularity
A quaternionic function f is (left) regular if it satisfies the Fueter operator equation:

for q=x,+Xi+X%, ] +xk

Thisis the quaternionic analogue of the Cauchy-Riemann equations in complex analysis

of . of
Y

0% 0%

A right-regular function satisfiesfD=0.

Properties

Linearity: The Fueter operator is linear over R, but not over H due to noncommuitativity.

Analyticity analogue: Regular functions possess analogues of complex differentiability, though the structure isricher in four real dimensions.
Harmonicity: Components of regular functions satisfy the Laplace equation:

Af, =0,1=0123

o’f o’f o°f oO°f

Af sttt
A is the 4-dimensional Laplacian 0% 0% 0% 0%
Cauchy-Type Integral Formula
Quaternionic analysis admits an analogue of the Cauchy integral formula.

If fis left-regular inside a bounded domain QcH with smooth boundary 0€, then:
1 -1
f(gq)=— - ds(p) f
(@)=, [ (p=a)"dS(p)f (p)




where dS(p) isthe outward-oriented surface measure on 0.
The order of multiplication matters in these integral formulas.
There are distinct left- and right-Cauchy formulas corresponding to left- or right-regular functions.

Properties

A general quaternionis g=t+ix+ jy+kz, t,x,y,ze R , choosing an orthonormal positively oriented basise={i, j, k},
weobtang=t+gx with ee; =-5; +¢,6 -

The coordinates of g are polynomialsin q (as opposed to complex numbers C)

1,
t=Z(q—IQI — jqj —kak)
x=%(q—iqi + joj + kak)
|
1, ...
y=4—j(q+lql—1q1+qu)

z=4—1k(q+iqi + joj —kak)

We have the basic relations
g=t-ix— jy—kz conjugate

|C1|=\/ﬁ=\/t2+x2+y2+z2 norm
RqutI%(q-i-a) real part

Puqzé(q—ﬁ):iwr jy+kz pure quaternionic part

Ung= 9 ¢ s unit quaternion, where Sisthe unit spherein H

al
<0mq2> = Re(quz) = tlt2 + XX+ VY, +47Z,
4.0, = qzan ) |Q1Q2| = |Q1||Q2| ) Re(ch%) = Re(qqu)

qt=—1
d°

Quaternionic differential forms
The differentia df isaquaternion-valued 1-form

df :th+ﬂdx+ﬂdy+idz
ot OX oy 0z



Exterior product of 4 an r-form and ¢ an s-form,
the exterior product 6 A ¢ isasum of terms with index permutations

eAq)(n,...,ms):% ) g(p)@(hp(l),...,hp(r))q’)(hp(wl),...,hp(Hs))
with the properties

a(0rp)=(ad)rp

(0 Ap)a=0n(pa)

(0a)rp =01 (ap)

The basic differential is dg=dt+i dx+ jdy+kdz

with the property

dq/\dq:%s”ke, dx; Adx, =idyAdz+ jdzadx+kdxady

The pure quaternionic differential 3-formis

Dg=dxna dyAdz—%gijkq dt Adx; Adx, =

dxAadyadz—idtAdyandz— jdt Adzadx—kdt AdxAdy

Dq(a, b,c) isaquaternion which is perpendicular to vectorsa, band cin R*, and has magnitude equal to the volume v (a, b.c)

of the 3-dimensional parallelepiped with edges (a, b, ©)
Properties

(h,Da(h,, hy,hy)) =v(h, b, by, h)
Dq(a,b,c):%(cab—bac)
Examples

v(Li,j,k)=1

Dq(Li,j)=1, Da(Le.e )=—&;8

Quaternionic differential formsand regularity

There is arelation between regularity and quaternionic differential forms:
Theorem A quaternionic function f:H — H isleft regular at g if and only if
Dgadf =0

and DgAdf =-49, f (dt AdxAdy Adz)



Theorem A quaternionic function f :H — H isleft regular at q if it isreal-differentiable at g and and there existsaquaternion f,'(q) such that
d(dgAdgf)=Dqo, f

Quaternionic functions

rotation by aversor u (|u|=1): f (q)=uqu™
multiplicativeinverse f (q)=q™
affinetransform f (q)=aq+b

linear fractional transformations f (q) =uqgvwith versorsu, v

quaternion conjugation f(a)=g=-(a+idi+ jgj +kak)/2
extension of acomplex map f (z)=u(x,y)+iv(x,y) , Z=x+iy

generalized extension
f(a)=u(xy)+cVv(xy), ueven,vodd, extension to aquaternion variableq=x+yc , c*=-1

for conjugate 9 =X~ ¥C e obtain fs(a) = fs(a)

Differentiability of quaternion functions
Afunction f:H —>H, f(q), g=t+ix+jy+kz, t,x,y,ze R isred-differentiable, if derivatives

A function f :H — H isquaternion-left-differentiable at g if the limit
i .

lim(h™(f (q+h)-f(q))) exists,

f :H — H isquaternion-right-differentiable at g if the limit

lim(( f (q+h)—f(q))h™)exists

h—0

Example f(g)=q, Liirol(h’l( f(a+h)-f(a)))=lim((f(a+h)-f(q))h?)=F(@)=1

h—0

so f isleft-differentiable and right-differentiable
Example f(g)=i g+1,

A T
left-derivative lim(h™( f (q+h) - f (q))) = limh™ih
for h=it , t real, Ihirr01h’1ih:i :

for h=jt, t redl, Ihingh’lih:-i ,



so the left-derivative limit does not exist.
- - - - 71 _ - - 71_. . . _ - -
right-derivative m(h (f(q+h)—f(q)))_”m|hh =i , so fisright-differentiable

The quaternion-differentiability istoo strong to be a useful property, according to the theorem by Fueter.
Theorem If afunction f :H — H isleft-differentiable on a connected open set U < H , theniit islinear

f(gq)=aq+b foral qeU

Regularity
A gquaternionic function f is left-regular if

of .of .of | of
—+i—+]j—+k—=0
o4 ox "oy oz

and right-regular if

= 1(of .of .of  of
0 ==| —+i—+ ] —+k—
o4 ox "oy oz

the right-derivative operator is defined by

= 1(of of. of . of
0, ==| —+—i+—j+—Kk
2lot ox oy oz

Using derivative operators, quaternionic function f is left-regular if

6,f =0, function fisright-regular if 6, f =0

Example: f(q)=q=t+ix+jy+kz, 6 f =-1/2,fisnot left-regular

Example: f(q)=q=t+ix—jy+kz, 5 f=0, o, f =0, sofisleft-regular and right-regular

Example: f(q)=q=jx+iy, 6, f =0, sofisleft-regular

)
ut W5 (it)=-j/2, i fisnot left-regular.

Properties of regular functions
» The sum of two left-regular functionsis left-regular
* If fisleft-regular and a isaquaternion then fa isleft-regular, but af may not be left-regular.

Regular and harmonic functions



For quaternionic function f :H — H , we define the following derivative operators

1(of . of of of
of==| —1——-]—-k—

2\t ox "oy oz
5,f=E i+|i+jq+ki

2ot 0O oy o0z
o LA oy ot ot

2ot ox oy oz
af:l a ﬂ|+ﬂj+ﬂk

2\ ot 0 oy oz
and the Laplace operator

o’f ot o°f o°f
Af =| 5 +—
ot® ox* oy° oz
Theorem For every 2x redl-differentiable function f:H — H , wehave Af =46,6,f = 49,0, f
Corollary
* if fisleft-regular, then it is harmonic
* If f isharmonic, then o, f isleft-regular.

Quaternionicintegrals
Let f :H — H beared-differentiable quaternionic function, and
v:[0,1]—H a piecewise-smooth path.
Theleft lineintegral is defined as:
1

J f(a)da=]f(r(t)r(t)ct

Here, the differential y'(t) dt multiplies on the right, and the integral is order-sensitive due to non-commutativity
Example

y(t)=t(1+i+j+k),te[01], f(q)=q
1
compute.[qdq:jt(l+i+j+k)(1+i+j+k)dt=%(1+i+j+k)
¥ 0
Quaternionic Cauchy-Type Integral

Theorem (Cauchy—Fueter integral formula)
If f is regular on every point of a (positively oriented) 4-parallelepiped Q2 and qo is a point within Q,



f(q)= 271# j(q_q"?: Dq f (q)

o |a-a , which generalizes the complex integral cj} 2 dz=0 , n>1

oQ
A practical approach isto integrate component functions:

f(q): fo+ fi+fj+f,z, g=x+xi+xj+xk

Jf(a)da=3 3 f,0% (1)

y u=0v=0
which isasum of 16 integrals.
Example

1 1 1 1 1

.. ) ) 1 .
t(1+i+j+k)dt=|tdt+i|tdt+ jltdt+k|tdt==(1+i+|+k
{( j+k) ! ! Jf ! 2( j+k)

Power series expansion
THEOREM (Laurent series). Suppose f isregular in an open set U except possibly at qo € U.
Then thereis a neighbourhood N of go such that if g € N, f(q) can be represented by a series

ZZ( q qo av+G (q_qo)bv)

n=0veo,
which converges uniformly in any hollow ball {q;r <|g—gq,| <R} insideN

The coefficients av and bv are given by

a”‘zZIG q-0,)Daf (q)
1

b =— [P (q-q.)Dgf

=207 ) >(a-a,)Daf (q)

Here

q
Gv (q) =T 2
d
Let v be an unordered set of nintegers{is,...,in} with 1 <i, <3;
thereare (n + 1)(n + 2)/2 such sets v; we will denote the set of all of them by on.
an
OX, ...0%_
Gy(q) isarational functionof q: G, (q)=0,G(q)

-1

v =



P.(q) isapolynomid ing: P, (q) :% ( ); | )(tq1 - X )...(tqn -X ), summed over all different orderings n(v)

5 Generalization of differential operators
Fractional calculus

, and its multiple application defines the exponential

df df
The differential operator Df (X) = d—(x) is defined by alimit of the quotient d—(x) =lim
X X

d"f (x)
ax”

It can be generalized to fractional exponent by the Riemann-Liouville formula|[8]
a dn n—-o _ dn 1 ¢ n-o-1

DI f (x)= dx”la (X)—dxnml(x—t) f(t)dt , n-1<a<n

where | isthe Riemann-Liouville fractional integral
1 ¢ a-1
12 f(X)=——|(x-t) "~ f(t)dt
0= [0 10
For a=0 , thelower index isskipped: I =1“, Dy =D“ .

For integer « =n>0 , the fractiona derivative and integral become the ordinary derivative D" and integral |".

expression D" f (x)=

|2 is based on the Cauchy formulafor theintegra 1, (Iaf)(x):jf(t)dt,with lo=1

a

n 1 "L g 1 7
(1 )00 =g 0™ F (Ot = s [ (x-t
f(x)=[(x=)" f (t)ct , n=0

(16)(x) =] f (H)dt ,n=1

Here I'(x) isthe gamma-function, which generalizes the factorial: I'(n)=(n—1)! for n>0.
The operator 1* isadditive in the exponential |17 =1*#

1 ¢ a+p-1

L (17 £)(x)=17 (1 f)(x)=(1""" f)(x)= X—t f(t)dt

(700 =17 (7 )0 =(7 109 =5 [0 0

However, D” isnot additive: D*D” = D*** .




The Riemann-Liouville generalized derivative can be approximated by alimit expression similar to derivative D [9]:

f(x+h(x—a)17“)—f(x)

h H

T(aa) f (x)=lim| (1-a) f (x)+a

with T(a,a) f (x)=D; f (x) , if thelimit exists in aenvironment of x .
Examples
A-a
Da(xl)zl"(ﬂjtl)x
[(A+1-a)
w(my_ CX*
(&)= T
_2Vx
D”z(x)—T;

1
D”Z 1/ _EulerGamma—Log[x]+PolyGamma[O,—E]_Olzgzl(0.6137_1.0L0g[x])
( X) - 2/mx3/2 - x3/2

for constant ¢

3
_3(— 1+EulerGamma-—Log|[x] +P01yGamma[O,—5])_0.4231(0.2 803—1.0Log[x])
- 4\TTx5/2 - x5/2

35vm
D2 exp(x) =—e*(—1 4+ GammaRegularized[— %, x])
251

— D1Exp
D1/2Exp

20

I I I I I
02 04 06 08 1.0

X2

T . 1,, 11
\/;(— 1+HypergeometricPFQ[{Z}{-2.2} 7D

4x3/2 Gamma[%]Gamma[%]

D"?Bessel J1(x) =



06l
0al X7

02 4 —— BesselJ1
D1BesselJ1

é I é é 15 D1/2BesselJ1
,02,

~04f

Application of fractional calculus

Diffusion

Diffusion is described by Fick’s equation

w =DAp(F,t), where p(F,t)isthedensity of diffusing substance

Anomalous diffusion processes in complex media can be well characterized by using fractional-order diffusion equation
N;;t—(j,t) =DA’p(F,t), with fractional order «, 8

Fractional Schrodinger equation
Fractional quantum mechanics is based on the fractional Laplace operator [37] for 1<a <2

al2 . 1 . p-r o .
(8) " (p) =5z oo 1 &L o (pi) e

- —

with the Fourier transform wave function ¢( P,t) = '[exp(—i %)y/ (p.t)d®p.

The fractional classical kinetic energy is E,, = d, |p|", with the constant d, :W'
m) ¢

B

For o =2, the classical formulaisrecovered: E,, =om

. . h ~
In quantum mechanics, the momentum becomes the operator p = TV N p|2 =—h°A,

so the fractional Hamiltonian reads H =d, (—hA)“/2+V(f) :
The fractional Schrodinger equation isthen



aw(gtﬂt) —d, (—=nA) "y (F,0)+V (P (T 1),

For a =2 , it becomes the ordinary Schrodinger equation.
Ze)’

U

ih

When applied to the Coulomb potential V (') = - we obtain the Bohr energy levels[37] for 1<a <2

( 2)0‘ Y(a-1)
1 26
E’I = —((Z _1) EO na/(a—l) ! EO = aadaha

When applied to the general harmonic oscillator with the potential V(F):q2|F|ﬁ , we obtain the energy levels[37] for 1<a <2 1< B <2

apl(a+p) ﬂ'hﬁd ]Jan/ﬁ apl(a+p)
E.=E (n+—j , By = s , we recover the ordinary harmonic oscillator energiesfor a =2, =2 , with the Beta-function
2 2B(1/ p,1+1/ @)

o

Taylor-operators asgeneralized derivatives

d(f(x— -
Differential operator D islinear and shift-independent, i.e. ( (;( XO))z(df)(dX XO).
X X

An analytic (Taylor-expandable, infinitely differentiable) function f has a Taylor power series expansion in an environment of Xo ,

f(x)zgak(f”‘o)(x‘%)k'ak(f,xo)=%

f(n+1)(§)
(n+1)!

Wwith convergence radius R( f,x,)>0 and with n-term-truncation remainder R (f,x,) =

The Taylor polynomial S(f,%,n)=>"a(f,%)(x~%)" isthe n-term-truncated Taylor serieswith the remainder R, ( f,x;):
k=0

F()=S(f%n)+R,(f. %) -

The convergence radius follows from the Cauchy-Hadamard formula R( f,x,)= 1

limsupla, (f,%,)|
For analytic function f , the Taylor series determines the function uniquely (independent of Xo) within its convergence radius.
Furthermore, the Taylor series converges absolutely and uniformly on compact sets within its convergence radius.

The operator D acts on the Taylor series (a, ( f,x,)), inthe form:
3 (Df %) =(k+D)a..(f.x)

Uk



A Taylor operator T is an extension of a differential operator, it acts on the Taylor (coefficient) sequence (a, ( f ,xo))k in the form:

T=T(a(k),A(K)),

ak(Tf,%):a(k)aﬂ(k)(f,xo),where a (k) and S(k) are polynomial mapsin integers.

For a Taylor sequence (3, ( f ,><0))k with convergenceradius R( f,x,) >0, theresulting sequence a, (Tf,X,) has the same convergenceradius R( f,x,) and

defines an analytic function (Tf )(x) = iak (TF, % )(x=%)".
k=0

For the differential operator D we have a(k)=k+1, g(k)=k+1,i.e. D=T(k+Lk+1) .
Examples
We present 3 examples with the exponential f (x)=exp(x), X, =0, Taylor polynomials truncated at n=5 .

« f(x)=exp(x) and DS( f,x,,n) with the differential operator D =T (k+1,k+1)
25k f

20k

— Exp[x]
Taylor[D Exp[x].5]

051

. 1 1 1
-1.0 -05 05 1.0

« f(x)=exp(x) and T (k+2k+1)S(f,x,,n) withthe Taylor operator T (k+2,k+1)
o

3k

— Exp[x]
2 Taylor[T[k+2,k+1] Exp[x],5]

I I I I
-1.0 -0.5 05 1.0

« f(x)=exp(x) and T (k,k+1)S(f,x,,n) with the Taylor operator T (k,k+1)




25

2.0

-1.0

05

1.0

— Explx]
—— Taylor[T[k,k+1] Exp[x],5]
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