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Abstract

This paper presents a precise formulation of Popper’s concept of a physical theory, with detailed discussion of
its mathematical roots.

One can hardly overestimate the importance of symmetries in physics and of their corresponding algebraic
structures.

It starts with the fundamental role of the Lorentz group and algebra, whichisvalid in al areas of physics.

It continues with the Hei senberg group-al gebra, which defines the transition from classical to quantum physics
and is at the core of quantum mechanics.

All four quantum interactions are carried by gauge fields described by su(n) Lie agebras.

Furthermore, the spinors of the standard model rely on the Dirac-Clifford algebras, which define the
fundamental Dirac equation.

Apart from symmetries, the other two fundamental pillars of physics are geometry and functional analysis.
Then, thereis the probability theory, which plays an eminent role in statistical mechanics and thermodynamics.
Finally, there are mathematical logic and set theory, which form the axiomatic fundament of all other
mathematical disciplines, and indirectly, of all branches of physics.

The paper consists of eight chapters:

0 Mathematical fundament of physics

1 Symmetry in physics

2 Mathematical models of physical cognition

3 Geometry in physics: Euclidean, hyperbolic and spherical geometry
4 Logic in physics: first-order logic

5 Functional analysisin physics

6 Lie and Clifford algebras in physics

7 Statistics

The contents are summarized in form of flowcharts at the beginning.
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Physics. mathematical model and measurement

Physical theory
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vi=observables
(Iength,time,energy,pressure,temperature,
momentum,force,....)

structure
composition
geometry

interpretation

map observables to phys. quantities
D (Ve V) > (W

w)

experimentl
p-quantities wi
condition cond(w;)=

geometry, range, init.vals, restrictions

y

calculation

num. error A (V)

vi (%)
orbit X (t)

I

A
A4

\Ni (an ’tm)

measur ement
mesas. error A (W)

orbit X_; ()

experiment2
p-quantities wi
condition cond(w;)=

geometry, range, init.vals, restrictions

i

!




Applied statistics: mathematical model and measurement

Statistics

inter pretation

map random vars X, to measurables w,
D (X, ) (W)
e.g. w, =life-expectancy(group)

.,

model

p-distribution ( X, ) : p-density f (x)
relation R( X, )
e.g. Gompertz-Makeham life expectancy

f(x)=(1+a exp(ﬂx))exp(—(lx+Z(exp(ﬁx)—l)D

structure
hierarchy
properties
\4
sample collection
MW, ) = Wiy, eeeey Wi, )
A
experimentl

measurables w,
conditions, restrictions

v

statistical test

testvar. t=t(X,,u(X,),0(X,))
with p-distribution f, (x),

e.g. chi-sguare,

correlation test

r cov[ R[X],R[Y]]

S
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v

calculation test
. t, =t(m(wk))
p-distr(t)=?= f, (x)




Mathematical fundament of physics

v

A\ 4

Lie algebras and groups: Mathematical logic
SO(1,3) Lorentz group . & set theory
General Relativity
R
R,-—9, +Ag,, =«T,
Einsteineq. =~ 2 8 8 _
Astrophysics, Cosmology < ) Euclidean
h Geometry '
Classical physicss:JL(xﬂ,xﬂ)dT ,0S5=0
Lagrangian, Euler-Lagrange eq., red Functional analysis
oL _dao_, (o _a < red «
v T A 0 A pl =
Hamiltonian, Hamilton eq. quaternionic
Electrodynamics, Solid-state physics
Fluid mechanics, Elasto-mechanics Heisenberg Lie
algebra
Quantum physics (%9 ]=ins,,
representation —
bosonic massless spinorial massive | quaternionic p,=iho,
field vectors S=1,2 particles S=1/2 Jhs
General Maxwell eg. | Dirac eq. < o (x)o(p)=39,
16‘,(Fa“" _Fa"ﬂ) (i Dﬂy“—m)ylzo
2 : : —
O/ e necin  cunmein| Dy =0, —IgR T Clifford spin algebras
+E(f ATF 4 £ AP {}/",J/V}=217W|
=% =9wy'Ty
Fe,=0,A, -0~ I +—
+g A A P complex Lie algebras su(n)
AK-QGravity SU(2) _ [TT]=i 17T,
QED SU(1) Physics of atoms
QCD color SU(3) Physics of nuclei
QHCD hcolor ext-weak Particle physics
SU(4)
Statistical mechanics & L Mathematical .
thermodynamics real statistics
p-distribution Boltzmann, P P(XeE)= [ f(x)dx

relativistic Maxwell-Jittner,
Fermi-Dirac, Bose-Einstein

Z partition function

min-principle: entropy, free energy,
enthal py

phases. solids, fluids, gasses, plasma




Planck-scale physics
* space-time discretein |, =1.6x10 *m, integer
coordinates

* energy-mom. discrete

B =§ =206x10%ev ., R =1/\/A,

A

« difference (not differential) operators

* fractal, non-Archimedean quantum foam p-adic p=2
p-adic Schrédinger

iV, (t)P(xt) =(—;n(ﬁp(x)vp(x))+V(x,t)]lP(>z,t)
p-adic Dirac D, =0, —igA° T

Functional analysis
p-adic

(iy”V‘é(x“)—m)‘P(x“):O
p-adic general Maxwell

A

Clifford spin algebras over Qp
{r'r'}=2n,1

1 auv avu
EaV(F*‘ -F**)

+%( f kacAcF kuv + fkhaACka)

= =0Ty

Lie algebras su(n) over Qp
[TT]=i 7T,

p-adic forward-difference operator
Vo (x)f(x)=f(x+1)-f(x)

integer space-time x* = (X,t)

(|‘{’|)2 =probability density, over the volume V

> (jroe) =1

l

Discrete quantum harmonic oscillator
continuous Schrodinger

E¥(X) = (—;Vz +;x2j‘1’(x)

. . . 4 NG
solution: Hermite functions y_(x)- /znl |(1J exp(—szn(x)
n

T

p-adic discrete Schrodinger, x =kh, k=—N,...,0,..N h=v2/N

BV 04) =~ (P (02) - 2705+ P04))+ 3P |

solution Kravchuk functions

Pun(K) =, K, (MK) o4 (MK) |, (K) 1 (Nj'anfi (N—n)!

“hoVl k A\ NI

Pon(XIN)>¥ (X)), N > o




Generalized differential operator

Taylor operators
Taylor series, analytical function f

© (k)
()= 38, (F ) (%), & (.5) =) convergence radius R(f,%)~———~——
£ k! limsup|a, ( f,%)
f(n+1)(§)

Taylor polynomial S(f%,n)=§:ak(f,xo)(><—xo)k'femai”der R.(f.%)= (n+1)!
Taylor operator T(a(k),ﬂ(k)) actsan Taylor coefficients(a((f%))k: @(ﬁ%)=a(k)aﬁ(k)(f,xo)

D=T(k+Lk+1)

Examples
f (x)=exp(x), % =0, truncation n=5

25F 4+

20} 3l

— Exp[x] — Exp[x]
s Taylor[D Exp[x],5] 2 Taylor[T[k+2,k+1] Exp[x].5]
1,04

— Explx]
Taylor[T[k,k+1] Exp[x],5]




Riemann-Liouville general derivative

dn dn 1 ¢ n-a-1
D& f | f X—t f(t)dt,
=g 110 = G [0 1)
n-l<a<n
D”f(x):d fEx)
X neN, n>1

approximated by alimit expression similar to derivative D
df (x) f (x+h)-f(x)

Df (X)=——+>=

(=g ~lim h

T(a,a)f(x)=D; f(x)

, in an environment of x

(1—a) f (X)+a

h—0 h

f(x+h(xa)1“)f(x)l

............. application
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Fractional quantum mechanics

p 1
=d |p",d =————
v Ban = | p| (2m)“ Lo
Diffusion fractional Laplace
leflison obeys Fick’s equation (_th)a/z (Pt)= SJ.eXp p-T |f)|ag0(r),t)d3p
op(F.t) ~ 2rch
T: DAp(r,t),

p(F,t) density

Anomalous diffusion in complex oy (T ,t)
media i7- at ,
a’;t—(:’t): DAY p(F,t), with

fractiona order o,

fractional QM Hamiltonian H =d,, (
fractional Schrodinger eq.

=d, (-nA)"y (F,0) +V (F)y (T 1)

Coulomb V (F)=-Ze? /||, E

harm. oscillator V

—hA)“’2 +V(F)

1
a 1) EO na/(a—l)

5 1 apl(a+pB)
-l E, - Eo(n+j

D¥2(1/
D:IJZ(

DY?(x)=

DV2(1/x"2)=

Examples

2Vx
VT
) _EulerGamma—Log[x]+PolyGamma[O,—%]

2\mx3/2

8x3/2

n2)=2

3(—1+EulerGamma-Log][x] +PolyGamma[O,—%])
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Scheme of a simple physical model: falling object in constant gravitational field

Structure:

falling object mass m

geometry: spherical

Model map
z— h, height

X— 1, hor. distance

t—>t, time

X—V, . hor. velocity
z— v, vert. viocity
E., — E,, Kinetic energy

l

Experiment
observables

(hrmlm’tm’vx,m’vz,m’ Em)
init. conditions (hy, Vv, o,V,, =0)
restriction: no air resistance

units

(hﬂ(m)"m(m),tm(S)' J

Vo (M1 9),, (MV'5) E,(3)

Interaction: constant gravitation
Euler-Lagrange eom
0 oL

a P T ox

L:T—V:%pz—mgz, p=mz

measurement

orbit 1, (t,.), hy ()
velocity v, (t,),V,m(tn)
(vert.) kin. energy

E,.. = En(t,,) a end-time

t.. (~<impact imprint volume)

Interaction: equation
mz=-mg

mz°

T-Tn Emn=%(zz+x2)

v

caculation

orbit x(t)=v,t, z(t)= _9v

velocity v, =V, 4, V, =—gt
(vert.) kin. energy

Ezg((gt)%\&;)




Structure: quarks
U-quarks=(u,c,t), s=1/2, color=rgb,q=+2/3
D-quarks=(d,s,b), s=1/2, color=rgb,q=-1/3

l

Structure: hadrons (genl,gen2)

¥y =(% 0, %)
A 4 \ 4
(1,2) nucleons K(l,l) V-mesons N
p=(u,u,d) p+:(ud_,ud_,ua)
n=(d.d,u) 0 =(uT-dd., )/ V2
@° :(uU+da,,)/«/§
/
v
(1,1) ps-mesons
7" =(u0,0d,00)
7° =(u0+0d,u0-0d,00)/~2
Dirac eg.
(iny*D, —mec)¥ =0
. «—
— 3| Feynman cross-section

Scheme of a quantum physical model: hadrons

Interaction: Lie algebra SU(3)
8generators T, =1, /2,

[T, T,]=i f T, 2, 3x3 Gell-Mann

M, =F(€,Ki)=‘([(dzﬂi;l4...j

0

4
d'p,.

(27)*

A(py)--i A(p,)

!

measured
mass spectrum
m(\¥,)

CI(1,3)(C)

Structure: Dirac-Clifford algebra

4 generators Dirac matrices y “

'y =2n,,

measured

cross-section | (%)




Scheme of a classical physical model: solid-fluid-gas phases

Structure: molecule N Interaction: orbital correlation calc.
molecule data (ethanol CH3-CH2-OH) electron orbital correlation MP2
L_K
\ /

fStructure: intermolecular pot.
u(r,mg,&,04)= &0, (F /oy, my)

~

m, = (m.d,) , mag.dip.mom. d,,

& O
mass m or 0 . .
assm, energy =, radius J Statistical variables
N,V, T
3
i B=1/k,T, A=V,
=V /N
Structure: distribution function ¢ v

(P(r,9,/1:ﬁbck)=exp[ j(prdf(r.e;m,ck)

_r
A
Prot = Prar (V,Q;”L,Ck)

Statistical mechanics
p-distribution Boltzmann

/ min-principle: free energy
/Structure: partition function Z \

Z =jdVe><p(—%j(prdf () exp(-Bu(F)) Landau minimal plrinciple

free energy F(/l-ﬁ?mwck)=—E|OQZ(/1,B:NL,CK)

F(2.8im.6.) =~ ;1002 (1 Bim ) | F(ABiG) =Min(6)  p(c)=0,

Gt energy — 21 ) =S)_ o),
\G: F+PV=(E)-TS+ PV=—Ea—V/ Gor =Cor (4. 8;M,)

Peng-Robinson eos gas-fluid (rel. coord. A/A,,B/B.)

) 1 a(w,p)a
p=p(B.v.0)= ﬁ(v_b)_v(v+b)+b(V—b)

a=0.45723 b=0.077796

o =(1+(0.480+15740r - 01760 ) (1 ))2

. 10
o = acentric factor @ =-10g,,| Pg, =




i

Mie-Griineisen eos solid
reference point (p,, 3,), Young modulus Y () = y,n - v,

Ya-D(n-20-1)
il

p(p.B)=

=
Po

|

Saturation curvefluid-gas p, (T):

Maxwell-arearrule P~ pPR(Vf ’T) ,
p= pPR(vg,T)’ GPR(Vf ,T) =GPR(vg,T)

A

Melting curve solid-fluid p, (T):

Maxwell-area-rule Per = p(vf ’T) ,

Geg (Vf ’T) =Gye (Vs’T)

P= Pue (Vs'T)'

Sublimation curve solid-gas p (T):

Maxwell-area-rule Per = p(vg,T) ,

Gog (vg,T) =Gye (Vs T)

p = pMG (VS’T)’

|

phase diagram (ethanol)
ethanol phase diag

25

20

phase diagram
measured

0.6 0.8




Numbers

Natural numbers N Galoisfield Fp, p prime
ne{0,1,2,..} | a€{01,...p-1}
_ addition, multiplication, inverse—
l finite non-ordered commutative field
Integers Z l
ne{0,+1, +2,..} .
addition, multiplication— P-adic integers Zp
ordered metric commutative ring Nk
w/o zero-divisors, compact {x—;akp } 3eF 3 #0.n>0

addition, multiplication—

l norm Mp =p"

Rationals Q non-ordered commutative metric ring
xe{ab, acZ,beN,b>0} w/0 zero-divisors, compact
norm | =abs.value
metric d(x,y)=|x-y|
addition, multiplication, inverse—
ordered commutative field : :
countable, algebraically incomplete, P-aal erat' onals Qp
topologically incomplete {X:zakpk}, a cF,,a, #0
k=n

3/11=...23304 23304 3.5
norm [X = p", metric d(X,y)=|x-y{

ultrametric ‘X— y\ < max(M M)

addition, multiplication, inverse—

non-ordered commutative field
cardinality=continuum, algebraically incomplete,
topologically incomplete, locally compact
disconnected, fractal

D only two possible extensions - 5

A
Reals R:Corrp(Q,‘x—y‘) !
R={x|(a)—> xa eQ} _ _ _

' - C. =Co IX—=

QdenseinR P_adlcreals P np(Q ‘ y‘)
norm | =abs.value Q, alg. closure Q,
metric d(x,y)=|x-Y| Q, :U(Qp [£]1€ =root(P(x)),P(x) € pol (Qp))
addition, multiplication, inverse— cardinality=continuum
ordered commutative field algebraically complete , topologically complete
cardinality=continuum locally non-compact, disconnected, fractal
algebraically incomplete
(needs i = \/—_1)
topologically complete,
locally compact

l



Complexes C=R{[i]
xe{atbl, abeR}
QdenseinR

norm |X =+/a+b?* =abs.vaue
4=+

cardinality=continuum
algebraically complete
topologically complete
locally compact

Quaternions geH
q:q0+q:q0+q1i+q2j+03k,

O %: G, G € R
i2=j2=K?=ijk=-1,ij=—]i=k
Jjk=—Kj=1 ki=—k=]
conjugate q:qo_qli_qzj_%k

v

A 4

norm |of =+/q0 = /0, + ¢ +0,” + G’
inverse g :i2

d

mapping to Pauli-matrices
(Li,].k) > (Lio,ioyic, )
H isnot closed algebraicaly
H istopologically complete

Biquaternions geHc

q:qo+q:qo+0ui+q2j+q3k’q0’q1’q2’q3ec

conjugate g = qO_qli -0, j _qak
qq=09eC

semi-norm | =\/ﬁ=\/qoz+qf+q22+c132
inverse q‘lz{q(qﬁ)fl if (qg)=0
q=2+We€, = (qo + Q1e1)+(Q2 + qsel)ez

V4 w
o 2
W y4

complex 4-vector

X= (XmX:L’Xz’Xs)
vector rotation x'= Ax
A= exp(—lgww M “VJ
=exp(-i (¢ J+v K))
fieldbosons S=1, m=0
e.g. photon A’

A 4

spinor=biquaternion
q:qo+q:qo+0ui+q2j+osk
Q:[ G +Qe G+ %8 j
—(%*+q%*e) (%*+q*q)
spinor rotation Q'=Q
Qp(‘iz(i)—if/)aj 0
0 B@{-L((ZHW)&J

particles=Dirac-bispinors S=1/2, m= 0
e.g. electron ¥

S=




Application: Dirac eq. hydrogen atom

Dirac eg. hydrogen conventional
Schrédinger

2
(—hA hc— Jw Ey

2m
y(r.0.0) =P~ 12)1' L1 ¥"(0.9)
B _m’
energy E = 2,E0 T

Dirac (Ihca V + fmc? — hc= j‘P(X) EY(X)

oy [V
L)
%
| By

l,=j+1/21,=j-1/2,
lg=j+1/2 1,=j-1/2

:rm, s= 1 +1/2) ~a?,

m>0:
m<O0 :

F=exp(- Zavp 'G = exp(— psz
a,b ;1sv<N,I=j+1/2
energy
2
E“.: me

n,j a2
1+
(nr +4( +1/2)2—a2)

N=n+j+1/2

Dirac eg. hydrogen biquaternions
wave func.

1 g, +1
URARY
radial Dirac eq.
(—i%—ihciarr—imzq—ihc:ezel—hc‘:j R(r) = ER(r)
radial solution
R(r)=@(eo—iel)+%(—%—i%)
1 [(CFYIy, +ICGYT 1, )6 +(-iCF YT, +CG YT, 4, )e
) ‘/Er [+(C2F Yl.rlnwz +'C4GY-|,I+1/2)eZ +(7IC2F Y|T+U2 +C4GY_|'|+1,2)63

Clebsch-Gordan coeff. ¢, =(1,111/2,-1/2|m,| =1/2) ;...

|




Fundamental metric vector rotation group

SO(1,3) Lorentzian rotation group, complex 4x4 matrices
flat metric e = #189(+1 11, —1)

vector rotation X'= AX

A= exp(—izcow M ’”j =exp(-i (¢-J +v -K))

¢ =3 spatial rotation angles v =3 boost angles

M*" =(u,v) coordinate swaps

J =3 dementary spatial rotations, K =3 elementary boosts
(M*); =-i(9"6, -975,)

Jk_iglmlem
_2 Kk:MOk
000 O 0O 0 0O 00 0 O
000 O 0O 0 01 0 0 -1 0
It =i J? =i JP=i
0 00 1 0O 0 0O 01 0 O
001 O 0O -1 00 00 0 O
0100 0010 0 0 01
., /1000 , (0000 , 0000
K =i Ke=i K? =l
0 00O 1 00O 0 00O
0 00O 0 00O 1 00O




Fundamental metric spin rotation group

Spin(1,3) spin rotations of Dirac spinors, quaternion 2x2 matrices
flat metric Tw = 41890+ -1 -1-1)

) Y,
rotation Sof ¥ = , ¥V'=SY¥Y
lPR
S:exp(—'—couv Z”Vj

2 1
S_(A Oj_ exp(—i—z(gﬁ—iﬁ)-c?) 0
0 A 0 e><p(—i—2(q5+i\7)-6)

¢ =3 spatial rotation angles v =3 boost angles

spinor anticommutator {y“ . } =2n""

. [ o 0
spin generators 2", £ = —[y# 47| =
4|:7/ 7/ :I 0 O’:,uv

with Pauli spin-tensor @ = #lo 071 0" =3lc".0"] 0" =3@0) o =3(1-0)
and Pauli 3-vector ¢ =(0,,0,,0;)

equivalence {1, 1, j, k} —{l,ic,,ic,,ic,} between Pauli matrices and quaternions



Representations of Lorentz group

L adder up-down operators T, =%(Ji +iK')

(7T |=ig"T* [T,T) |=ig"T*, [T, T’ [=0 span SL(2,C)=SU (@ SU(2)
am. J=T,+T, spinj=n+m, n,m=0,1/2,13/2,..., chirdity 2 =—(n-m)
representation (n, m) as (2n+1)x(2m+ 1) dimensional matrices

decomposition J =L+ S , elementary rotations M *" = LV + X*"

tensorial (2*)" =i(g*8, -g*s!) , dimensiond

pv

~uv

o

spinoria £+ =[G J=IZ[}/”,}/V],dimension d=242

« left-handed Weyl spinor (1/2,0), s=1/2
s=1/2, A=-1/2,T,=1/26 , T =0

with spacetime rotation ¥'= AY¥, A =AY = exp(—%(@—iﬁ)-&}

* right-handed Weyl spinor (0,1/2), j=1/2

j=1/2, A=1/2,T =1/26 , T =0

with spacetime rotation ¥'= AW, A, = A®? =exp(—|§((ﬁ+i\7)-6j

« scalar (0,0), j=0

« vector (1/2,1/2), s=1

s=1, 1=0,T.=1/26 , T =1/26, ¥'=AY , A‘”m)=A=exp(—i(¢-j+v-|2))

* 2-tensor (1/2,1/2)®(1/2,1/2), s=2
s=2, =0

with spacetime rotation T'=A"TA

« Dirac bispinor (1/2,0)®(0,1/2), s=1/2
s=1/2

with spacetimerotation ¥ '=S¥,

. exp(——(@—iﬁ)&} 0
S= AW29P0OV2) _ g LIPS YA I A O _ 2
2 uv O A? .




I nteraction gauge symmetry groups

Electromagnetism

classical electrodynamics
Maxwell equations 6, F " = "

dlectric 3-vector-field E
magnetic 3-pseudo-v-fieldB, B=VxA

four-vector potential A, = (% Aj

E =-cF%, B =-¢,F" duality

Quantum electrodynamic

\ 4

quantum electrodynamics

2
ry = 0 _5 29+ 1071m

scale me ,

E., = he =3.7keV

oMoy
E- scde B
D, =0, +ieA, gy

(iy”Dﬂ—m)‘P:0

Dirac eg.
field tensor [ =0 O A,
Maxwell equations &, F* =0
uw o sv o — v
fideg OuT =1 ="€Wr'V
. 1
L=wl(iy*D,-m)y —=F% F*
Lagrangian ( 8 ) 4 "

2
classical Coulomb potential Ee,(r)=e%

A

Lie group SU(1)
={real numbers}




Gravity

Ashtekar-K odama gravitation classical
field carrier graviton Al S=2
32 AK-equation for graviton A’ and tetrad E*

A
K K
H.., =F. +—SM,EPK =0

G"=0,E"+&"aA"E” =0
|, =E%F, =0

K

with field tensor F“V
FWK :Guﬁf —8VA>lK +8’(K1K2A1K1AK2

boundary cond. at X = for tetrad and external metric v
E“E".= 9" /(—det(g))**

GR with Einstein equations

1
Rﬂv —ngRqL Agw :KT,uv A —0
872G
. K="
with C

at thehorizon r =r, E*" >>1and AJE|~1
singularity becomes afinite peak

AK-quantum-gravity

r, = |P\/E _ 39um, E-scale E, =€ = 5.04% 10V

My

covariant derivative Dﬂ =5ﬂ =i Uy (Ta‘Aa)ﬂ y T8 =g,

c

gauge group Lie(e) = U (2), [r*,¢°] =ie, 7

SUQe 2 =ie,*

[22,7°]=ie., s

(iny"D, —ne) ¥=0

A

Dirac eg.
fidldeg= AK(A, E",A),gravitontensor A", tetrad E™

boundary cond. r—»0 EnE'=g_ "/ (—det O )3/4
external metric g,

r
quantum metric g = g, (1. =r,) 9y =1/ [1— —fr‘]

_ r
approx. quantum grav. potential Ej (r) = —’r‘ mc’, r , =2.03*10""m

. r C
grav. quantum noise P, = TA m,c’—~10%eV /s
p

particle radius, mass, A, char. length)

(r,,m,




Color interaction

color (strong) interaction SU(3)

field carrier gluon A%, a=1..8 S=1
charge color=(r,g,b)

energy scaleE_, = 220MeV , conf-scale

~ " 089*10%m=r,

ol

cov. derivative D, =8, —igA®, T*

rcoI

Dirac eq. (i D,y ~m)y =0

field eq.

%av(Fayv _ Favy)+%(fkacA?Fk;lv + fkbaA?ka): jav _ g l/7)/“Tal//

v =(UUz ) o0 proron P=(Wud)
baryon b:8A, meson m: 2A, V-meson m: 4A,
- a _ a abc pAb pAC
fildtensor © w =OuA TO AT OTTAA
. . 1_. )
Lagrangian L:W(Inyﬂ_m)V/_ZF wha

Yukawa-boson 7°, 7", 7"

A

color Liegroup SU3)
generators Gell-Mann matrices 4,

a=1...8

7% n*,n” pions
low-energy strong force




Extended weak interaction

hyper-color interaction SU(4)

4 charges (L-, L+, R-, R+)

15 hc-bosons A?, a=1...15, S=1

cov. derivative D, =0, —igA'T, , T, =4,/2
1M —

Dirac eq. (Iy D, m)‘P—O

field eq.

1

v =(U_,U.,Ug ,Ug, ), €0. electron e =(r_,0,r, ,0)
generations f, 1A, f,:4A, f,:15A,
Fe,=0,A"—0,A% + g ™ AP A°

Lagrangian L =1,/7(iy“DH —m)l// _% Fe R

field tensor

coupling Callan-Symanzik

gm<u>=4n\/3/[76 [Iog( + )J +o

=2m(Z,) = 180GeV

E-scale A

= ¢ ~108*10%m

Eav(Fawv _Favy)_,r_%(fkacA(/:Fkyv_i_ fkbaAl/)Fkvy): jav :glpypTaW

extended weak
hyper-color Lie group SU(4)
generators SU(4)-matrices 4

a

a1..15

W, Z, H boson

symmetry breaking U (4)=SU(2), ®UQ),® (D
field Yukawaboson z, W* W~ , H

interaction LW*) ®Y(Z) ® em(A*)

doublet SU(2). interaction L(W*) =W*J,,”

current Jw" =Virie ..

singlet SU(1)r interaction Y(Z)=2*J,"

current Jz' =Calire +CxBryies + ..
singlet SU(1)em interaction em(A*) = A*J "
em-current J,“ = q(e)ey“e+...

SU(2) right-handed derivative
D,R=(0,+ig'B,)R

SU(2) left-handed derivative

I, I i
D#L:[éﬂ +Eg B”_E gcriVV#jL

em

Pauli weak interaction
Lie group SU(2)

generators Pauli-matrices io,
k=1...3




Models of cognition

Schematic of a human being

modification

prediction goal evaluation

physjcal reality

isodic memory
erbal memory

social reality

representation _ chemical
¢

episodic memory verbal

verbal memory S motoric

sensoric
input

Schematics autonomous intelligent robot

modification

m s

ehavior

deviation

oal control

v < 9 S
model calculation
model data transformer-neural-network < >

action

behavioral data

speech dictionary

sensor:
optic camera
auditory
positional



Schematic of analytic cognition
learning Neumann computer-robot

modification

goal evaluation

model data

behavioral data

-—>display
——>motoric

sensoric
input



Schematic of pragmatic-adaptive cognition
adaptive transformer neuralnetwork-robot

attention-symbol

dictionary
A
input
motoric —
image COgnItIOn

text-speech

N

weight

transformer-neural-network modification

attention vector D >

backw-convolution-neural-network

text-speech
image
———————>motoric



~ Schematic of hermeneutic cognition
adaptive cell-automaton process simulator

cell automaton

init.config . . “

33% o 8°

. image
final
config

process



Geometry axiomatics

Tarski’s axioms (T-Euclidean, 2d)
Primitive relations:

* Betweenness, Bxyz

» Congruence, Cwxyz

Axioms (first-order logic) 10+3
Congruence 3, Betweenness 2,

3), Segment 2

T-Euclidean geometry is decidable:

Euclid’'s axioms

1"To draw astraight line from any point to
any point.”

2 "To produce [extend] afinite straight line

Continuity 1, LUdimension 2, (Parallel continuously in astraight line.”

3 "To describe acircle with any centre and
distance [radius]."

\

A

Hilbert's axioms (H-Euclidean, 3d)

Primitive relations:

* Betweenness, Bxix2X3

» Containment Cxl, Cxp,Clp

» Congruence, Kxix2 Kazop

Elements: point x, line 1, plane p, angle a

Axioms (second-order logic) 19+1

Combination 7, Order 4, (Parallel 1), Congruence 6,
Continuity 2

Euclidean (curvature k=0)
one parallel

Spherical (curvature k>0)
no parallel

more than one parallel




Properties of Euclidean, hyperbolic, and spherical geometries

Euclidean Hyperbolic Spherical
Two distinct linesintersect in one | Two distinct linesintersect in one | Two distinct lines intersect in two
point. point. points.

The sum of the measures of the
angles of atriangleis 180.

The sum of the measures of the
angles of atriangleislessthan
180.

The sum of the measures of the
angles of atriangle is more than
180.

Similar triangles that are not
congruent exist.

Similar triangles are congruent.

Similar triangles are congruent.

Triangles arefinite

Infinite triangles exist

Triangles arefinite

Rectangles exist.

No quadrilateral is arectangle.

No quadrilateral is arectangle.

A line does not have finite length
and is unbounded.

A line does not have finite length.

A line hasfinitelength and is
unbounded.

Two pardlel lines are equidistant.

No two parale linesare
equidistant.

Paralldl lines do not exist.

Two distinct lines do not enclose a
finite area.

Two distinct lines do not enclose a
finite area.

Two distinct lines enclose afinite
area.

The area of atriangleisequal to
half the product of the base and
height.

Theareaof atriangleis
proportional to its defect.

Theareaof atriangleis
proportional to its excess.

A unique line perpendicular to a
given line through a point not on
theline.

A unique line perpendicular to a
given line through a point not on
theline.

All lines perpendicular to agiven
line intersect at two antipodal
points.

A line separates a plane.

A line separates a plane.

A line separates a plane.




Euclidean, hyperboalic, spherical trigonometry
C

4

Euclidean triangle

Hyperbolic triangle

) S,

Hyperbolic infinite triangle Hyperbolic square A=a , B=S,C=y

Spherical triangle A=ac , B=p3 ,C=y



First-order logic FOL

Zermel o-Fraenkel set theory
(I) (Axioms of extensionality)
(I1) (Axiom of subsets)

(I11) (Axiom of pairing)

(V) (Axiom of union)

(V) (Axiom of infinity)

(V1) (Axiom of the power set)
(VI1) (Axiom of choice)

First-order logic FOL
Connectives

AV——V
Formulas
e.g. (P A (P2 V =p1)),...

\4

Structure (e.g. Tarski-Euclidean geometry)
Primitive relations:

* Betweenness, Bxyz

» Congruence, Cwxyz

Axioms

Congruence 3, Betweenness 2, Continuity 1,
LUdimension 2, Parallel 3, Segment 2

|

FOL (model) (e.g. FOL(T-Euclidean))
Formulas

eg. (pL A (P2 V =p1)),...
p1 =Bxyz,...

Calculus syntactic deduction

I'isaset of sentences, Py 6 are sentences, T'|- ¢ Syntactic conseguence ¢

from "
(AS) ger = Tr1|-¢ (assumption)

(Al) T-6 and T~y = TI,,I,|-(6ay) (AND introduction)
(AE) T=(0Ay) = Tlo T=(0Ay)

(V1) F|—0 - F|—(0vu/) , F|—l//

(VE) L~(0vy) T, ’9|—¢ and

=¥ (AND dimination)
Cl=(0vy) (OR introduction)

LG (oR dimin)
(=1) T ,0-y = TI|-(0—>y) (implicationintroduction)

(»E) IJ-6->y ad T,)-6 = TI,I,|-y (implicaion elimination)
(-1) I,0-y ad TI,0/--y = T,I,]--6 (negationintroduction)
(DNE) I|-—6 = T|-6 (double negation elimination)




Calculus semantic model deduction (e.g. FOL(T-Euclidean))

Name

Modus Ponens

Modus Tollens
Hypothetical Syllogism
Digunctive Syllogism
Constructive Dilemma

Destructive Dilemma

Bidirectiona Dilemma
Simplification
Conjunction

Addition

Composition

De Morgan's Theorem (1)
De Morgan's Theorem (2)
Commutation (1)
Commutation (2)
Commuitation (3)
Association (1)
Association (2)
Distribution (1)
Distribution (2)

Double Negation
Transposition

Material Implication
Material Equivalence (1)
Material Equivalence (2)
Materia Equivaence (3)
Exportation

Importation

|dempotence of
disunction
|dempotence of
conjunction

Tertium non datur (Law of
Excluded Middle)

Law of Non-Contradiction
Explosion

Sequent

((p—a)Ap)Eq
((p—a)A-0)=-p
((p—a)A(g—r))E(p—r)
((pva)A-p)Eq
((P—a)A(r—s)A(pvr))=(qvs)

((P—>a)A(r—>s)A(=qV-s))E(=
pv-r)

((F;—>Q)/\(r—>S)A(DV-'S))'=(qV
-r

(PAQ)Ep

P,a=(PAQ)

pE=(pva)
((p—a)A(p—r))E(p—(aATr))
=(pAg) =lE (=pv-0)
=(pva) =F (=pA-0)

(pva) == (qvp)

(pAg) = (9AP)

(p<q) =lF (q-p)
(pv(qvn)) == ((pva)vr)
(PA(QA)) =E ((PAG)AT)
(PA(qvr)) == ((pAG)V(PAT))
(pv(gAr)) == ((pva)A(pvr))
p = —-p

(p—q) =& (7g—7p)

p—q) 3F (-pvaq)

p<q) =& ((p—a)A(a—p))
p—q) JE ((PAG)V(=PpA-Q))
pq) FF ((PV-a)A(=pva))
((pAQ)—1)E(p—(q—r))
(p—(a—r)) = ((pAg)—r)

(
(
(
(

p == (pvp)
p == (pAp)

F(pv-p)

E-(pA-p)
(PA=P)EQ




Godel’s FOL completeness
semantic_deduction(P,model)=T for al models
= 3 syntactic_deduction(model axioms,P)

G06del’ sfirst incompleteness theorem Godel’ s second incompleteness theorem
F system with axioms algorithmically F system with axioms algorithmically
listable listable

F encompasses Peano arithmetic F encompasses Peano arithmetic

= =

3 statement A(n) about natural numbers Consistency of F unprovablein F

* A(n) truefor al n

* A(n) unprovablein F




Functional analysis

Polynomials and power seriesin realsR, p-adics Qp

sumsin R: Cauchy convergence

@alaeRj%a

Zn:|a1.|<g,Vm,n

iff

A 4

polynomialsin Q: P(x)e Q[x]

algebraically solvablein C
zeros. Newton-Raphson iteration

X1 =% = F %)/ (X))
error ¢, =la-x|, & €[x,.a]
 |f7(
CoNVerges |&,..| = &, -—
2| (¢

example P(x):(x—l)z(x—ll 2)

mapping [0,1]—R compact, connected

l

sumsin Qp: coefficients —0
(Z% EXS ij —>a
i=0

\ai\p—>0

iff

A4

polynomialsin Qp: P(x)e Q,[X]
algebraically solvablein Cp
zeros. Hensdl iteration

X(x)=x—=P(x)/P'(x)

convergesiif order v(P'(x))<n/2

2
example P(x)=(x-1)"(x-1/2)
mappmg [O 1] Qp fractal, disconnected

'ig _ n( (Wﬂ\j‘ﬁM H"ﬂ(“

“"'\ \m\"M'h ...

polynomial approximation in R
Taylor series

F(0=3 & a) oy ()

Y T

Weierstrald approximation

f continuous f:lab >R
Z f (a+

p"(x)_) f (X) uniform

B’ (x) Bernstein polynomials

I
o

a) Je (4

polynomial approximation in Qp
Mahler series

f(x)= i(vk f )(O)(Ej uniform conv.

[ i!
forward difference operator Vf (x)= f (x+1)— f (x)
van-der-Putt approximation
f:Q, » Q, continuous
a,="f(0) a,=f(n)-f(n v
0 ( ), n ( ) ( —),n_:n_nv_lp 1

> a, > f uniform

n

[Xj: X(x=1).-(x=i+1) binomial polynomials




Functional analysisin realsR , p-adics Qp

functional norm in R[X]

Il =]

differential f '(a)=|imM

mean value f '(c)
fixed point |f (x)—f (y)|<
Ix: f(x )— X,
mtegralj

for x e [a, b]

fundamental theorem D (I, f

(x)dx Lz normoninterval | 1], = squ| f(x)

B strict differential f'(a):(X li
differential operator Df (x)= f'(x) differential operator Df (x)=
forward diff.operator f
F()= T (7))
ZW’CE[M}] meanvalue‘f(x+h)—1ﬁ(x)‘£|h|||f'||G

functional norm in Qp[X]

| max-norm
1] =supla ], f(x)=> ax" Gaussnorm
K >

F(x)-f(y)

for [x <1, ||<r, :|p|”<“
fixed point | f |, <1, |nf

Ix eB,:f(x)=x

dx—||m2f ) (%0 =% Volkenborn integral

N—o0

j f dx_Ilm
ZP

integral operator (Iaf)(x):f f(t)dt integral operator (1 f)(x)=
)

n—oo p
sum operator & (x)= z f(

)
[ f(x+t)at

(x)=f(x) fundamental theorem
(11)(x)=(BS)(x)
(VS)(x) = f (floor (x+1))
Svf =vsf - (0)




Functional analysisin complex numbers C , quaternionsH

Complex functional analysis Quaternionic functional analysis
equivalent for f(z) = u(x, y) + iv(x, y) Q=X +Xi+Xj+xKk
* fis holomorphic in Q, f'(zo)=an30]((Zz:;(J(z") « f:H —>H left/right-regular if satisfies Fueter eq.
* fsatisfies in Q the Cauchy-Riemann equations af Gf Ji kﬁzo
M NN x oo
OX ay,ﬁx ay iﬂ| ij-ﬁ-ik 0
« fisexpandablein Taylor series 0%, OX  0X, 0%
Z) _ iak (Z—C)k , converges in neighborhood * fis left-differentiable in Q,
k=0 lim(h™*(f(q+h)-f =f'
for every ce Q IHO( (f(a+h) (q))) (@)
Cauchy integral formula f left-differentiable — f linear f (q)=aq+b
f(a)=i_g5 f(2) dz Cauchy-formula:freglﬂar inside QcH
2ri 5 (z-2) f () == I(q—qo) Dq f (q)
Laurent series 7 2n? a0 |q_qo|2
- 1_<J§ f(2) dz Laurent-Fueter series
27 5 (z- c)k+1 fisregularin open set U except in go € U, then
= iak(z_c)k ;Z( q-q, av+G (q_qo)bv)
k=—w0 Veo
8 = [ 6.(a-a%)Daf (q)
ou
b, = P(q-q,)Dqf
=57 | R(a-a)Daf (a)
qfl an
Gv (q):_ 4 v =
lq° OX, ...O%,
G.(q) isarational functionof q: G, (q)=0,G(q)
P.(q) isapolynomial in g
1
@)= )(Z (te, —x, )--(te, =%, )




Structure of Lie algebras

i

fildK=R, C

Lieagebragover K
N
dements X eg, X=) aX
i

g=ring with operations + *

additive commutative group

multiplicative non-commutative half-group
representation: kxk matrices over K
g=vector space over K, basis{ Xi,...,.Xn }

9= (X0 X0) dim(g)=n

y

Cartan subalgebrah
h ~ maximal commuting subalgebra of g
h=(H,,...H,), rank(g)=dim(h)=k

non-commuting bass{f( o X, }

Ky =2

commutators k

roots i (a”" )k

Killing matrix K
b
Ky = Ciicja

eigenvalues 2 (x)#0 — gsemisimple =0, ®...D g,

Jhcg, h Cartan subalgebra, h = 0
eigenvalues 4 (x)=0 — gsolvablegD[g,g]D[g,[g,g]]j...jo
eigenvalues 2 (x)<0 — g compact (bounded)



Rootsin & basis

Cartan subalgebrah
E,=E,-E

k+n,j+n

basis
Cartan subalgebra h = (E, ), remaining subspace h, :<E”1> | # ]

ansatz H =Z/11Eii for Heh

i=1

Commutators

simpleroots & = E. &= Ez s €= f(E”)
with the commutators

rlz[H’ei]z()“l_)“z)el

P :[H’ez]z()“l_)“z)ez

rn = [H ’en] = (Cn—lln—l + Cnln)en
= (ln - ln+1) E

n,n+1

for su(n+1) fn

= (}L‘n—l + 2‘n)( E2n—:l.,n - EZn,n—l)

for so(2n) "

for SO(2n+l) rn = Ah ( En,2n+1 - E2n+1.2n)
fAar on/In) rn = 22’” ( En.Zn B E2n,n)

Roots
simple roots
a, = (/11 - 12)

a,=(A,—2y)

an = (Cn—lﬂ’n—l + Cnﬂ’n)

+o. + .
all roots % i




Typesof Liealgebras

Liealgebragover K

dements X €g, X=Y aX

g=ring with operations + *

g=(Xp X,)

, dim(g)=n

generators Xu,...,Xn , COmmutator [Xi X ] =q' X,

g=vector space over K, basis{ Xi,...,.Xn }

su(n+1)

{xed (n+1C),x" =—x,tr(x
dim=(n+1)-1, rank=n
generators Ti , i=1...(n+1)%-1
commutator relation

_ A
(Ta)jk = Ci
smpleroots o, =A -4,
i=1,....,n+1, n(nt1) roots a;

so(2n+1) odd orthogonal
{xed(2n+1),X =X

dim=n(2n+1), rank=n

generators My , (M ki )mn - 5km5|n o 5kn5|m ,

k,1=1,...2n, k<I

commutator relation
[Mrm’Mrs]=5nerrs_5mMns+5msMnr_5nsMnT
nsimpleroots o, =(4 - 4,,) i=1...n-1, o =4,
2nroots: 24, +4, , 1<=i<j<=n, ., 1<=i<=n

sp(2n) symplectic
2nx2n matrices of theform

«_[A B, withsymmetricB, C
e )

dim=n(2n+1), rank=n

generators , _(& 9 )ij=1..n
A-(o

0 0
3 0 E; +E; C =

B”'{O 0 j, i< ' [E,-+E,-i 0], i<
commutator relation (AL A]=80A -7, :
[Aj’BlszajkBll _5|qu ’ [Aj’ckl:|:_5ikclj _5i|Clq' ,
|:Blj’Ck|:| :5ikAj +5jkAi +5i|Aq’ +5le<i
n simple roots =(4-) fori=1,...,n-1;
o, =2,

on? roots HAEH) T 1gicjsn

so(2n) even orthogonal
{xedl(2n),x" =—x]

dim=n(2n-1), rank=n, H :<M2i—12i>

generators My , (M K )mn = SmOin = OO ’

k,=1,...2n, k<l

commutator relation
[Mrm'Mrs]:5nerm_5m'Mns+5nsMnr_5nst
nsimpleroots o, =(4 -4,,) , i=1.n-1,

i+1
a,=(A+4,)

2n(n-1) roots £(Ax4) 1<=i<j<=n

Five exceptional algebras
g2 (Dimension 14)

f4 (Dimension 52)

es (Dimension 78)

e7 (Dimension 133)

es (Dimension 248)




Special linear Liealgebrassu(n+1) , Cartan type An

su(n+1)= {xed (n+1C),X" =—xtr(x)=0]

dim=(n+1)-1, su(n+1) semi-simple compact,

Cartan subalgebradim=n

generators Ti , i=1...(n+1)%-1

commutator relation [T,, T, ] = c4T,

smpleroots a; =4 — A, for i=1,...,n+1, n(nt1) roots a;
Killing formis k (x,y)=2(n+1)tr (xy)

|

su(2)=gauge algebra of AK-quantum gravity
generators o; Pauli matrices,
commutator relation (o, 0, | = 2ie,,.0

abc™ ¢

dim=3, , Cartan subalgebra dim=1

+
roots are _ﬂl

smplerootis o, = A,

su(3)=gauge agebra of (strong) color interaction
generators Ta=i Aa /2, a=1...8,

commutator relation [T,, T, ] = c4T,

where Aa are the 8 3x3 Gell-Mann matrices
dim=8, Cartan subalgebra dim=2

3simpleroots are a=h=ty =k a=h-A

+ +
6 roots are — %1 , =&, ,

Killing matrix «; = —diag, ({3,...,3})

ta,

|

su(4)=gauge algebraof extended weak interaction
generators T, =i 4, /2, a=1...15,

commutator relation [T,, T, ]=ckT,

where A, are the 15 extended 4x4 Gell-Mann matrices

dim=15, Cartan subalgebra dim=3

the 3 simple roots are aq=h=ty 0=l=k a=k-A
the 12 rootsarei(/ll_%) : (A= %) , (A=) : (4~ ) :
+(A,-2,) £(A,-24,)

Killing matrix «, = —diag,, ({4,....4})




so(1,3)=Lie algebraof the Lorentz group
so(13)= {xe d (3 R),X'n=-nx], y Minkowskin = diag ({-1111})

s0(1,3) is semi-simple non-compact
generators rotations J , boosts K , i=1,2,3

commutators [J“JJZS‘“‘J" , [Ki’KJ]:_SiikJ" , [‘J"K ] Ky
dim=6, Cartan subalgebra dim=2, Cartan type Al
2simpleroots G =h~h =4+l

4 roots 4, ,

Killing matrix is «; = diag, ({~4,-4,-4,4,4,4})
00O0O 0 0 0O 00 0 O
0000 0001 00 -1 0

Jl: ‘]2= J; =
000 -1 0000 01 0 0
0010 0 -100 00 0O
0100 0010 0001
1000 0 00O 00O0O

K1= K2= K3:

0 00O 1 000 00O00O
0 00O 0 00O 1000




Odd orthogonal Liealgebrasso(2n+1) , Cartan type Bn

xed(2n+1),x" =—x

so(2n+1)= { <d( ) }

dim= n(2n+1), so(2n+1) simple compact,

Cartan subalgebra dim=n

= Oundn = Oudim k121, 2n, k<l

Mrs] :5nrMms_5mrMns+5msM nr _5nstr

generators My , (Mig )
M

mn’?

commutator relation [
nsimpleroots «; = (4, —4,,) ,» i=l.n-1, a =4
2nroots: £, + 4, , 1<=i<j<=n, £4 1<=i<=n

s0(3) 3x3 skew-symmetric matrices, tangent space 3-dim rotations
dim= 3, ssimple compact,

Cartan subalgebradim=1

generators infinitesimal rotations (J, -, J3) about x,y,z axes

000 0 01 0 -10
3,=/0 0 -1| J,=[0 00| ;_{1 0 o

01 0 -1 00 0 00
commutator relation [Ji J; ] = & Jy
1simp|erootﬂ1

2 roots A

s0(5)= 5x5 skew-symmetric matrices, tangent space 5-dim rotations
dim= 10, simple compact, so(5) sp(4) so(5)=x(4)

Cartan subalgebradim=2

generators 10 matrices Su K,1=1,...5, k<l

(Skl )mn = 5km5|n _5kn5Im
S

mn ?

S.]= S Sre = O Se + 8,S — 615

nr —ms mr —ns ms —nr ns —mr

commutator relation [
2 simpleroots 4 =A%  %=4

8 roots iﬂl’i/lz ’ At




Symplectic Lie algebras sp(2n) , Cartan type Cn

sp(2n) 2nx2n matrices of the form
A B
X = , with symmetric B, C
c )
dim= n(2n+1), sp(2n) simple non-compact
Cartan subalgebradim=n

EE 0 )..
generators A, :[ (;J £ j 1,j=1..n
~E,

(o E + E..j
BIJ — 1) n
0 0 )i

c 0 0
17| E,+E, 0) . _
)|<_J

commutator relation ['A“’A"]:éjkA' —aA ,
[Aj’Bm}:gjkal _5”814 , ['AH’CM}:_ iKQj _5iIij ’
|:Blj ’Ckl:|:5ikAj +5j|<Ah +5ilAq' +5j|Aki

n simple roots ¢ =(4=44) fori=1,... n-1; % =24

22 roots i()ﬁiﬂ'j) ’ +2;, 1I<i<j<n

A 4

A B
sp(4)= 4x4 block matrices X of theform X = (C j symmetric B,C

—_AT

dim= 10, simple non-compact , ; :[ 0 'zj
21, 0

2

Cartan subalgebra dim=2
4 generators Aijj , 3 generators Bij , 3 generators Ci;

commutator relation [A"’AJ:51"A' —0i A, ' [AJ’B'J:%BI —9;By
[AJ ’C‘di|:_5”‘c'j _5”C'4 , [BJ ’(:‘4}:5””% +5jkAfi +5iIAq' +5j|Aki

2 simpleroots u=h-t o=24
8 roots thtd, : 24 , 24,




Even orthogonal Lie algebras so(2n) , Cartan type Dn

(2= {XE g (2n),x" :—x}

dim= n(2n-1), so(2n+1) simple compact (n>=2),
=M

2i-1,2i

Cartan subalgebra dim=n, spanned by H,
=0 ~Oudim | |=1 . 2n k<l
Mrs] =5nrMms_5mrMns+5msM nr _5nsM

generators M , (Mig )
[M

mn? mr

commutator relation
nsimpleroots o, =(4 —4,,) , iI=L.n-1, a, =(4,,+4,)

+(4 £ 4

2n(n-1) roots j> 1<=i<j<=n

l

0 -b b -3

so(4) 4x4 skew-symmetric matrices b, 0 -b -a |»tangentspace4-dim rotations

_bz b1 0 -8

a a a 0
dim= 6, ssimple compact
Cartan subalgebra dim=2
generators 6 rotations of so(3) A1, Az, Az
00 00O 0010 0 -100
|00 -10 OOOOAS:1000
0100 71000 0000
00 00 0 00O 0 00O
3 boost rotations B1, Bz, B3
000 -1 000 O 000 O
000 O 000 -1 000 O
Blz 82: 83:
000 O 000 O 000 -1
1000/ 0100/ 001 0
commutator relation [A’A’}:g”k'ak , [B’B"]:g‘i"p’( , [A’BJZS”‘(BK

osimpleroots =44 @ =A4th

4 roots th 14,




Exceptional Lie algebras

* g2 (Dimension 14): is the automorphism group of the octonions and the stabilizer of ageneric 3-formin 7
dimensions, rank=2

* f4 (Dimension 52): The Lie algebra of the exceptional group Fa4, is the automorphism group of the Albert
algebra (a 27-dimensional exceptional Jordan algebra), rank=4

Albert algebrais the space of 3x3 self-adjoint 3x3 matrices over the octonions .

* & (Dimension 78): isthe stabilizer of acertain cubic form and appears in the classification of certain
projective planes over division algebras, rank=6

» ¢7 (Dimension 133): Leavesinvariant a symmetric rank-4 tensor in its fundamental 56-dimensional
representation, rank=7

* eg (Dimension 248): Its root diagram is the Es lattice, which models the densest possible sphere packing in 8-
dimensional space, rank=8



Structure of Clifford algebras
fildK=R, C

Clifford algebrag over K

generators Xi,...,Xn , anticommutator {Xi , X j} =G|

elements ge g,

4=0Co+2,G;68,+ D G;;,66,8 +-+G ;6§
g=ring with operations + *

additive commutative group

multiplicative non-commutative half-group
representation: kxk matrices over K

g=vector space over K, basis{ Xi,...,Xn}

g=(Xy,... X,) “dim(g)=n

Quaternion field
H={g=a+hi+cj+dk|ab,cdeR)|
i2:j2:k2:_1,ij:k:_ji
jk=i=—kj ki=j=-k

g o -1 a-bi-cj-dk
q'=(a+bi+cj+dk) = T i id?

‘ 1 C
q :—E(q+|q|+1qj+qu)

||q||=\/qq* —Ja2+b*+c +d?
equivalence {1, i, j, k} —{l,ic,,ic,,ic,}

Dirac-Clifford spinor algebra
Cl(1,3)(C) generators y * {7/”,7/“} =2n,1

I O . 0 |
y°=(o lj 0 o 75=I7°y17273=(| oj
Dirac form B ,yj:[ JJ,
(o3

. (01 . (-1 0
7=l o) | oy 7 Tlo
Weyl form ,y':[ J J




Genera Dirac-Clifford spinor algebra dim=d

_ _ _ 22 . d=2m
General Dirac matrices I', are nxn matrices, N= a2
2 ,d=2m+1

(Tl =29al in ci(pg)()
Weyl basis Euclidean metric d=4 Dirac matrices

o (01 .10
==l o) , (0 o) =70
re=il oo )

in CI(d)(C):
for d=2, r, =(i0'1,i0'2)
for d=3, I,=(io,io,,io,)

cor dea. T8 =(rrr2 )
for d=5, T¥ =(y2,72,72.72), T® =72,

(6) _ (5) (6) _
ford=6, T+ =72 ®Ta" a=12345;Ts =@

ford=7, [ =02 @ a-12345,[¢" =0 ®1 T =i0, @I

|

Vector rotations
i v
x'= Ax, Lorentz A=e>(p(—§a)w M j
6 elementary rotations o,
Kronecker matrices M,
(M Ki )mn = MmO — MknO1m
A =exp(-i (¢ J+V K))
rotation vector ¢ = (¢,,¢,,9,)

w !

boost vector ¥ = (Var Vo, V)

rotation &boost(J;),(K;) Lieagebra
|:Ki’Kj:|:_8ijk K |:‘]i’Kj:|:8iijk

rotation operator @ = (¢ J +v K)




Spinor rotations

\PR
[
S= GXp(_E @, Z“VJ , Spin tensor generators 2
lV_i 1 v | _ GHV O
=gl ]_( 0 5*”}

with rotation vector ¢ = (¢,,¢,,9) .

boost vector ¥ = (Var Vs, V5)

S= (% :J with the | eft- and right Weyl-spinor rotations

|

2 " 2

P P
A=ep| 50, 5" |-ep( - (7+17)5

rotation operator @ = %((ﬁoﬁ +ivo)




Statistics

Basics
discrete random X , range Q = {x} , probability =function P(X),

0<P(X)<1, 3 P(x)=1

continuous random variable X , range Q ,probability density f(X)
P(XeE)= I f(x)dx,for XeEcQ, 0< f(x)<1, J'f(x)dx=1
Q

xeE

mesn=average: 11 =E(X)=X= xP(x), u=X= j x f (x)dx

variance: var(X)=iZN1:(>g —)?)ZP(x) , var(X)= j (x—)?)2 f (x)dx

XeQ

standard deviation std: o = var(X)

median m: P (X <m)>1/2most common value

mode: =X at peak value of distribution
law of large numbers:
sample mean X :%Z X, of variables X, indepedent with equal distribution, converges
k=1
X, > u= E(Xy)
central limit theorem:
variables X, indepedent with equal distribution, mean x and variance o2,

Z( X, =)

n G\/ﬁ
Cochran’stheorem:
variables X, indepedent with equal normal distribution, then
3 =i1 (X, —X)" has chi-squared distribution
n-15

converge to standard normal variable.

sample variance
2 4
(n—l)% ~ 2 . E(SZ):GZ, var(Sz): iil




Important probability distributions

Normal (Gaussian) distribution xe R, f(x):%exp[_(x_”)]
T

202
F(V_i_lj v+l
t-Student distribution xe R, f(x)=

F@(M_j
1

chi-squared distribution x>0, f (x) = <72 exp(_ZJ
2‘//2(‘/) 2

Gompertz—Makeham distribution of life expectancy
parameters « >0, >0, 1 >0

F(x)=1—exp(—(lx+%(exp(ﬂx)—1)n probability of death

x20, f(X)=(1+a exp(ﬂX))eXp(—(lH%(exp(ﬁx)—1)]]

Poisson distribution (discrete)
probability of number of events k occurring in a time interval A

keNvk=0, P(k)zeXp(_ﬂ“)Zk:i_;

Binomial distribution (discrete)
number of k successes in sequence of n independent yes/no experiments with success probability p

k=0..n P(K) :(L‘J o (1- p)"™*




Statistical tests
One-sample t-Student-test
tests whether the mean of a population has a value o,

X = Ho
S/+n
where X isthe sample mean, Sisthe sample standard deviation and n is the sample size.

Chi-sguared variance test:
The test is used to test hypotheses about the population variance o2 of anormal distribution,

(n-1)s*

2
(o)

statistic=t =

, t has t-Student distribution with v=n-,

statisticis y* = , where S? is the sample variance .

27 has a chi-squared distribution with v=n-1 degrees of freedom.

Pear son test (probability of classification)

Here n observationsin arandom sample are classified into k mutually exclusive classes with
respective numbers of observations x (for i = 1,2,...,k), and anull hypothesis gives the probability pi
that an observation fallsinto the ith class. So we have the expected numbers m = np; for al x;, where

k k
2P =12 m=n
i=1 i=1

If the null hypothesisis correct, asn — oo the limiting distribution of X? below is the y? distribution
with
v=k-1.

x2=%"2% _p

2
Spear man correlation test
The Spearman correlation coefficient rsis defined as the correlation coefficient (dependence)
between the rank variables.
For asample of sizen, the n pairsof raw scores (Xi,Yi) are converted to ranks (value slots) R
cov| R[X],R[Y]]

[Xi],R[Yi] ,and rs iscomputed as r, = , Where

Orx]OR]Y]

cov[X,Y]=E((X -E(X))(Y-E(Y)))




0 Mathematical fundament of physics

Physical theories and their mathematical foundations

Theoretical physics can be roughly subdivided into five main branches
* General Relativity

* Classica physics

* Quantum physics

» Statistical mechanics & thermodynamics

» Planck scale physics

The mathematical disciplines, on which al of physics and mathematicsrelies, are

» Mathematical logic & set theory

Those two provide the axiomatic fundament for other areas of mathematics, including those, on which the
branches of physics are based.

The four branches of physics share a common mathematical fundament in three areas

* Euclidean geometry

* Real, complex, quaternionic, p-adic functional analysis (including differentiation-integration calculus, and
differential equations)

* the fundamental Lorentz rotation group and algebra SO(1,3)

In addition, quantum physics depends on three areas of algebra

* Liealgebras su(n), which are the model for all four quantum gauge interactions:

AK-Quantum Gravity hasthe SU(2) symmetry

QED has thetrivia abelian SU(1) symmetry

QCD color interaction has the SU(3) symmetry

QHCD hyper-color= ext. weak interaction has the SU(4) symmetry

* Clifford-Dirac spin algebras describe the spinor dynamics

» Heisenberg agebra defines the canonica momentum-position commutators, and the transition from classical
to quantum regime

The interplay of physica and mathematical areas is shown in the following scheme [36].

» Mathematical logic & set theory isthe basis for all mathematical disciplines, and indirectly for all physical
areas

 Euclidean geometry (3D in space and 4D in relativistic spacetime) is the geometric frame for all physical
branches except Planck scale

* Lorentz rotation group and algebra SO(1,3) determines the rotational (relativistic) symmetry of all physical
branches, with space rotations SO(3) as the non-relativistic sub-group and sub-algebra.

* Functional analysisisthe functional frame for all physical branches: real (General Relativity, Classical
physics, Statistical mechanics), complex (bosonic Quantum physics), quaternionic (spinorial Quantum physics),
p-adic-discrete (Planck scale physics)

* Algebra determines the symmetries and the form of fundamental equations for bosonic Quantum physics (Lie
algebras su(n)), for spinorial Quantum physics (Clifford spin algebras), for bosonic/spinorial Planck scale
physics (Lie algebras su(n) resp. Clifford spin agebras over p-adic rationals Qp ).

» General Relativity is based on real Functional analysis
Genera Relativity: symmetry: general covariance

R, _R d, +Ag,, =«T,
Einstein eg. 2 , Astrophysics, Cosmology

General Relativity becomes Classical Ashtekar-Kodama gravity in the limit cosmological constant A — 0
Classical Ashtekar-Kodama gravity: symmetry su(2)

32 AK-equation for graviton " and tetrad E
K K A K
H ) = F,uv +§gyvap =0

(nwv



G"=0,E"+e"aA"E” =0
I,U EEKV F’w(v :0
with fid tensor T Fi’ =0uA" —0.A e A"A

boundary cond. at X % for tetrad and external metric gw, E*E".= g™ /(-det(g))™"
* Classical physicsisbased on real Functional analysis

Classical physics:

minimal action principle s:jL(xﬂ,xﬂ)df,ész 0

Lagrangian L, Euler-Lagrange eq. refativistic L _d % _ , non-relativistic o , _ ot
X' dr ox, a o
Hamiltonian, Hamilton eq.
Electrodynamics, Solid-state physics
Fluid mechanics, Elasto-mechanics
» Quantum physicsis based on (complex resp. quaternionic) Functional analysis, on Lie algebras su(n) resp.
Clifford spin algebras
The transition classical->quantum physics is determined by the Helsenberg algebra.
The bosonic and the spinorial part carry the fundamental duality boson-vector-tensor vs. fermion-bispinor
Quantum physics:
bosonic massless field vectors S=1,2, General Maxwell eg.
spinorial massive particles S=1/2, Dirac eg. , non-relativistic Schrodinger eq.
Physics of atoms, Physics of nuclel, Particle physics
Heisenberg Lie algebra: commutator relations [x-, p' | =ins,,, momentum p, =ixd, . uncertainty relation

a(x)e(p, )2%5”

* bosonic Quantum physicsis based on complex Functional analysis, and on Lie algebras su(n)
bosonic Quantum physics:

bosonic massless field vectors S=1,2,

1 apv avu
28V(F Fo) Fe,=0,A% —0,A,

+%( P AT L (AR g AR AT
=]% =0y’ Ty
AK-QGravity SU(2), QED SU(1), QCD color SU(3), QHCD hcolor ext-weak SU(4)
» spinorial Quantum physicsis based on quaternionic Functional analysis, and on Clifford spin algebras
bi-spinor massive particles S=1/2,
Dirac eq. (iD,y*~m)y =0, D, =3, —igh’, T*
non-relativistic Schrodinger eq. ia‘i’g,t) :(_T;V2+V(F't)j\}'(F’t)
» Statistical mechanics and thermodynamics is based on mathematical statistics.
Statistical mechanics and thermodynamics:
p-distribution Boltzmann, relativistic Maxwell-Jittner, Fermi-Dirac, Bose-Einstein
Z partition function
min-principle: entropy, free energy, enthal py
phases: solids, fluids, gasses, plasma
Mathematical statistics:
For a continuous random variable X in value range Q with probability density f(x) ,
P(X eE)= [ f(x)dx isthe probability that X liesin asubset EC € .
xeE
The probability density has the properties
0< f(x)<1, f f(x)dx=1
Q
» Planck-scale physicsis based on p-adic (p=2) Functiona analysis, on p-adic(Qp) Lie algebras su(n) resp. p-
adic(Qp) Clifford spin agebras, and has an integer-coordinate spacetime.
Geometry/topology is the p-adic fractional non-Archimedean ultra-metric space (metric with max-equality
instead of triangle inequality).

Genera Maxwell eq.



Planck-scale physics:
* space-time discretein |, =1.6x10*m

hc
« energy-mom. discrete E._ .- =R = 206x10%ev | R =1/,/A,

A
« difference (not differential) operators
» fractal, non-Archimedean quantum foam

p-adic Schrédinger iv_(t)¥(x.t) :(_;qu (%)-V, (X))+V(X,t)j‘1‘(>?,t)

p-adic Dirac (iy*V4 (x*)—m) ¥ (x*) =0
p-adic forward-difference operator v (x) f (x)= f (x+1)- f (x)
integer space-time x* = (X,t)

() =probability density, over the volumeV, Z(‘lp(xﬂ)‘)z -1
xH eV
p-adic discrete Schrodinger harmonic oscillator
Xk :kh' k:_N,,O,N,h:\)Z/ N
1 1
EY(x,) = (—Z(T(xm) -2¥ (X, ,) + ‘P(xk))+ zxkz‘{’(xk)j

discrete Schrodinger solution Kravehuk functions
1 (N 1 [(N=n)!
k)= hk)./p. (hk = =
Pon (K) =t ks (hK)y o, (K) , p, (K) th(kj'a“’“ A\ NIn!

14 2
continuous Schrddinger solution: Hermite functions ¥, (x)= /an | (1j e(p(—J H, (x)
n!

T

Pop (XI D)= (X) s N > oo



Physical theory and its mathematical and experimental for mulation

According to Popper’ s philosophy, a scientific theory isvalid, if itsresults are verified by experiments within
the measurement error, and becomes wrong, if the verification failsin a single experiment.

Following this approach, we can describe a physical theory in the following way.

A physical theory isaconsists of three entities

* model M={ structure S, interaction R}

structure S=(composition,geometry)

interaction R =relation R(p,,..., p;V;,-...V, )

pi=parameters (phys. constants), vi=observables (length,time,energy,pressure,temperature,momentum,force,....)
* interpretation @

map observables to phys. quantities

D (Ve V) = (W, W)

* set of experiments X (w,,...,w, ) = {experiment X, experiment X ,,...} in phys. quantities w

An experiment X; has aformulation, a calculation and a measurement , with the following scheme:

experiment Xi

phys. quantities wi

condition cond(w;)=

geometry, range, init.vals, restrictions

i

calculation measur ement
num. error A, (v;) mess. error A, (w,)
v (%) W(Xni’tm)

orbit %, (t) orbit %, (t,)

The calculation within the interaction R yields the values of observables v, (%,t) and their orbits % (t) with
numerical error A, (v, ) .. The measurement carried out within the experimental frame X; on physical quantities

W , yields their value over measured |ocation and time w (Xm ,tm) with experimental error A (w;).

If the calculated and measured val ues agree within their respective error bounds, the theory is validated,
otherwise the theory isfalsified.

The structure is explained on several examples in flowcharts:
« falling object in constant gravitational field

* hadrons

* solid-fluid-gas phases



1 Symmetry in physics

[4]

1 Fundamental metric symmetry group

SO(1,3) Lorentzian rotation group
flat metric Tw = 4890+ -1 -1-1)

M*" =(u,v) coordinate swaps

(M*); =i (9”6} - g”57)

A= exp(—i—za),,v M ’”j=exp(—i (¢ I +vK))

¢ =3 gpatial rotation angles v =3 boost angles

J =3 elementary spatial rotations, K =3 elementary boosts

Jk—lglmlem
_2 Kk:MOK
0 00 O O 0 0O 00 0O
00 -10
p_ 000 0 . Jo o0 01|, .
0 00 -1 O 0 0O 01 0 O
001 O 0O -1 00 00 O O
0100 0010 0 001
. |1 o000 , o000 , lo0oO0oO
0 0O0O 1 000 0 0O0O
0 0O0O 0 00O 1 00O




2 Lorentz-transformation behavior of vectorsand spinors
vector s (bosons, spin s=1) , spinors (fermions, spin s=1/2)

rotation 4-vector XwithA4: X'=AX

A= exp(—i—za)uv M ’"‘ijexp(—i (¢ J+vK))

where ¢ = (¢,,¢,,¢,) = rotation angles, v = (v,,v,,v,) = boost angles

rotation left-handed, right-handed Weyl-spinor ¥ with A , A, : ¥Y'=A Y ¥Y'=AY

A = exp(—licow a’”j = exp(—la(gﬁ —iV)&j , left-handed Weyl-spinor
A :exp(—licowo””j:exp(—%(@ﬂﬁ)&j , right-handed Wey!-spinor
rotation Dirac bi-spinor ¥ with S : ¥'=SW¥

i .
. exp(——(gﬁ—ﬁ)&j 0
S= exp( > WZHVJ:(AL Oj: 2

0 A 0 exp(—iz(gﬁﬂﬁ)&j

where Pauli 3-vector ¢ = (0,,0,,03;)

uv :
= (G ~Hv] = '—4[;/” ,7"] , generators Clifford-algebra of Dirac-matrices {y“,y"} =29"" 1(4.4)
(e}

poul spinensor @ = 410",8°] 67 =415".0'] 0" =3(.6) & ~3-5)

Relation to quaternions: spinor=quaternion-vector

complex numbers C = {xo+ix1 %X eR, i:\/—_l}
quaternion numbers H ={xo+iqx1+ JXo+KX X e R}
Xo+1% + ] %+ KX

2 2 L2

lg=1q= kq -

L= —lda= kK K&Kl =l
using the correspondence to Pauli matrlces
1> 0y,i, —>ioy, j, —>io, K, —>io,

kqi q- — qkq: jq

Representations of L orentz group
The structure of the Lorentz algebra can be simplified if we construct two new Hermitian (up, down) operators

T, and T_ from the hermitian generator J and the anti-hermitian generator K:
i 1 i vdl
T = E(J +iK')
with the commutator relations
[T T =ie™Tx, [T, T |=ig"T* [T/ T/]=0
which obey the SU (2) ® U (2) Lie-algebra, isomorphicto SL(2,C)= SU(2)® SU(2)
T.?and T commute with their Lie algebra,, represent constant values n(n+1) resp. m(mt+1) .
(n,m)-representations of the Lorent group, with n,m=0,1/21,3/2,...
with angular momentum J =T, +T_, j=n+m, representation as (2n+ 1)x(2m+1) dimensional matrices.



Chirality (left- or right-handed) is 2 =—(n-m) .
Lorentz rotation is now

A:exp(—iaa)w M’”]:exp(—i ((ﬁj+\7 K)):exp(—i(g?)—iﬁ )-'ﬁ)exp(—i (p+iv)- 7)

Angular momentum decomposition

The angular momentum is J =L+ S, whereL isthe orbital angular momentum, Sisthe spin.
Accordingly, the elementary rotations are decomposed in outer and inner rotations

M =1 + 2

outer rotations

L =x*P" - xX"P*

inner rotations (4x4 matrices)

tensorial (Z”V)pg =i (g””ég - g”"5§) , dimensiond

I

uv :
spinorial x*" =(G ~,WJ=IZ[7”,7V],dimension d=292

o

and the angular momentum operators become

JK :%SijkMij L =%€ijk|_ij 5 :%Sijksij

Representations examples
* left fundamental (1/2,0), s=1/2

s=1/2, A=-1/2
T =1/26 ,T =0

with spacetime rotation ¥'= AW, A = AY>? =exp(—|—2(¢—i\7).&j

« right fundamental (0,1/2), j=1/2

j=1/2, A=1/2

T=1/26 ,T =0

with spacetime rotation ¥'= A, , A, = A7 = exp(—|—2(¢+i\7)-6j
« scalar (0,0), j=0

« vector (1/2,1/2), s=1

s=1, A=0

T =1/26 ,T =1/26, ¥'=A¥ , AV?¥? :A:exp(—i(qﬁ-j+\7- K))

* 2-tensor (1/2,1/2)®(1/2,1/2), s=2

2, A=0

genera 2-tensor

T e(1/2,1/2)®(1/2,1/2)=(11)®(1,0)®(0,1)®(0,0)

has the decomposition

T = (%T"Kjg‘” + A+, A =-A", 8" =8" | S =0

with spacetime rotation T'=A"TA

« Dirac bispinor (1/2,0)®(0,1/2), s=1/2
s=1/2

with spacetime rotation ¥ '= S¥,



S—
A(l/ 2,0)®(0/2)

o X

2"



Correspondence vector-spinor

3 - G = O L
3-vector X =(X,X,, X 2-spinor U= X6 =(u,,u,) = i
(Xl 2 3) Y o ( 1 2) [X1+IX2 X, j
conjugate spinor u’ = (u,*,—u,*)
orthogonal rotation X' = RX transformation u', =U_ U,
RR=1, | =identity matrix Uesu(2),UU=I
R(@)=exp(—i @7 . [
(QD) p( QDT) U(q))zexp(—ggpogj

scalar product Xy =Xy, = > Xy, scalar product u-v=u's, 'V, = UV, - UV,

i=1

3
invariant %x=|%"=>"x? invariant u'su=u"u, —u"v, = U, * U, +u *u = 2|3
i=1
R(27)=R(0)=1 U (2r)=-U(0)=-I
where ¢ = (¢,,0,,¢,)= rotation angl% 1'1,72,73) elementary rotations,
0 0 O -1 0
rl=i00—112=i000 r,=il1 0 0
01 O -1 0 O 0O 0 O

. 6 =(0,,0,,05)
3-vector Pauli 2_Sp| nor U= XeG

Relation to quater nions: spinor=quater nion-vector
complex numbers C = {x0 +ix |X eRi= J—_l}
quaternion numbers H = {x0+i Jat i tKX X e R}
Xo g% + ] %+ KX

c2_ 2 L 2_
Iq - Jq B kq o
lqlg= =14 q= kq | qkq: _kqj a g kql g 1 qkq: Jq
Pauli matrices
ik o,=—ij. o.=—ii
oy=-ik, o,=-j, o5=-ii, Spinor W = (") = (VoW1 W2.¥s)
v,eH ,¢,eH ,v eH
Lorentz-vector X = (X”) :(X0 = Ct,)<1,X2,X3) spinor transformation ' = SW¥
xeR exp(—i—(éq—iﬁq)j 0
Lorentz rotation X'= A X S= 2 .
0 exp[—'i(gaqﬂvq)]




3 Fundamental duality wave-particle and fundamental equations

Classical regime

* wave

non-sharp location X(t), indeterminacy Ax =4, velocity v=c, massess m=0

electromagnetic: vector A,

3 independent components, Poynting vectors of energy flux S= 1 ExB
Ho

basic mode: dipole =1

plane wave

A =e, exp(ik(x’—ct))
one linear polarization mode

gravitational: tensor A,

basic mode: quadrupole 1=2
plane wave

A,=¢e, exp(ik( x*—ct)) where k*=(k,0.0-K) i5 the wave vector and the amplitude tensor has the form
eep 0 0 O
0 ell elZ el3
10 e, 0 ey

0 & & & with 6 independent components
two fundamental polarizations e;2=0 and e;1=0

¥ ¥

ep=0 e =0
* particle
sharp location X(t), indeterminacy Ax=0, velocity v<c, mass m> 0

Quantum regime
» field massless vector/tensor
spininteger s=1,2, velocity v=c, massless m=0

spinors anticommute {y” : yv} =2n""
vector rotations are Lorentz rotations A in SO(1,3) of the Minkowski metric
A =exp(-i (¢-J +v-K)), with rotation vector ¢ =(¢,,¢,,9,) and boost vector V =(v,,v,,V,), and 4x4

rotation and boost generators (J,),(K; )

field bosons

vectors commute [x“ , x”] =0

gravitontensor A, , spin s= 2, interaction gauge field SU(2)e« 4 generators 4x4 &°
electromagnetic photon, vector A , spin s=1, interaction gauge field SU(1)

color 8 gluons, vector A* , spin s=1, interaction gauge field SU(3),

8 generators3x3 7, =4, / 2, A, 3x3 Gell-Mann matrices

extended-weak hypercolor 15 he-bosons, vector A®,, spin s=1, interaction gauge field SU(4),
15 generators 4x4 v, = A, [ 2, A, 4x4 Gell-Mann matrices



field equation
field equation: s=2 graviton 32 AK-equations AK(A,",E*", A)

F. =0,A" —0,A" +& 0, ASA"

H, “=F “+2; Er_g

(1v) nv 3 uvp
G* =0, E"+&"wAE” =0
I,U EEKV F#Kv = O

for small amplitude linearized Einstein equations
8"6KAW +0,0,A,-0,0.A°,-0,0.A", =0

field equation: s=1
electromagnetic Maxwell field tensor F,, =6 ,A, -0 A, ,

o0,F" =] =—eyyy
color. hypercolor field tensor F*, =0, ,A* -0, Al +gf A A,

v

field equation %av (F* - Fa”“)+%( AR 4 fRR R ) = j°

 particlemassive spinor s=1/2, 3/ 2, massive vector/scalar s=1,0
velocity V<C massive M>0

spinors anticommute {y” : yv} =2n""

spinor rotations S are 4x4 spin matrices in spinor group Spin(1,3)

SZLAL Oj_ exp(—i—z(qﬁ—i\?)-éj 0
0 exp(—i—z((ﬁﬂﬁ)ﬁj

with rotation vector ¢ =(¢,,p,,¢,) and boost vector V = (v,,V,,V, ), and Pauli 3-vector ¢ = (0,,0,,05)

0 A

because of the equivalence {1, 1, j, k} —{I,ioy,io,,io,} between Pauli matrices and quaternions:
spinors are vectors of quaternions, Dirac matrices are 2x2 matrices of quaternions

spinor fermion: spin half-integer s= n+%,

vector boson: spin integer s=1, scalar boson: s=0

particles
basic SM particles Dirac spinors s=1/ 2

3 generations leptons (ev,) (v, ) (r.v,) , 3 generations quarks (u,d) (c,s) (t,b)

field equation
spinor s=1/2 eom Dirac (ihy”Du —rnc)‘P:O , Covariant derivative D = 8—igz At , with generators 7,

spinor s=3/ 2 eom Rarita-Schwinger (he”KpVy5yKDp +%mc[y”,;ﬂ]jwv =0

vector boson s=1 eom Proca (hZD”Dﬂ +m202) A'=0,D,A=0

scalar boson s=0 eom Klein-Gordon (#*D*D,, +nM°c?)p =0



4 Fundamental symmetry operators
charge conjugation C=q— —q quantum Cy =iy’
parity=spatial reversal P=X— —X quantum P=iy°

13
timereversd | =t~ quantum T =177

the product CPT =—iy%"%?y® =—iy® isalorentz-invariant and CPT is conserved under all interactions
C, P maximally violated under weak interactions
CP weakly violated under weak interactions (kaon decay rel. deviation ~10°)

Breaking of time-symmetry: arrow of timein classical and quantum regime

In physics. the two classical interactions gravity and electromagnetic, and the color(strong)-interaction are time-
symmetric, only the weak interaction is not (CP-violation in weak kaon decay).

But the arrow of timeis always present in statistical phenomena governed by thermodynamics (classical and
guantum), because the entropy is non-decreasing (second law of thermodynamics).

In the quantum regime, time is locally reversible on micro-scale because of the fundamental uncertainty
relations.

Spontaneous breaking of time-symmetry in quantum and in classical regime

In the classical and quantum regime, there is a spontaneous breaking of time-symmetry classical in gravitational
(and by analogy in classica electrodynamic and in quantum gravitational and quantum el ectrodynamic)
systems, so the preferred time direction is taken (the one preferred by CP-violation, i.e. positive). Thisisan
explanation for the observed Boltzmann-effect of low initial entropy.

Both classical and quantum dispersing dynamical systems are ergodic (every state is reached), entropic (obey
the Second Law), time-irreversible (arrow of time).

Emergence of constructor-based irreversibility in quantum systems

Quantum machine works by qubit B moving along qubit-row, interacting into entanglement and out of it.
State transformation B: B1->B2 is possible, but inverse B: B2->B1 has probability->0 with N(qubit)->o0 .

s




5su(n) Liealgebra and Yang-Millstheory

su(n)={ unitary nxn matrices U | U™ =U™, det(U)=1}

with generators 7, = A, / 2, a=1..n -1, A, = generdized Gell-Mann matrices
=i f*e

: abe
commutator relations [7,,7, ] 7, structure constants

generator matrices are traceless Tr (ra) =0 , Hermitian, and obey the extratrace orthonormality relation
0
Tr(r,7,)="2
( a b) 2
corresponding Lie algebra su(n)=span(7,)= Zairi ={ hermitian traceless nxn matrices H| H'' = H ,
Tr(U)=0}

generators T, generate s(n): su(n)= {H (exp(z,))” } o {exp(zi: o j}

Generd Yang-Mills theory

a

gauge transformation Q(x) = exp(—i >6,(x) raj = generalized phase shift

a

covariant derivative defined as
D,=0,-1gA" 1,

. . — - 1 a v
The Lagrangian is L:z//(ly”D#—m)z//—ZF o

a _ a a abc pb c

field tensor F v —8#Av 8VAu+gf A#AV
with the resulting eom = gauge Dirac equation
(inD,y* —mc)y =0

field equation %av(Fauv_Favu)+%<fkacA§Fkuv+ fkbaAé)FkW): jav :91/77”Tal//



6 I nteraction gauge symmetry groups

Electromagnetism

classical electrodynamics

Maxwell equations 0, F*" = J"

electric 3-vector-field E

magnetic 3-pseudo-v-fieldB, B=Vx A

four-vector potential A, = (% , Aj

E =—cF%, B =—¢,F" dudlity

guantum electrodynamic SU(1)

quantum electrodynamics

2
r, = 2T _ 5 9% 101m

field tensor o “Ox A TOA,
Maxwell equations 6, F*" =0
fideg OxF" =1 =—€wr'y
. 1
L=wl(iy*D,—-m)y —=F° F"
Lagrangian (i7D, -m) 4 "

2
classical Coulomb potential Eq(r)= e%

A

Lie group SU(1)
={real numbers}




Gravity

Ashtekar-K odama gravitation classical

\4

field carrier graviton A, S=2

32 AK-equation for graviton Av and tetrad E**
K K A K

H EF,uv +§8,uvap =0

(1)
G*=0,E"+&"wAE” =0
|, =E*.F," =0

K

with field tensor " &
Fo =0,A —0,A, +& um ASA

boundary cond. at X = ® for tetrad and external metric Yuv
E““E".=g"" /(—det(g))**

GR with Einstein equations

1
RW —EgHvR+ Agw = K‘TW
872G
. K=
with C

atthehorizon r =r; E* >>1 and A|E[~1
singularity becomes afinite peak

AK-quantum-gravity
hc

r, = "’\/E — 39um, E-scale E, = = 5.04* 10°eV

lyr

covariant derivative D, =0, =i Jag (Ta'Aa)# T =g,

gauge group Lie(g) = SU (2), [2%,7°]=ie,Pr°
o _

Dirac ex, (ihy*D, —mc)¥ =0

fieldeq.= AK(A",E",A), gravitontensor A", tetrad E*”

boundary cond. r—o EnE'=g, "/ (-detg,, )3/4

external metric g,

quantum metric g = gg,,, (rs = rA) g, =1/ (1_r_/r\J

: r 2 C 27
grav. quantum noise P, = Ampc —~10“eV /s

M Ao

(r,,m, particleradius, mass, 4, char. length)

approx. quantum grav. potential E, (r) = r—’r‘ mc?, r ,=2.03*10""m

A

SU@) 7 =ie,%

[£2,7°]=ig, "




Color interaction

color (strong) interaction SU(3)

field carrier gluon A%, &=1..8 S=1
charge color=(r,g,b)

energy scaleE_, = 220MeV , conf-scale

- _og9*10%m=r,

col

cov. derivative D, =0, —igA® T*
(i D.r" —m)l// =0

rcoI

Dirac eqg.
field eq.

%av(Fayv_Favu)_i_%(fkacAkauv + fkbaAkavy): jav :glpj/”Tal‘

4 =(u1,u2,u3)' eg. proton P~ (u,ud)
baryon b:8A, meson m: 2A, V-meson m:4A,
fieddtensor T w =0 —O A+ QT AN
Lagrangian LZW(iVHDﬂ—m)w—%FaﬂvFaﬂv

Yukawaboson 7°, 7%, 7"

A

color Liegroup SU3)
generators Gell-Mann matrices A,

a=1...8

7% n*,n” pions
low-energy strong force




Extended weak interaction

hyper-color interaction SU(4)

4 charges (L-, L+, R-, R+)

15 hc-bosons A?, a=1...15, S=1

cov. derivative D, =0, —igATT, , T,=4,/2
Dirac eg. ('y#Du —m)‘P =0
field eq.

1

w =(u_,u_ Uz ,Ug, ), €g. electron € =(r_,0,r; ,0)
generations f: 1A f,:4A, f,:15A

fiddtensor =0 —O A+ OTTAN
Lagrangian L=1/7(iy“Dy—m)z//—%Ff"wFa“v
coupling Callan-Symanzik

gm(u)—zm\/s/[?e [log( A“ )] +cG]

E-scale Mre = 2m(Z,) =180GeV
Mo = Ah—c =1.08*10"m

IC

Eav(Faﬂv—Fam)-‘r%(fkacp\vclzk#v-l— fkbaA\kav'u)z jav Zglp}/yTal/A

extended weak
hyper-color Lie group SU(4)
generators SU(4)-matrices 4

a

a1..15

W, Z, H boson

symmetry breaking SU(4)=SU(2), ® U D), ®SU(D)
field Yukawaboson Z, W*,W™, H

interaction LW*)®Y(Z) ® em(A")

doublet SU(2). interaction L(W*) =W*J,,*

current W' = Vi€ + e

singlet SU(1)r interaction Y(Z)=2*J,"

current J," =c, € r"e +Cq€y"es +...
singlet SU(1)em interaction em(A*) = A*J "
em-current J,“ =q(e)ey“e+...

SU(1) right-handed derivative
D,R=(0,+ig'B,)R

SU(2) left-handed derivative

i
DHL:(6u+§g BH—EgaiWHjL

em

Pauli weak interaction
Lie group SU(2)

generators Pauli-matrices io,
k=1...3




7 General Réativity

The fundamental symmetry of GR is*“genera covariance”, i.e. its fundamental equations (Einstein equations)
are independent of arbitrary (analytic) coordinate transformations.
Thisisthe central requirement for differential geometry on a differential manifold for a metric element

ds’=g,, (x) dx* dx’

KV a a
with connection via Christoffel symbols 7, = g ( o + G, g‘“j

2 L ox'  ox*  ox
where Riemann tensor determines the curvature of the geometry
=% arpufl arpuv c P o P
v = v +17 07, -1° 1",
and where the resulting geodesi cs equation describes the shortest lines in the geometry and is the equation-of-
movement in GR

d’x*_ , dx*dx
dr? ¥ dr dr

So, in essence, GR isthe differential geometry of the space-time metric, with addition of the equivalence of

geometric curvature K, and physical energy density T,

K o = K‘TW

Assuming that the fundamental equations are linear, follow the fundamenta Einstein equations

o 87G _8nl.’
with Einstein constant c’ hC  and Planck length |, =

hG

<

The formulafor the Einstein constant results from the Newtonian gravity being the low-energy limit of the
Einstein equations.

Einstein equations are derived by minimization of Einstein-Hilbert action

S= I( R; 20 +Ly j«/—gd“x , where g=det(guv) , Risthe Ricci scalar R=g*'R,, derived from the Ricci
K

tensor R, =R"
constant.

The minimal action principle yields the Einstein equations by variation of g, as the Euler—Lagrange equation,
starting with the full action, where the Lagrangian L, accounts for the energy-momentum tensor of the matter,
oLy,

og"”

and the Riemanntensor, ' arethe Christofffel symbols, and 4 is the cosmologicel

UKV

T,=Lug,, -2



2 Mathematical models of cognition

[5]

1 General cognition

Natural science, with physics at its center, is essentialy adescription of the reality. This descriptionis
formulated in the language of quantitative mathematics for the quantitative sciences like physics, it is
formulated in natural language and in images for qualitative sciences like biology.

An example for the quantitative-mathematical description are the Maxwell equations, which are the basis for
classical and quantum electrodynamics.

An example for the qualitative-verbal description are genotypes and behavioral schemes of a species, or
evolution-taxonomy treesin biology.

Humans, like all biological beings have arepresentation of reality, in order to act appropriately within this
reality, i.e. live and survive. This representation works in simple organisms through biochemical feed-back
loops, in complex organisms through a nervous system with sensors, motoric actuators, memory, learning,
executive control. In humans, it works through a complex dual-hemispherical brain with consciousness and
linguistic communication.

This representation of reality is at the center of human cognition, i.e. acquirement of knowledge. The origina
form of it isthe qualitative-verbal knowledge like in biology or history. The advanced form is the quantitative-
mathematical knowledge, which began with the Greek geometry in antiquity and continued with the birth of
classical physics founded by Galilei and Newton in the 17" century.

Acquirement of knowledge is an algorithmic process, and we humans have two ways to achieve it: the analytic
abstract quantitative-symbolical process controlled basically by the left brain hemisphere and the analog
intuitive non-verbal process controlled by the right brain hemisphere (which is aso responsible for

“discoveries, i.e. the so-caled eureka-experiences).
/rediction

Schematic of ahuman being

modification

cogn

goal evaluation

physical reality

isodic memory
erbal memory

/ |

social reality

representation _ chemical
episodic memory verbal
verbal memory - 05

motoric

sensoric
input

The schematic of the learning process in a human being is shown above.

The significant brain centers are shown in red: the verbal-processing left cortex hemisphere, the pattern-
processing right cortex hemisphere, the emotion-processing and chemical-controlling brainstem/ midbrain.
The storage centersin yellow are the verbal-symbolic memory (reality representation), and the episodic
memory. In green are shown the two mediating processes : tool management for interaction with the physical
environment and language for interaction with the social environment.

The cortex processes the sensorial information, and generates an action response and a prediction.

In the learning process, the incoming sensorial input and the prediction are compared, evaluated by the
emotional system, stored in episodic memory, and potentially used for modification of the episodic and the
verbal memory.



The two mediating processes are a specifically human accomplishment, which distinguishes us from all other
biological beings. Their evolution ran in parallel, and the language and motoric centers are closely related and
situated and at short distance in the cortex.

They evolved in two levels: basic level 1, which developed over ca2 million years, and the machine level 2,
which came with the industrial and the computer revolution.

* tool management

level1: manual production of tools and weapons in stone, wood, leather, metals, ceramics;

motoric ability to handle tools as an extension of the biological motoric apparatus

level2: mechanic and electronic machines as motoric extension;

electronic, optic, acoustic devices as sensorial extension

* language management

level 1: symbolic language with complex grammar and generic semantics evolved from 2 word-sentences [96]
into a powerful medium of communication, organization, and information storage via scripture

level2: natural language is transformed into programming language for computers, which is alogical-anal ytic-
calculation extension of the brain;

humanoid autonomous robots equipped with transformer-type neural networks process and produce natural
language as humans and are an extension of human behavior and thinking as awhole.

Schematics autonomous intelligent robot
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goal control
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Anintelligent robot processes data with two methods

* pattern control, processed by transformer neural network hardware (TNN)

« agorithmic-numeric control, processed by CPU array (CPUA)

The internal-external world representation is stored in model & behavioral data.

TNN takes input from model & behavioral data, speech dictionary, sensoria preprocessor, model numerical
calculation (from CPUA), and generates a prediction in physical external data (model data) and action
(behaviora data). CPUA performs model numerical calculation, controls the goal model and behavioral data.
Finally, the deviation in goa and prediction data generates a modification of the world representation (learning
process).

Speech input (commands and information) and speech output (information) is managed by TNN using the
speech dictionary. In speech-learning mode, the speech dictionary is aso modified.

Example: a humanoid robot drives a vehicle to a given address.

Sensorial dataare actual location and velocity, surrounding traffic data.

Applicable model data are city map, traffic rules.

Applicable behavioral data are car movement control parameters: velocity, direction, position, distances,
acceleration.



Applicable goal data are destination address, velocity and time goals, traffic rule boundary conditions, security
conditions.

TNN generatesin real time a position-direction-velocity (action) prediction, CPUA performs numerical
calculation and goal control.



2 Philosophical approachesto cognition: analytic, pragmatic, her meneutical
In respect to cognition and redlity, there are three fundamental philosophical approaches: the analytic, the
pragmatic, and the hermeneutical approach.

In the analytic approach, the redlity is precisely describable by a mathematical model of a definite type (in
classical and quantum physics: partial differential equations of second degree as equation-of-motion derived
from minimization of action= integral of Lagrangian, plus symmetry described by gauge L ee groups and
Minkowski metric with Lorentz group, plus statistics with some basic distributions (Gauss, exponential), plus
structural parametric models (standard model for particle physics, general-relativistic lambda-CDM mode for
the universe)).

The validity of the model is verified by experiment with afinite precision. This approach holds that redlity isa
specific parametric representation of a parametrized mathematical structure. Famous proponents of this
approach were, among others, Einstein and Heisenberg.

In this approach, reality is afixed mathematic structure, which in principle can be deduced from fundamental
principles, like Einstein deduced General Relativity from the principle of general covariance.

The model of reality isimproved by extending the model in steps until it reaches the “real” interpretation

Example
2

ideal gaseos pV =n,, RT — v.d.-Waals [p+ a%} (V-ngyb)=ng4 RT

Our human approach to this way of knowledge acquisition is : the analytic abstract quantitative-symbolical
process controlled basically by the left brain hemisphere. The underlying mathematical model machineisthe
von-Neumann computer or in amore abstract generalized form the universal Turing machine.

In the adaptative approach, the reality is approximated by a mathematical model, which is verified by
experiment within the current measurement error. The model must be continuously refined and corrected
according to the current experimental results. The experimentally verified (within the current measurement
error) mathematical model is the valid knowledge of reality (Popper 1934), but it isvalid only until falsified,
thereis no precisely accurate description. The most famous proponents of this approach are Popper from the
philosophical point of view, and Bohr from the physical point of view.

In this approach, reality has a structure, not necessarily quantitative, which can be “learned” from experience,
like mapping an unknown area.

The model of reality isimproved by introducing and adapting new parameters and is always an approximation
Example

Ebers-Moll model of the bipolar transistor

aplgp
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IB = (1—QF)IE

The underlying mathematical model is aneural network, which describes well learning and cognition, in
biology (brain), and in artificial intelligence (transformer neural networks like GPT).

Our human approach to this way of knowledge acquisition is and the anal og intuitive non-verbal process
controlled by the right brain hemisphere. The fitting mathematical model machine is the spiking binary neural
network, as we know from the modern measurement techniques of brain functionality.

In the her meneutic approach, the mathematical description is only one possibility of cognition, and it cannot
describe reality completely. Famous proponents are Bergson (with his concept of time as permanent movement,
and his concept of life energy (“elan vital”) ) and Heidegger with his concept of life as an evolving and non-
reducible entity in time (“ Sein und Zeit”).



Roughly speaking, in the hermeneutic “naturaistic’ Bergson-Heidegger approach , building blocks of redlity in
our perception are seen as a collection of patterns (images) connected to notions, and events are seen as series
of such patternsin time.

In terms of human brain functionality, this corresponds to the processing of impressions and responding to them
in the senso-motoric cortex areas and the midbrain.

A possiblefitting representation of this approach are cellular automata. Stephen Wolfram has proved that many
physical phenomena, especially in regard to complex collective dynamical systems, can be represented by
corresponding cellular automata, the same applies to parts of mathematics, e.g. Turing machines and

differential equations.

Cedllular automata with n states are interacting systems of state automata. As such, they are well adapted to
describe collective phenomenain physics (e.g. solids, gases, galaxies), in biology (bacterial communities,
animal communities), in biological informatics (nervous system, brain). Cellular automata describe such
systems much better than statistical physics (thermodynamics).

Cedllular automata can handle series of patterns, i.e. behavior: an input of atime-series of sensorial conditions
(patterns) is transformed into atime-series of mechanical conditions (movement) and chemical conditions
(chemical reaction, e.g. enzyme or neurotransmitter production).

The series of patterns which represents reality isimproved in approximation by refining the rules of the input
series and output series.

Example in biology: arabbit sees a series of images and sounds caused by afox, recognizesit as such, and
responds with an action pattern of immediate and fast running away.

Example
2

real gasv.d.Waals eos ( p+ a%} (V-n,b)=n,, RT represented by the corresponding graph produced

by a cellular automaton increases in resolution




3 Mathematical models of cognition

There are three mathematical models capable of describing the process of cognition of reality:
-von-Neumann computers

-neural networks

-cellular automata

Von-Neumann computer (analytic approach)

The abstract quantitative-symbolical verbal thinking with itslogical deduction and numerical calculation,
emerged probably from the complex sequential movement control located in the cerebellum and the senso-
motoric cortex. The underlying mathematical model is the von-Neumann computer (specifically the

ALU and program-data-memory). This model works well for rule-based deduction and numeric calculation, but
isnot well-adapted to “fuzzy” description, representation of psychic reality, pattern recognition and structure
recognition, asrequired in Al.

Structure of avon-Neumann computer

Control bus

. System bus

| I
Address bus
h 4 * Y

| Data bus

-

A von-Neumann-computer consists of CPU (processing unit), memory (containing opcode and data), input-
and output-unit, they connected by control-bus (opcode), data-bus(data) and address-bus (memory address of
current opcode).

Schematic of analytic cognition
learning Neumann computer-robot

modification

pregoal evaluation

v

model data

behavioral data

-—>diSIDIay
_—

motoric

sensoric
input



Neural network (pragmatic-adaptive approach)

We know that neural activity in brain happens on the basis of spiking binary neural network, where cognition
works via pattern recognition, relational structuring, hierarchy forming, prediction by analogy, memory based
on relational and spatial-temporal structure. Thisis the mathematical model, used and verified in artificial
intelligence (Al), for our intuitive non-verbal thinking. Neural networks are capable of pattern memorizing
recognition by enforced learning with weight adaptation, structure recognition by free learning, and of
evolution by learning-induced structure adaptation. As practiced in Al, neural network work in two modes:
learning mode with memorization by weight adaptation and recognition mode with similarity and analogy
processing, exactly as high-level living organisms. A neural network is also of course well fitted for description
of our psychic reality and the “fuzzy” functionality of natural language and its symbolic representation in the
brain.

flwyz +wp + o +wx)

Structure of aneuron in aneura network
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A multi-layer feedforward network with several hidden layers and one output
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A neural network is anetwork of neurons with function f and input vector x=(x1, X2,...,Xn) With weights
(W1, Wo,...,Wn) and the output y=f(w1 X1+ W2 Xo.+...+ Wh Xn) . The weights are adapted in such away that the
network of m neurons yields the output vector Y=(y1, y2,...,ym) With desired result.



Schematic of pragmatic-adaptive cognition
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Cellular automaton (her meneutic approach)

Thereis athird mathematical model for the description of reality, especially of deterministic and stochastic
processes, collective phenomenaand fractal structures. Thisisthe cellular automaton governed by transition
rules, known from Conway’ s “ game-of-life” and from Stephen Wolfram’s work. This model is also capable of
performing algorithmic calculation, rule-based deduction, and evolution by adaptation of rules.

A cellular automaton is essentially a state machine based on a set of transition rules. But it generates also a
process in time, which can be viewed as a series of images, and therefore resembles afilm or a story from our
human intuitive concept of reality.

A two-dimensiona cellular automaton

- A cell

T

CET

| =y

" Its eight neighbors
- HEE . . . .
. - Two-Dimensional grid

m oEm |

am ™ Random Pattern of Cells

It is comprised of atwo-dimensional grid of cells. Each cell can bein one of two states, on or off (dead or
alive). Cells may transition from one state to the other, and become on or off, based on a set of rules.
Example: Conway’s Game of Life

Rules of the Game of Life

Let N be the number of neighborsof agiven cell. If N=0or 1, cell diesIf N =2, the cell maintains its current
state (status quo)If N = 3, the cell becomes alive If N =4,5,6,7 or 8, the cell dies.

.
= ‘ HEEn
—

Game of life, Pentomino




Schematic of hermeneutic cognition _
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3 Geometry in physics: Euclidean, hyperbolic and spherical

geom et ry

1 Euclidean Geometry

In about 300 BCE, Euclid penned the Elements, the basic treatise on geometry for amost two thousand years.
Euclid starts of the Elements by giving some 23 definitions. After giving the basic definitions he gives usfive
“postulates’. The postulates (or axioms) are the assumptions used to define what we now call Euclidean
geometry.

The five axioms for Euclidean geometry are:

Any two points can be joined by a straight line. (This lineis unique given that the points are distinct)

Any straight line segment can be extended indefinitely in astraight line.

Given any straight line segment, a circle can be drawn having the segment as radius and one endpoint as center.
All right angles are congruent.

Through a point not on a given straight line, one and only one line can be drawn that never meets the given line.

The axioms are basic statements about lines, line segments, circles, angles and parallel lines. We need these
statements to determine the nature of our geometry.

2 Hyperbolic Geometry

The five axioms for hyperbolic geometry are:

Any two points can be joined by a straight line.

Any straight line segment can be extended indefinitely in astraight line.

Given any straight line segment, a circle can be drawn having the segment as radius and one endpoint as center.
All right angles are congruent.

Through a point not on agiven straight line, infinitely many lines can be drawn that never meet the given line.

Lines: In hyperbolic geometry a geodesic line segment measures the shortest distance between two points. Line
segments. Any finite piece of ageodesic.

Circles: Given any center C and any radius R we can draw acircle of radius R centered at C.

Angles: Right angles are congruent.

Infinitely many parallel lines: Given aline and a point not on the line, we can always draw infinitely many
parale lines through the point.

Sum of the anglesin a triangle: On the sphere the sum of the anglesin atriangle is always strictly less than 180
degrees.

3 Spherical Geometry

The five axioms for spherical geometry are:

Any two points can be joined by a straight line.

Any straight line segment can be extended indefinitely in astraight line.

Given any straight line segment, a circle can be drawn having the segment as radius and one endpoint as center.
All right angles are congruent.

There are NO parallel lines.

Lines. The shortest distance between two points on a sphere always lies on a great circle, distance d is measured
in radians, d<=2 1 .

Line segments. Line segments are arcs.

Circles. Given a center C and a radius R<=n/2 we can draw a circle of radius R centered at C

Angles: Right angles are congruent.

No paralléel lines: Any two geodesics will intersect in exactly two points.

Sum of the anglesin a triangle: On the sphere the sum of the anglesin atriangle is always strictly greater than
180 degrees.



4 Hilbert's axioms Euclidean Geometry

[1]

Hilbert's axioms are a set of 20 assumptions proposed by David Hilbert in 1899 as the foundation for a modern
treatment of Euclidean geometry. They are formulated in second-order logic, and represent Euclidean space
geometry.

The axioms

Hilbert's axiom system is constructed with nine primitive notions: three primitive terms

point, straight line, plane,

and these six primitive relations:

Betweenness, aternary relation linking points;

Containment, three binary relations, one linking points and straight lines, one linking points and planes, and one
linking straight lines and planes;

Congruence, two binary relations, one linking line segments and one linking angles, each denoted by an infix

~

Note that line segments, angles, and triangles may each be defined in terms of points and straight lines, using
the relations of betweenness and containment. All points, straight lines, and planesin the following axioms are
distinct unless otherwise stated.
Axioms: Combination 7, Order 4, Paralel 1, Congruence 6, Continuity 2 -> 20 axioms
|. Combination
1. Two distinct points A and B always completely determine astraight linea. Wewrite AB=aor BA=a.
Instead of “determine,” we may also employ other forms of expression; for example, we may say “A lies
upon a’, “Aisapoint of a’, “a goes through A and through B”, “ajoins Ato B”, etc. If Aliesupon a
and at the same time upon another straight line b, we make use also of the expression: “ The straight
lines a and b have the point A in common,” etc.
2. Any two distinct points of a straight line completely determine that line; that is, if AB=aand AC = a,
whereB #C, thenadsoBC=a
3. Threepoints A, B, C not situated in the same straight line always completely determine a plane a. We
write ABC = a. We employ aso the expressions: “A, B, C, lie in a”; “A, B, C are points of a”, etc.
4. Any three points A, B, C of a plane a, which do not lie in the same straight line, completely determine
that plane.
5. If two points A, B of astraight line a lie in a plane a, then every point of @ lies in a. In this case we say:
“The straight line a lies in the plane a,” etc.
6. If two planes o, § have a point A in common, then they have at least a second point B in common.
7. Upon every straight line there exist at least two points, in every plane at least three points not lying in
the same straight line, and in space there exist at least four points not lying in a plane.
Il. Order
1. If apoint B isbetween points A and C, B is aso between C and A, and there exists aline containing the
points A,B,C.
2. If Aand C aretwo points of a straight line, then there exists at least one point B lying between Aand C
and at least one point D so situated that C lies between A and D.
3. Of any three points situated on a straight line, there is always one and only one which lies between the
other two.
4. Pasch's Axiom: Let A, B, C be three points not lying in the same straight line and let a be a straight line
lying in the plane ABC and not passing through any of the points A, B, C. Then, if the straight line a
passes through a point of the segment AB, it will also pass through either a point of the segment BC or a
point of the segment AC.
[I1. Parallels
1. Inaplane a there can be drawn through any point A, lying outside of a straight line a, one and only one
straight line which does not intersect the line a. This straight lineis called the parallél to a through the
given point A.
V. Congruence
1. If A, Baretwo pointson astraight linea, and if 4’isapoint upon the same or another straight linea’,
then, upon a given side of 4’ on the straight line a’, we can always find one and only one point B’ so
that the segment AB (or BA) is congruent to the segment 4'B’. We indicate this relation by writing AB =
A' B'. Every segment is congruent to itself; that is, we always have AB = AB.



We can state the above axiom briefly by saying that every segment can be laid off upon a given side of a
given point of agiven straight line in one and only one way.

2. If asegment AB is congruent to the segment 4'B’ and also to the segment A”B”, then the segment A'B’ is
congruent to the segment A"B”; that is, if AB= A'B'and AB = A"B", then A'B' = A"B"

3. Let AB and BC be two segments of a straight line awhich have no pointsin common aside from the
point B, and, furthermore, let A'B’ and B'C’ be two segments of the same or of another straight line a’
having, likewise, no point other than B’ in common. Then, if AB = 4'B’and BC = B'C’, we have AC =
A'C".

4. Let an angle (h, k) be given in the plane a and let a straight line a’ be given in a plane a'. Suppose also
that, in the plane o', a definite side of the straight line a’ be assigned. Denote by /' ahalf-ray of the
straight line a’ emanating from a point O’ of this line. Then in the plane o’ there is one and only one
half-ray £’ such that the angle (h, k), or (k, h), is congruent to the angle (%', ") and at the same time all
interior points of the angle (%', k") lie upon the given side of a’. We express this relation by means of the
notation «(h, k) = (', k')

Every angleis congruent to itself; that is, z(h, k) = (h, k)
or
2(h, k) = (k, h)

5. If theangle (h, K) is congruent to the angle (%', k) and to the angle (4", k"), then the angle (#', k') is
congruent to theangle (2", k"); that isto say, if «(h, K) = (#', k) and 2(h, k) = (1", k"), then 2(h', k') =
(h", k).

6. If, in the two triangles ABC and A'B’C’ the congruences AB = A'B’, AC = A'C’, zBAC = £B'A'C’
hold, then the congruences ZABC = £A'B'C’ and ZACB = £A'C'B’ also hold.

V. Continuity

1. Axiom of Archimedes. Let A1 be any point upon a straight line between the arbitrarily chosen points A
and B. Take the points A2, As, A4, . . . so that As lies between A and Az, A2 between Ar and As, As
between A; and A4 etc. Moreover, let the segments AA1, AiAo, A2Asz, AsAs, . . . be equal to one another.
Then, among this series of points, there always exists a certain point A, such that B lies between A and
An.

2. Axiom of completeness. To asystem of points, straight lines, and planes, it isimpossible to add other
elements in such amanner that the system thus generalized shall form a new geometry obeying all of the
five groups of axioms. In other words, the elements of geometry form a system which is not susceptible
of extension, if we regard the five groups of axioms as valid.

Application

These axioms axiomatize Euclidean solid geometry. Removing four axioms mentioning "plane” in an essential
way, namely 1.3-6, omitting the last clause of 1.7, and modifying I11.1 to omit mention of planes, yields an
axiomatization of Euclidean plane geometry.

Hilbert's axioms are second-order-logic, unlike Tarski's axioms, do not constitute afirst-order theory because
the axioms V.1-2 cannot be expressed in first-order logic.

The first four groups of Hilbert's axioms for plane geometry are bi-interpretable with Tarski's axioms minus
continuity.

H-Euclidean geometry is consistent.

H-Euclidean geometry is categorical: all models are isomorphic .

H-Euclidean geometry is decidable: There exists an agorithm that decides for every wif whether isit is
provable or disprovable from the axioms. Thisfollows from the decidability of Tarski’sformulation, as
Hilbert’s axioms are an extension of Tarski’s.



5 Tarski’saxioms

[8]

The axiom system presented in 1926 is due to Alfred Tarski. It isformulated in first-order logic (whereas
Hilbert’s axioms are in second-order logic), and describes the Euclidean plane geometry (called in the
following T-Euclidean geometry).

Primitive relations:

» Betweenness, Bxyz denotes that the point y is between the points x and z
* Congruence, Cwxyz denotes wx =yz

Axioms

Congruence 3, Betweenness 2, Continuity 1, LUdimension 2, Parallel 3, Segment 2 — 13 axioms
Congruence axioms

xy=yx reflexivity

Xy=zz—Xx=y identity

(Xy=ZuAXy=vw)—zu=vw transitivity

Betweenness axioms

Bxyx—x=y identity=only point on XX iS X
(BxuzAaByvz)—3a(BuayABvax) axiom of Pasch=lines intersect in a point
Continuity axiom

HaVXVy(((p(x) ry(y))— Baxy) - HbVXVy(((p(x) ry(y))— Bxby)
¢ and y divide the ray into two halves , then there is point b dividing those two halves
Lower dimension axiom

Jadb3ac[-BabcAa-Bbcan-Bcab]

There are three non-collinear points.

Upper dimension axiom

(xu=xv)A(yu=wW)A(zu=2v)A(y=V)— (Bxyz A Byzx A Bzxy)
Three points equidistant from two distinct points form aline

Parallel postulate

A) (Bxyw A Xy = yW) A (BXuv A XU = uv) A (Byuz A yu = uz) — yz=ww
Triangle angles summing to two right angles.

) (Bxyzv Byzxv Bzxy) A Ja(xa= ya xa = za)

Triangle verticeslieon acircle

© (Bxuv A Byuz A x # u) — 3adb(Bxya A Bxzb A Bavb)

For apoint vin an angle, thereis aline segment including v, with an endpoint on each side of the angle.

Five segments congruence

(X#= YyABXYYZABX'Y'Z'AXy=X'y'AyzZ=y'ZAyUu=y'U') > 2u=2z'U’

If angles uxz and u'x'z' are congruent and the two pairs of incident sides are congruent (xu = x'u' and xz = x'z7"),
then the remaining pair of sides is also congruent (uz = u'z').

Segment Construction

3z(Bxyz A yz=ab)

T-Euclidean geometry is consistent.

T-Euclidean geometry is complete.

T-Euclidean geometry is decidable: There exists an algorithm that decides for every wff whether isitis
provable or disprovable from the axioms.

T-Euclidean geometry is non-categorical (there are non-isomorphic models).



6 Axiomatics

Tarski’s axioms (T-Euclidean, 2d)
Primitive relations:

* Betweenness, Bxyz

» Congruence, Cwxyz

Axioms (first-order logic) 10+3
Congruence 3, Betweenness 2,

3), Segment 2

T-Euclidean geometry is decidable:

Euclid’'s axioms

1"To draw astraight line from any point to
any point.”

2 "To produce [extend] afinite straight line

Continuity 1, LUdimension 2, (Parallel continuously in astraight line.”

3 "To describe acircle with any centre and
distance [radius]."

\

A

Hilbert's axioms (H-Euclidean, 3d)

Primitive relations:

* Betweenness, Bxix2X3

» Containment Cxl, Cxp,Clp

» Congruence, Kxix2 Kazop

Elements: point x, line 1, plane p, angle a

Axioms (second-order logic) 19+1

Combination 7, Order 4, (Parallel 1), Congruence 6,
Continuity 2

Euclidean (curvature k=0)
one parallel

Spherical (curvature k>0)
no parallel

more than one parallel




7 Properties of Euclidean, hyperbolic, and spherical geometries.

[2]

Euclidean Hyperbolic Spherical
Two distinct linesintersect in one | Two distinct linesintersect in one | Two distinct lines intersect in two
point. point. points.

The sum of the measures of the
angles of atriangleis 180.

The sum of the measures of the
angles of atriangleislessthan
180.

The sum of the measures of the
angles of atriangle is more than
180.

Similar triangles that are not
congruent exist.

Similar triangles are congruent.

Similar triangles are congruent.

Triangles arefinite

Infinite triangles exist

Triangles arefinite

Rectangles exist.

No quadrilateral is arectangle.

No quadrilateral is arectangle.

A line does not have finite length
and is unbounded.

A line does not have finite length.

A line hasfinitelength and is
unbounded.

Two pardlel lines are equidistant.

No two parale linesare
equidistant.

Paralldl lines do not exist.

Two distinct lines do not enclose a
finite area.

Two distinct lines do not enclose a
finite area.

Two distinct lines enclose afinite
area.

The area of atriangleisequal to
half the product of the base and
height.

Theareaof atriangleis
proportional to its defect.

Theareaof atriangleis
proportional to its excess.

A unique line perpendicular to a
given line through a point not on
theline.

A unique line perpendicular to a
given line through a point not on
theline.

All lines perpendicular to agiven
line intersect at two antipodal
points.

A line separates a plane.

A line separates a plane.

A line separates a plane.




8 Poincar e disk model
[7]

The Poincaré hyperbolic disk is atwo-dimensional space having hyperbolic geometry defined as the disk
{xeR?||¥ <1} with hyperbolic metric

dx® + dy?

2 _
ds® = (1—x2—y2)

Poincaré disk with hyperbolic parallel lines

Hyperbolic straight lines consist of all arcs of Euclidean circles contained within the disk that are orthogonal to
the boundary of the disk, plus all diameters of the disk.

The distance between Aand B is

d(AB)zIOQ[%%} where 14> [PA[PB[>[08

2 2
d(A B)=arcosh| 1+ Z‘AB‘ '

(r2 —‘ONZ)(rZ —‘OB‘Z) , r=radius of Poincare-disc




9 Euclidean, hyperbolic, spherical trigonometry
C

4

Euclidean triangle

Hyperbolic triangle

) S,

Hyperbolic infinite triangle Hyperbolic square A=a , B=p ,C=y

Spherical triangle A=a , B=p ,C=y



Planar Triangle

[3]

Consider atriangle ABC with (interior) angles A;B;C and sides a; b; ¢ (with aoppositeto A, €tc.).
sisthe semiperimeter, o semiangle, A area

a+b+ec
— 5 :
A+B+C
o= —.
2
The law of sines
sind sinB sinC
E: = — .
a b c
S sindA _ sinB  sinC
' sina sinb  sine’
H . sin A _ sin B sin ('

sinha sinhb  sinhe
The law of cosines.
a? =0+ c? —2becos A,
cosa = cosb cosc+ sinb sin e cos A,

cosh a = cosh b cosh ¢ — sinh b sinh ¢ cos A.
The second law of cosines.

E: cos A =—cosB cosC +sin B sinC = —cos(B + C),
S: cosA=—cosB cosC +sinB sinC cosa,

H: cos A =—cos B cosC +sin B sin C' cosha,
Angle sum and area

E: 20:=A+B+C=m,

S: 20:=A+B+C =7+ A,

H: 20:=A+B+C=m—-A.

Area

E. _ besin A

sinb sine sin A

A

A

2 dcos § cos% oS § '
A

2

sinh b sinh ¢ sin A

H : sin — = - 7 -
4 cosh 3 cosh 5 cosh 5

Heron's formula
E: A% =s(s—a)(s—b)(s—c)
4sin s sin(s —a) sin(s — b) sin(s — ¢)
(1 4+cosa)(l+ cosb)(1+ cosc)
4sinh s sinh(s — a) sinh(s — b) .f-_;inh(s; —c)

(1 4+ cosha)(l+ coshb)(1 + coshe)

!

A
S: 25in2§=1—cosf_\=

H: 25in2%=1—cosf_\=
triangle inequality

E.S.H: a < b+ e, b < a+e, c<a+b
S: B+C<nm+A A+C<n+B, A+B<wam+C(C.



E.S.H: a=b% «— {A=B,
a>b A>B
areainequality
S: A < 27,
H : A <.

E: A unbounded

Right triangle C =n/2

Pythagorean theorem
E: 2 =a?+ b,
S: cosc = cosa cosb,
H: cosh ¢ = cosh a coshb.
Law of sines
) a
E: sin A = —,
C
. sin a
S: sin A = ——,
sin c
] sinh a
H : sin A = — .
sinh ¢
Law of cosines
b
E: cos A= -,
[
) cosa sinb  tanb
S: cos A =cosa sin B = _ = :
sinc tanc
i cosha sinhbh  tanhb
H : cos A =coshasin B = - =
sinh e tanh ¢
Area
ab
E: A=—,
2
) sina sin b
S: simA = ———,
1+ cose
) sinh a sinh b
H: sinA = ———,
1+ coshe
Curves of constant curvature k: line or circle with radius r
E: w=1/7 gircle
S: Kk =cotT e

cothr, (circle)
H: k=11, (horocycle)
tanhd. (hypercycle)

ahorocycle is orthogonal to a pencil of paralle lines;
ahypercycleisthe set of al points with agiven distance d > 0 to somelinel ,and lying on the same side of |



10 3D-4D graphics

hyperbolic cube hyperbolic tetrahedron

spherical tetrahedron spherical cube

Euclidean tetrahedron

Euclidean hypercube 3D-unwrapping Euclidean hypercube projection



4 Logic in physics: first-order-logic

1 First-order logic

[9] [10]

[10] First-order logic—also called predicate logic, is acollection of formal systems used in mathematics.
First-order logic uses quantified variables over non-logical objects, and allows the use of sentences that contain
variables.

The connectives of the first-order logic are

AV —a— V3

where the two quantors V “for al” and 3 “thereis’ are included. They contain quantified variablesin the
form

VX and ax )

Aninterpretation | (P) of aformula P is defined on a structure (model).

The structure consists of adomain D and an interpretation function | mapping non-logical symbolsto
predicates, functions, and constants.

Interpretation

For a set of sentences K , and sentence P therules for I(P) are:

If P isaconstant predicatein K, then I(P) isatruthvalue, T or F

If Qisaunary predicate in K, then I(Q) isthe set of members of the domain that the predicate Q holds of.

If Risatwo-argument predicatein K, then |(R) isthe set of pairs of members of the domain that the relation R
holds between.

M,s=¢ for M satisfies ¢ under the assignment s.

If P isaconstant predicatein K, then M,s=P if and only if I(P)=T .

If S isan n-argument predicate K and t,...,tn areterms, then M,s=St1...tn if and only if the n-tuple
(Dms(t1),...,Dms(tn)) isin I(S)

Satisfaction rules:

M,skE—-0 < M,sl=6

not

M,sl= (0 ay) e M:SEO gog MiskEy
M,s(0vy) e M.sEO o M.sy

MisE(0—v) e M,sl=60 or M,sl=y
M.SEYWO < tor every s MiSFO \yhere s'(X)=s(x) Vx=v
M,s|=3v0 < for somes M,s'|=6 , where s'(x)=s(x) Vx#V

2 Zermelo-Frankel set theory

[11]

Zermelo-Frankel set theory (ZFC) is an axiomatic formulation of set theory, which eliminates contradictions
arising in the naive set theory, e.g. Russel’ s antinomy. Basically, it eliminates predicate-all-sets like “ set of all
Sets’.

ZFC is a countable-infinite axiomatization, involving predicate variables (first-order logic).

The axioms (including axiom of choice VII) are asfollows [1]:

(I) (Axioms of extensionality) Two sets A and B are equal if (and only if) they contain the same members; i.e.
A =B~(A cBandBc A).

(1) (Axiom of subsets) Given aset A and a predicate P(x) meaningful for the members of A (i.e,, for each x
either P(x) istrue or P(x) isfalse), there exists the set containing exactly those members of A for which P(x) is
true.

(1) (Axiom of pairing) If aand b are different objects, there exists the set {a, b} containing exactly aandb .
(IV) (Axiom of union) Given aset S of sets, there exists the set US containing just the members of the members
of S.

(V) (Axiom of infinity) There exists at least one infinite set: the set {0, 1,2,...} of the natural numbers.



(V1) (Axiom of the power set) Given aset A, there exists the set 2* whose members are all the subsets of A.
(VI1) (Axiom of choice) Given adigointed set S of nonempty sets, there exists aset C which has asits
members one and only one element from each member of S.

3 Calculus of deduction

[12] [14] [13]

Gentzen's tree notation

[14]

Example: "if it'sraining then it's cloudly; it israining; thereforeit's cloudy”
Representing an example as alist of propositions, we would have:

1) P—Q

2P
-~ Q

In Gentzen's notation, this would be written like this:
P—->Q,P

Q
The inference line represents syntactic consequence, which is also symbolized with I-.
So the above can also be writteninonelineas P — Q,P |—Q

Syntactic consequence is contrasted with semantic consequence, which is symbolized with E.

Deduction rules of semantic consequence [14]

Name Sequent Description

Modus Ponens ((p—q)AP)EQq If p then q; p; thereforeq

Modus Tollens ((p—9)A=Q)E-p If p then g; not g; therefore not p

Hypothetical Syllogism ((P—a)A(g—T))E(p—r) If pthen q; if qthen r; therefore, if p thenr
Digunctive Syllogism ((pva)A-p)Eq Either p or g, or both; not p; therefore, q
Constructive Dilemma ((p—a)A(r—s)A(pvr)e(qvs) If ptheng; and if r then's; but p or r; thereforeq or s

Destructive Dilemma. ((p—q)A(r—s)A(-qv-s))=(-  If pthen g; and if r then s; but not g or not s;

pv-r) therefore not p or not r
Bidirectional Dilemma. ((SHQ)A(I‘HS)A(pV—'S))k:(qV If p then g; and if r then s; but p or not s; therefore g
- or not r
Simplification (PAQ)EP p and g are true; therefore p istrue
Conjunction 0.q=(PAQ) E :rr]}((j) iqn fllrye true separately; therefore they are true
Addition pE(pva) p istrue; therefore the disjunction (p or q) istrue
Composition (P— QAP (P—(qAD) gnfj f’h:peti;r j\gd if pthenr; thereforeif pistruethen q
DeMorgan's Theorem (1)  -(pAq) =k (~pv-q) The negation of (p and g) is equiv. to (not p or not q)
De Morgan's Theorem (2)  —(pvq) 9k (-pA-q) The negation of (p or g) isequiv. to (not p and not q)
Commutation (1) (pva) =E (qvp) (p or g) isequiv. to (q or p)
Commutation (2) (pAQ) ZE (gAp) (p and q) isequiv. to (g and p)
Commutation (3) (p<q) =F (q—p) (piff g) isequiv. to (qiff p)
Association (1) (pv(qvr)) =E ((pvg)vr) por(gorr)isequiv.to(porg)orr
Association (2) (PA(QAD)) FE ((PAG)AY) pand (gandr)isequiv.to (pandq) and r
Distribution (1) (pA(Qvr)) = ((pAg)v(par))  pand (gorr)isequiv. to (pandq) or (pandr)

Distribution (2) (pv(gAn) 3 ((pvg)A(pvr))  por (gandr) isequiv.to (porg) and (p orr)



Double Negation
Transposition
Material Implication

Material Equivalence (1)
Material Equivalence (2)
Materia Equivaence (3)

Exportation

Importation

|dempotence of
disiunction
|dempotence of
conjunction

Tertium non datur (Law of

Excluded Middle)

Law of Non-Contradiction

Explosion

Deduction rules of first-order syntactic consequence [13]

p =F --p
(p—q) == (mg—"p)
(p—q) =& (=pva)

(P<q) =F ((P—a)A(—Pp))

(p<q) FF ((PAQ)V(-pA-Q))

(p<q) =F ((Pv-a)A(=pVQ))

((pAQ)—T)E(p—(q—T))
(p—(g—r1)) FF ((pAQ)—T)

p =E (pvp)

p =& (pAp)

F(pv-p)

E-(pA-p)
(PA-P)Eq

p is equivalent to the negation of not p
If pthen g isequiv. toif not g then not p
If pthen gisequiv.tonotporq

(p iff ) isequiv. to (if pistruethen gistrue) and (if
qistruethen p istrue)

(p iff g) isequiv. to either (p and g are true) or (both
p and q arefase)

(p iff g) isequiv to., both (p or not g istrue) and (not
p Or g istrue)

from (if p and q are true then r istrue) we can prove
(if gistruethenr istrue, if pistrue)

If pthen (if gthenr) isequivalent to if p and g thenr

pistrueisequiv. topistrueor pistrue
pistrueisequiv. topistrueand p istrue

p or not p istrue

p and not p isfalse, is atrue statement
p and not p; therefore q

I'isaset of sentences, ¢ v 6 are sentences, F|—q§syntactic consequence ¢ from I”
(As) ¢’ = T|-¢ (assumption)
(Al) T,|-0 and T,|-y = T,,I,|-(0Ay) (AND introduction)

(AE) Tl-(0ry)

(v1) rf-6

rl-o

Tl=(0vw)

Tl=(0Aw)
F|—l//

(vgy TEOvv) p 00 g, vIEY
(=) T,0-y = T|-(60—>y) (implicationintroduction)

(»E) T|-6->y and T,|-06

=¥ (AND elimination)
Fl=(6vy) (OR introduction)

Fol2 Tsl=¢ (oR dimination)

= TI,,T, |-y (implication elimination)

(=) T,0]-y ad T,6|--y = TI,I,--6 (negationintroduction)
(DNE) TI'|-——6 = T|-6 (doublenegation elimination)



5 Functional analysis in physics

1 Real analysis

Real analysis[17] studiesrea numbers R, focusing on continuity, limits, and integration on aline, while
complex analysis explores functions over complex numbers c=a+ b i, which form a2D plane.

Real analysisisthe branch of mathematical analysis that is concerned with properties of real numbers and real-
valued functions. Classical real analysis provides the rigorous foundations of calculus, specifically convergent
series, limits, continuity, differentiability, smoothness, and integrability.

Central to the subject is the completeness of the real numbers, which distinguishes the real numbers from the
rational numbers and under lies many basic results about limits and continuous functions.

Basics

Limit Definition. Let f be area-valued function defined on ECR. We say that f(x) tendsto L as x approaches
x0, or that the limit of f(x) as x approaches x0 is L if, for any >0, there exists 6>0 such that for all x€E,
0<[x—x0[<3 implies that |f(x)—L|<e. We write this symbolically as f (x)—>L X—X,

Definition. Let (an) be a real-valued sequence. We say that (an) is a Cauchy sequence if, for any £€>0, there
exists anatural number N such that m,n>N impliesthat |a, —a,|< ¢ .

It can be shown that areal-valued sequence is Cauchy if and only if it is convergent.

Uniform and pointwise convergence

Roughly speaking, pointwise convergence of functionsf, to a limiting function f:E—R , denoted fr—f, simply
means that given any XeE , fn(x)—f(x) as n— .

In contrast, uniform convergence is a stronger type of convergence, in the sense that a uniformly convergent
sequence of functions also converges pointwise, but not conversely.

Uniform convergence requires members of the family of functions, fn, to fall within some error €0 of f for
every value of XxeE , whenever n>N , for some integer N .

Compactness

Definition. A set ECR iscompact if it is closed and bounded.

Definition. A set E in ametric spaceis compact if every sequence in E has a convergent subsequence.
Continuity

Definition. If ICR is a non-degenerate interval, we say that f:I—R is continuous at p€l if

lim,,, f(x)=f(p)

We say that f isacontinuous map if f iscontinuous at every pel .

Definition. If X isasubset of the real numbers, we say afunction f:X—R isuniformly continuous on X if,
for any >0 , there exists a 6>0 such that for all x,y€X , [x—y|<6 implies that [{(x)—f(y)|<e .

Definition. Let ICR be an interval on the real line. A function f:I—R is said to be absolutely continuous on I
if for every positive number ¢ , there is a positive number 6 such that whenever a finite sequence of pairwise
digoint sub-intervals (x1,y1),(X2,y2),.--,(Xn,yn) of | satisfies

n

> (Ye—%) <8

k=1

then

2 (v)-f(x)<e
k=1
Differentiability
A function f: R—R is differentiable at a if the limit
f(a)=lim )= (@)
wa  X-a exists
Series convergence



Zn:(— log2

Taylor series
The Taylor series of areal or complex-valued function f(x) that isinfinitely differentiable at areal or complex
number aisthe power series

=3 x-a)
Fourier series

The Fourier series of a complex-vaued P-periodic function f(x) , integrable over theinterval [O,P] onthered
line, is defined as a trigonometric series of the form

Z c.exp(i 2zkx/ P)

P
I —i 27k x/ P)dx

0

real form
N

fy (X)=a,+> (& cos( 2rkx/P)+b, sin( 2zkx/ P))
k=1

P P P
a0=%_|;f(x)dx akzé_([f(x)cos( 2rk x/ P)dx szé_([f(x)sin(anx/P)dx

Integration
We say that the Riemann integral of f on[ab] isS if for any €0 there exists 6>0 such that,
for partition A; =(x,,—x) x €[a,b] with mesh IAil<§ , we have

Iime(x)(xﬂ—xi) for x e[a,b]

Important results

Bolzano-Welerstral}

The theorem states that each infinite bounded sequence in Ry has a convergent subsequence, i.e. Rnislocally
compact.

Heine-Borel theorem

For asubset S of Euclidean space Ry, the following two statements are equivalent:

* S iscompact, that is, every open cover of S has afinite subcover

* S isclosed and bounded.

L'Hopital'srule

im- ) iy L9

X—C g( ) X—C g'(x)

where ' and g’ are the derivatives of f and g .

Mean value theorem

Let f:[a,b] >R be a continuous function on the closed interval [a,b] , and differentiable on the open interval
(ab) , wherea<b.

f(b)-f
Then there exists ce[a,b] such that f'(c):%

Taylor'stheorem
Let k>1 be an integer and let the function f:R—R be k times differentiable at the point a€R .
Then there exists afunction hc:R—R such that

193 T8 ) o

i=0



fk+1(§)

(k+ 1) (x-a)™", elax]

and remainder h (x)=

limh, (x)=0

X—a

Welerstrass approximation theorem
Let f:[ab] — R beacontinuous function.

If £ > 0 is given, then there exists a polynomial function pn such that ‘ f (X) -p, (X)‘ <e¢ foral xe[ab]

P, ()= 3+ (b-2) Jes (9
i=0
Here, the approximating polynomials are the Bernstein polynomials

1 n i n-i
B*(x)= _l(x-a) (x=b
200 2l o= oen
with the error

1

f_ol<™ £ ()
|| pn” 2 (n+1)k H H
Fundamental theorem of calculus

Let f be acontinuous real-valued function defined on a closed interval [a, b].
Let F=1,f bethefunction defined, for al x in [a, b], by

(1.F)(x)=] f (t)et

a

Then F isuniformly continuous on [a, b] and differentiable on the open interva (a, b), and
(1aF)'(x) = f(x)

for adl xin (a, b) so F isan antiderivative of f.

Newton—L eibniz theorem

Let f beareal-vaued function on aclosed interval [a,b] and F a continuous function on [a,b]
which is an antiderivative (inverse-derivative) of f in (ab) : F'(x)= f (x)

If f is Riemann integrableon [a,b] then F(b)—F(a):If(t)dt

Dini theorem

If X isacompact topological space, and (f,)neN isamonotonically increasing sequence

(meaning f (x)< f,,(x)foral neN and xeX) of continuous real-valued functions on X which converges
pointwise to a continuous function f:X—R , then the convergence is uniform.

Banach fixed-point theorem
Let (X,d) be anon-empty complete metric space with a contraction mapping f: X—X

d(f(x), f (y))Sqd(X,y)’q<1’ X,ye X

Then f admits a unique fixed point x.€X, meaning f (x )= x
Furthermore, x« can be found as follows;

start with xoeX and iterate

Xpy = 1 (X”),then X, = X

Hahn-Banach theorem: functional with given values
Let (x)i€l bevectorsin areal or complex normed space X and let ()i €l be scalars also indexed by 1#@.
There exists a continuous linear functional f on X suchthat f (x)=c foral i€l

if and only if there exists a K>0 such that for any choice of scalars (s)i€l where all but finitely many s are 0,
the following holds:

> 56| <KX 5%

iel iel

<K (linear form is low-bounded)




Stokes theorem

Let £ be a smooth oriented surface in Rz, parametrized by Z(u,v),

with boundary 0X=I", parametrized by I'(t) .

If avector field F (X, 2 Z) has continuous first-order partial derivatives in X,

then
[[(vxF)-dz=¢F-dr

Newton-Raphson approximation method
The Newton-Raphson method is a solution procedure for a zero « of a differentiable function f

X1 =% = F (%) 7 F(x,)
the error at n steps =|a—xn|' & e[xa]

2 [F7(5)
" 2[f(s,)

is|e,.|=¢ , S0 the convergence is quadratic.

2 Complex analysis

[18]

Complex analysis, traditionally known as the theory of functions of a complex variable, is the branch of
mathematical analysis that investigates functions of complex numbers.

Complex analysis features superior rigidity in comparison with real analysis—differentiability impliesinfinite
differentiability (analyticity)—unlike real analysis where derivatives may not be continuous.

Complex functions that are differentiable at every point of an open subset 2 of the complex plane are said to be
holomorphic on Q. In the context of complex analysis, the derivative of f at zo is defined to be
_iim (2= (%)
> Z2-12,
I mportant results
Great Picard's Theorem
If an analytic function f has an essential singularity at a point w, then on any punctured neighborhood of w, f(2)
takes on all possible complex values, with at most a single exception, infinitely often.
Laurent series
The Laurent series for acomplex function f(z) about a point c is given by

f(2)=3 a(z-c)

k=—o0

where a, and ¢ are constants, with a, defined by aline integral that generalizes Cauchy'sintegral formula

- 1_ SB f (Z?ﬁl dz
27l 4 (Z_C)

The path of integration vy is counterclockwise around a curve enclosing ¢ and lying in an annulus A in which f
(2) is holomorphic (=analytic).
Liouvillestheorem
A bounded function that is holomorphic in the entire complex plane must be constant.
Riemann mapping theorem
If U isanon-empty simply connected open subset of the complex number plane C which isnot all of C, then
there exists a biholomorphic mapping f from U onto the open unit disk

D={zeC||Z<1]

Themap f is essentially unique: if zo isan element of U and ¢ is an arbitrary angle, then there exists precisely
one f as above such that f(zp) = 0 and such that the argument of the derivative of f at the point zo is equal to ¢.
Runge's approximation theorem : approximation by rational functions

Denoting by C the set of complex numbers, let K be a closed subset of CuU {0} and let f be afunction which is
holomorphic on an open set containing K. If A isaset containing at least one complex number from every
connected component of CU {«o}\K, then there exists a sequence (r,) of rational functions which converges
uniformly to f on K and such that al the poles of the functions (r,) arein A.




Application in quantum mechanics

Fields with spin S=1 are represented by complex 4-vectors (e.g. electromagnetic field A*), which transform
like Lorentz-vectors under spacetime rotations. Field vectors can be multiplied component-wise and form a
complex commutative non-division algebra (i.e. with zero divisors).

Field 4-vectors A* transform under spacetime rotation angles (@,17 ) with the Lorentz matrix 4

A:exp(—l_a)uvM”"j:exp(_i(&j_kﬁl_(.)) szlglmlem . o
2 and the rotation matrices 2 K‘=M

3 Quaternionic analysis
[27]
Basics
Quaternionic analysisis an extension of complex analysisto the setting of quaternions, which retains the central
concepts of analyticity, differentiation, and integration, but is profoundly more intricate due to the
noncommutative nature of quaternions.
Quaternionic analysis extends complex analytic concepts into four-dimensional quaternionic space, replacing
the Cauchy-Riemann equations with the Fueter equation. It reconciles analyticity, harmonicity, and integra
structures within a noncommutative setting,
forming the foundation for further explorations in both pure and applied mathematics.
Quaternions
A gquaternion geH can be expressed as:
=0y +0i+0, j + 0K, or in 4-vector representation q=(q,,¢,,0,,0;) in R* with the basis
{&.6,8,6}={Li, ]k
where qo,q1,02,03€R and the imaginary units satisfy:
i“=j’=k’=ijk=—1,ij=—ji=k, jk=—kj=i,ki=—ik=]
Quaternions also have a representation as complex 2-vector in C?
q=2z+We, , q=2+We,=(0, +G&)+ (0, + %8 ) inthebasis {g,e,} ={1 j}
zZ w

or in 2x2 matrix representation Q = (_W* z*j
Quaternions form a non-commutative division algebra over R, and a non-commuitative field,
with multiplication
PA=(Pos Py, Pz s ) (G, b G G )

Po P P —B)G

Py Po  —Ps P, G

P Ps B P&

Ps —P Py Po 0
It is aso possible to present the quaternion multiplication in vector form

pq:(p07 p)(qqu)=(po%_ P-0,P,-G+0,- P+ D’x(]’)

For aquaternion in vector form q=0,+q=0,+ i +0, ] + K
the conjugateis.q=0,—-qi—0, ] -k, G=0,—G

The conjugate has the properties

d=q, (p+9)=p+d, (pa)=ap, q9=09
The norm of quaternionsis N(q)=|q| = \/qg = /0, + * + @, + g, with the properties
N(@)=N(a), N(pa)=N(p)N(a), N(ra)=|r[N(a), reR

Theinverseof q#0is ™

-9
d’

There is aisomorphic mapping from quaternion to Pauli-matrices



(Li,j.k) >(Lioyioy,ic,)

Biquaternions

A biquaternion geHc can be expressed as:

0=0,8 + € +0,€ + G;&;, Or in 4-vector representation q=(q,,¢,0,,q;) in C* with the basis

{.6..8]
where qo,01,02,03€C and the imaginary units are the same Hamilton units as for quaternions, but now € #i .

Biquaternions form a 4-dimensional associative, non-commutative al gebra over the complex numbers.
The algebra of biquaternionsisisomorphic to the ring of 2 x 2 complex matrices M2(C).

Biquaternion algebrais not adivision algebra: unlike standard real quaternions, not every non-zero
biquaternion has a multiplicative inverse (some non-zero e ements have a zero norm).

There are zero-divisors: (1+ig)(1-ig)=1-1=0

Biqguaternions have two conjugations

-biconjugate J = ;& — 1§ — 0,& — %€

-complex-conjugate g* =0,* €+, *¢ + 0, *e, + 0, *¢&,

with the properties: qg=0q, q4eC, g = {q(qq)‘l if (og)=0
Biquaternions also have a representation as complex 2-vector in H?

q=2z+We, , g=2z+We, =(0, + 48 ) +(9, + 0,8 )&, inthebasis {6} =1{1, j}

Z W
or in 2x2 matrix representation Q=
0 Q (_W j

The norm-square is N(q)=|q|2 =qa =0, +0°+0," +0,°, where N(pg)=N(p)N(q), but N(qg) can bezero
or negative, so |q| isonly asemi-norm.

Application in quantum mechanics
Basic particles of Standard Model (leptons, quarks) with spin S=1/2 are represented by Dirac-bispinor

ac

wavefunctions ¥ = (
Or

] , with | eft-handed 2-component Weyl spinor ¢, and right-handed 2-component Weyl
spinor Oy .
Dirac-bispinor transform under spacetime rotation angles (¢,v) with the spinorial matrix S

[ .
_ exp(——(gﬁ—ﬁ)&j 0
S:exp(_lzwyvzﬂVJ:(g- Oj: 2 .
A 0 exp(—lz((ﬁﬂﬁ)&j

These Dirac-bispinors are isomorphic to biquaternions, and the Dirac equation and their solutions can be
equivaently formulated in biquaternions [33]. This has the advantage, that different wavefunctions can be
multiplied without losing the spinor transformation property, and they form a (non-commutative) semi-norm
non-division quaternionic algebra. Sum of products of Dirac-wavefunctions emerge in representation of many-
particle systems.

Quaternions and rotation
A unit quaternion has the vector form q=cosf +0sind, which isa3D-rotation by angle 20 around the axis
a, the rotated vector is
R(V) = ovg , where the vector v=(v,,v,,v,) with the quaternion vector V=Vji +V, | +V,K .
The polynomia ring H[x] has polynomials without zerosin H, so H is not algebraically closed.
p(x)=ix+xi—j hasno root in H, because ix+xi always lies in the plane spanned by {1,i}.
H istopologically complete (all Cauchy sequences convergein H).



Quaternionic functions

rotation by aversor u (|u|=1): f (q)=uqu™
multiplicativeinverse f (q)=0q™
affinetransform f (q)=aq+b

linear fractional transformations f (q)=uqvwith versorsu, v

quaternion conjugation f(q)=a=-(q+iqgi+ joj +kak)/2
extension of acomplex map f (z)=u(x,y)+iv(x,y) , Z=x+iy

generalized extension
f (a)=u(x,y)+cv(x,y), ueven, vodd, extension to aquaternion variableq=x+yc , c>=-1

for conjugate d=X-YC \veobtain fs(a)=fs(a)

Differentiability of quaternion functions

A function f:H —>H, f(q), g=t+ix+jy+Kkz, t,x,y,ze R isred-differentiable, if derivatives
of of of of
ot ox oy oz
A function f :H — H isquaternion-left-differentiable at g if the limit
lim(h™(f (q+h)- f(q))) exists,

h—0

f :H — H isquaternion-right-differentiable at q if the limit
lim((f (q+h)- f (a))h™*) exists.

h—0

Example f(q)=g, Ligg(h’l( f(q+h)-f (q))) :Iim(( f(q+h)-f (q))h’l) =f(q)=1,

h—0

exist.

so f isleft-differentiable and right-differentiable
Example f(g)=i g+1,

- - - 71 _ . 71.
left-derivative Ihlgg(h (f (q+h)-f (q)))_ limh™ih

for h=it, t redl, Liggh’lih=i : IHO

for h=jt , t red, LILI;JI hlih=-i,

so the | eft-derivative limit does not exist.

right-derivative Ihigg(h’l( f(q+h)-f(q)))= limihh™ =i , sof is right-differentiable

The quaternion-differentiability is too strong to be a useful property, according to the theorem by Fueter.
Theorem If afunction f:H — H isleft-differentiable on a connected open set U < H , thenit islinear

f(q)=aq+b foral qeU

Regularity
A guaternionic function f is left-regular if

ﬁ+ii+ji+ki:0
0z

ot ox "oy
and right-regular if

The |eft-derivative operator is defined by
= 1fof .of . of of

O =—| —+i—+]—+k—
2\t ox "oy o0z

the right-derivative operator is defined by



=~ 1fof of . of . of

0, ==| —+—i+—j+—Kk
2ot ox oy oz

Using derivative operators, quaternionic function f is left-regular if

6,f =0, function f isright-regular if 9, f =0

Example: f(q)=q=t+ix+jy+kz, §f=-1/2,fisnot left-regular

Example: f (q =t+ix—jy+kz, 6,f =0, 6,f =0, sofisleft-regular and right-regular

)=9
Example: f(q)=q=jx+iy, ,f =0, sofisleft-regular
But 910 0,(if)=-j/2,s0ifisnot left-regular.

Properties of regular functions
» The sum of two left-regular functionsis left-regular
 If fisleft-regular and a isaquaternion then fa isleft-regular, but af may not be left-regular.

Regular and harmonic functions
For quaternionic function f :H — H , we define the following derivative operators

1(81‘ of .of | of
= i k

and the Laplace operator
o’f o*f of o°f
Af =| —+—+—5+—
ot ox- oy- oz
Theorem For every 2x red-differentiable function f :H — H , we have Af =40,6, f = 40,0, f

Corollary
* if fisleft-regular, then it is harmonic
* If fisharmonic, then 0, f isleft-regular.

Quaternionicintegrals
Let f:H — H beareal-differentiable quaternionic function, and
v:[0,1]—H a piecewise-smooth path.
Thel€eft lineintegral is defined as:
1

Jf(a)da=] f (r (1) (D)ct

y 0

Here, the differential y'(t) dt multiplies on the right, and the integral is order-sensitive due to non-
commutativity

Example

y(t)=t(1+i+j+k),te[01], f(g)=q
1
compute [ qdq = [t(L1+i+ j+K)(1+i+ ] +k)dt:%(1+i+ j+K)
4 0
Quaternionic Cauchy-Type Integral

Theorem (Cauchy—Fueter integral formula)
If f is regular on every point of a (positively oriented) 4-parallelepiped Q2 and qo is a point within Q,



f(0)= 271T2 | (q_%?: Dq f (q)

o -5 , which generalizes the complex integral qSZ— dz=0 ,n>1
oQ z

A practical approach isto integrate component functions:
f(a)=fo+ fi+fj+ 1,2, Q=X +Xi+Xj+xkK

[t (a)da=33 1,0 ()

Y u=0v=0
which isasum of 16 integrals.
Example

1 1 1 1 1
.. . . 1 .
t(1+i+ j+k)dt=|tdt+i|tdt+ j|tdt+k|tdt==(1+i+]+Kk

Power seriesexpansion
THEOREM (Laurent series). Supposef isregular in an open set U except possibly at qo € U.
Then there is aneighbourhood N of go such that if g € N, f(g) can be represented by a series

=Y 3 (P (a-a)a +G, (a-q)h,)

n=0veo,

which converges uniformly in any hollow ball {g;r <|q-qy| <R} insideN

The coefficients av and bv are given by

1
- G (q—q.)Dqf
a, ZEZEIU . (4-9,)Daf (q)

[P (a-g,)Daf (a)

ou

=5 2
Y2

Let v be an unordered set of nintegers{is,...,in} with 1 <i, <3;
thereare (n + 1)(n + 2)/2 such sets v; we will denote the set of all of them by on.

an
TOX 0K
G.(q) isarational functionof q: G, (q)=09,G(q)
P.(q) isapolynomid inqg: P, (q)= 1 > (tq X, ) (tq — X ), summed over all different orderings n(v)
n n n

#(v) i)

Application in quantum mechanics: Dirac equation for hydrogen atom
Conventional Dirac equation for hydrogen atom
The Schrodinger equation for the hydrogen atom reads

2
[—S—A hc— }// = Ey with the fine structure constant « ,
m

with the solution in associated Legendre polynomials L7 (r) and spherical harmonics Y™ (6,¢)
w (r.0,0)=Aexp(-r/2)r'25 (r)Y"™(0,9),

N+l

ma 2

2h?
The Dirac equation for the hydrogen atom is[33]

(r*(inco, —eA,)-me®)¥(x") =0

energy eigenvalues E, :%, E, =



and time-independent for the hydrogen atom with the potential V = e
r

(IhCa V + pmc? —hc— j‘P(x) E¥(X), where d =y (;/1,7/2,7/3), p=y°

Making the product ansatz in spherical coordinates W (r,6,¢)=R(r)0(6,¢)
we obtain for the angular part the angular equation

= - 1=, W - . 1

S L+a)Y==|J+—-L*|¥=h +1)+=—1(1+1) |¥
(E-C+n) h( 7 J (J(J )+ )j
with the solution (total angular momentum functions)

1+1/2,m _ 1 +Vl+m+1/2 || —12
| V21| figme1r2yn,,
Spin-1/2-spherical harmonics Y™ are(s=1/2, j=1+1/2)

Y=Yy <|'m|(5=1/2)'”L|J,m>Y|m(9,€0)Zuz,ms

m,m=+1/2
with scalar spherical harmonics Y™ and with spin states ., ..
For theradial part we obtain the radial equation

(—ithr2 larr +0,mc’ +ihco,o, k_ hcgj R(r) = ER(r)
r r r

0
with the radial wave function R(r)= G(r )
r

r

J in spin spherical harmonics Y™ .

The complete solution becomes then
k=+(j+1/2), s=vk?-a’
m>0:1,=j+1/21,=j-1/2, m<0:l;=j+1/21,=j-1/2

Sy
.{,:(WBJ: r
l//A ?erl]l
(mCZ)Z_EZ 2
p=r———  s= (|+1/2) -

hic
radial exponential-polynomial functions F =exp(-p) p Zavp ,G=exp(-p)p Zb P’

with the coefficients a,,b, ; 1<v <N ,I=j+1/2

\%4

y(me?) -2 (me?)"+E? (V17—

hc

(Z:j_ZaN(tl](mH/z)...(mw/z) (me?) ( 7,

and energy eigenvalues




2
E, ;= - , for main quantum number N =n, + j+1/2, radia quantum number n,

1+ @

(nr+\/(j+1/2)2—a2)

Biquaternional Dirac equation for hydrogen atom
We formul ate biquaternionsin the 2x2-matrix representation

o +i0, 0, +i0,
A(q)= ) .
(a) (qm(uos)* qo—(uoﬂ)*]
Then spin has the representation

—ih
(S08,8)=— (anee)
and the Pauli matrices are
(1,0,.0,.0,)=(&,-ie, i, -ig)
The wave function has then the form

1 ( g, +ig . _ 1 (0+ig

a(g)=— |, conjugate a(q)=— .
(@) ﬁ(_qz"'l%] (a) \/E(qz_l%J

Thetotal angular momentum functions in biquaternion form is then

+1/2,m 1 m H m m i "
yII-JJZ — ﬁ((;IlYII 1S —IC,lY”,J/zel _C| 2Y|,|+yzez - |C|2Y|,|+1/2es)

C,=+ltm+1/2, C,=/IFm+1/2

Theradia equation becomes
(—i%—ihcéarr —imczel—ihcl—gel—hcgj R(r) = ER(r)
r r r

F(r . G(r :

with the radial solution R(r) :¥(eO —|el)+¥(—g —-ig)
and the complete wave function reads
1 (ClFY|T7u2+iC3GYfT,|71/2)eo+(_iC1FY|,r|n7u2+CsGYfr|n,|71/2)e1

\/Er +(_C2F Y|T+JJ2 + iC4GY—r|n,|+1/2)ez +(_i CzF Yl,r|n+y2 +C4GY—T,|+112)%
and the conjugate
T 1 (ClF YI,T—]JZ - iCsGYkauz)eo _(ich Yl,r|]11/2 +C3GY7T,|71/2)e1

\/Er _(_CzF Y|T+1/2 + iC4GY—T,|+JJ2)% _(iczF Yl,rlnwz +C4GY—T,|+112)%
mit Ci= Clebsch-Gordan coefficients (j,,m | j,,m,|j,m)
C1:<I,I |1/2,-1/2|m,l —1/2}, C, :(I,I |1/2,+1/2|m,l +1/2>, CS:(—I,—I |1/2,-1/2|m,l —1/2),
C,=(-1,-111/2,+1/2|m,1 +1/ 2)
the probability density is then
1

pP= Py = r_z(Clz(FYl,rln]JZ)z +C22(FY|T+1/2)2 +C32 (GYfTH/z)Z +C42 (GYrIn,HJJZ)Z)

4 P-adic number analysis

Galoisfields

A Galoisfield, often denoted as Fq, is afinite commutative field containing a finite number of elements, where
(q=p") isapower of aprime number p.

It is aset where addition, subtraction, multiplication, and division are defined and satisfy basic algebraic rules.
Galoisfields are not ordered, i.e. thereisno relation “<” .

Example:



F5, smple Galois field with elements{0,1,...,4} [2]
Solution of x"2+1==0

J-1=2 -1=3
Solution of x"2-1==
V1=1 J1=4

Solution of x*2-2==0: no solution

Multiplication table Fs
0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1
Addition table Fs
0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

P-adic numbers
P-adic numbers Qp [15] are an extension of the field of rationals Q such that congruences modulo powers of a
fixed prime p are related to proximity in the p-adic metric.

Any rational number x:%e Q can be written uniquely in the form pnE where pXu pX\v (uand v not
%
divisible by p), where p is a prime number, r and s are integers not divisible by p .
The corresponding p-adic representation of x isthen x= Zak P, where a, € {01..,p-1},and &, #0.
k=n

The integer n isthe order of the p-adic number (index of the lowest non-zero coefficient), n can be negative.
The coefficient a, obey the arithmetic mod(p), i.e. they are elements of the underlying GaloisfieldFp, a, € F,

Then we define the p-adic norm of x by [X = p™",
0. =0
aso, " P

For natural numbers x e N we have the finite sum representation X = Z a p* with basis p analogous to the
k=n

usual decimal representation.

m
For negativeintegers xe Z , x= —|x| we have the representation X = Z & p* , where the coefficients are the
k=n

negative coefficients mod(p) &, +a, =0mod( p) of the positive number representation |X|=>"a, p"“ .
k=n

The p-adic integersZ, obey multiplication and addition mod(p) with carry, and they have no zero-dividers,
i.e. they alow multiplicative inverse, and can be extended to afield Qp .

Rationals 1/q, q= p* , k>0, are p-adic integers q‘lp €Z,

Rationals 1/q, q= p* , k>0, are proper p-adic fractures e.g. (p=5) 5% =1

Arbitrary rationals u (uand v not divisible by p) are formed by multiplication mod(p) u*(1/v)mod( p)
%

Valid identities are



1:i(p 1) p*, eg. (p=5) ...4444444s

k=0

B
p &P

P ko

p-adics are written as

« fractions, from right to left, where the point signifies the order (and is skipped, when at beginning, i.e. when
order v=0), e.g. p=5

1/5=.15

111=... 42330423304233042331;

* lists, from left to right, where the order is the first element of thelist, e.g. p=5

1/5:-[—1, 1,9, 0,0, 0, 0, 0,0, 0,0,0,0,0,0,0,0,0,0,06, 01}

1/11= {0, {1,3,3,2,4,90,3,3,2,4,90,3,3,2,4,0, 3,3, 2,4}}

The cardinality of Z, (and of Qp) isthe cardinality of continuum like R, whereas Q is countable (cardinality of
N).

The p-adics Qp werefirst introduced by Hensel (1897) in a paper which was concerned with the development of
algebraic numbers in power series, p-adic numbers were then generalized to valuations by Kiirschdk in 1913.

Rationals as p-adic numbers
The p-adic valuation (=norm) |x|p on Q gives rise to the p-adic metric d(x, y)=|x— y|p

which in turn gives rise to the p-adic topol ogy.
It can be shown that the rationals Q, together with the p-adic metric, do not form a complete metric space.

The completion of this spaceis the set of complete p-adic numbers C_gp = Comp(Qp : |x— y|p) .
The real numbers R are the completion of the rationals Q with respect to the usual absolute value |x| :

R=Q R=Comp(Q,|x-|) isthe set of all convergent seriesin Q in the metric d(x,y)=|x-y|

A rational number with p-adic absolute value 1 has a purely periodic p-adic expansion if and only if it liesin
the real interval [—1,0) .
A genuine fractional rational number with p-adic absolute value 1, outside the real interval [—1,0) has a fixed
initial expansion followed by a purely periodic p-adic expansion.
p-adic faculty n!
The p-adic faculty n! (without p-powers) has p-adic valuation

_ (A (p-1)
|n!|p =p
where the p-adic expansion of nisn=a,+a,p' +...+a,p"
and A(n)=a,+a +..a

For sufficiently largen, |nl| < p~ n(2p-2)

P-adic metric
The p-adic metric [15] is a non-Archimedean distance function where two numbers are close if their difference
is highly divisible by a prime p.

Any rational number x= % € Q can be written uniquely in the form p" u where pXu pX\v (uand v not
%

divisible by p).
The p-adic norm isthen |X|p =p™", themetricis d(x,y)=|x— y|

The metric is non-Archimedean (ultrametric), it obeys the strong triangle inequality [x— y| < max (|| |y|)
instead of the simple (Archimedean) triangle inequality |x—y|<[x|+|y| .



p-adic half-metric
The p-adic metric yields a distance function sufficient for convergence criteria, but it islittle sensitive near
zero, therefore not well-suited for numerical calculations.

A better metric functionis f, (xp, n, L) used for recovering rational numbers from the p-adic numbers.

Xo| =
|php

|Xp|hp isahalf-norm, because it is not symmetric |Xp|hp * |—xp|hp , and neither is the distance |, — yp|hp , but it

fra (Xp0 1 L)| , where period start position n=1 and period length L=N-1, N=precision.

satisfies the triangle refation |x, - yp|hp s|xp|hp +|yp|hp :
Examples[16]

p-adic numbers p=5, 10 or 20 digits

p-adic fraction form (right to left), below: list form (left to right)

1=15

{8, {1,0,0,0,06,0,06,0,0,0, 0,0,0,0,0,0,0,0, 0,06}

finite

-1=4444440A4404A4 AN 404045

0, {4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4}}
period 4

-1/5=4444444444444444444 45
(-1, {4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4, 4,4, 4, 4}
period 4, order v=-1, norm | [s =1/5, point at position 2

—_

1/5=.15
{-1, {1, 6,90, 06,0, 06, 0,06, 0,0,0,0,0,0,0,06,0,0,0, 0]}
here order v=-1, norm | |s =1/5, point at position 2

11= 215

0, {1,2,90,0,06,0,06,0,0,06,0,0,0,0,0,0,0,0, 0,06}
finite

1/11=4233€-4233842339423315

{0, {1,3,3,2,4,90,3,3,2,4,90,3,3,2,4,0, 3, 3, 2,4}}
fixed=1, period 04233

3/11:2339423394233942339435

{®, {3,4,90,3,3,2,4,8,3,3,2,4,0,3,3,2,4,0, 3, 3}}
fixed=3, period 23304

-3/11= 423304233842330423231140211468211402114062.
@, {2,0,4,1,1,2,06,4,1,1,2,90,4,1,1,2,0,4,1,1}}
period 11402

12/11= 2042330423304233042332;

{6, {2,3,3,2,4,0,3,3,2,4,90,3,3,2,4,0, 3,3, 2,4}}
fixed=2 , period 04233

Non-Archimedean (ultra-metric) distance



p-adic distanceis d_ (X, y) =|x— y|p [15]

A non-Archimedean distance, or ultrametric, is a distance metric d(x,y) that satisfies astrict form of the triangle
inequality:

|x—y]<max(|x,|y|), whereas Euclidean distance obeys the simple triangle inequality |x—y| <|x|+|y| .

Unlike Euclidean distance, it implies distances do not "add up" or accumulate, often resulting in topologies that
are totally disconnected, where al balls are clopen (both open and closed).

» Strong triangle inequality |x—y| < max(|x,|y|), weaker in general |x—y|<|X+|y]

« Strong multiplicativity |x* y|=|x|*|y|, weaker in general |x* y|<|x|*|y|

* Isosceles Triangles: All triangles are isosceles, with the two larger sides equal.

Ball Structure: Two balls B,, = {x | |x| < r} either are digoint or one is contained within the other.

» Center Property: Any point within aball can be considered its center.

» Topology: The resulting topology istotally disconnected, where all balls are clopen (open and close)

« Smallness: Numbersthat arelargein the rea sense (like 5'%°) are small in the p-adic sense mod5, while small
numbers (like 1/5'® mod5) are large.

» Ostrowski's Theorem: This theorem states that any non-trivial absolute value on the rational numbers Q is
equivaent to either the usual real absolute value or a p-adic absolute value.

» Ostrowski's Second Theorem: The theorem states that any field, complete with respect to an Archimedean
absolute value, is (algebraically and topologically) isomorphic to either the real numbers or the complex
numbers.

Mapping Qp->R

There is no canonical embedding (anatural, structure-preserving map) from the p-adic numbers Qp into the
real numbers R.

Here is a breakdown of why thisis the case based on number theory principles:

 Different Completions: Both Qp and R are completions of the field of rational numbers Q, but they are
completed with respect to completely different, non-equivalent metrics (absolute val ues).

» Topological Incompatibility: R isaconnected, Archimedean field, while Qp is totally disconnected and
non-Archimedean. There is no continuous field homomorphism between them.

*» Algebraic Closure: Risnot algebraically closed (its algebraic closureis C), whereas Qp isaso not
algebraically closed (its algebraic closure is Qp).

Mapping Q->Qp
« Definition: The map isdefined by, :Q - Q, , where 1, (x) = x

» Completeness: The p-adic field Qp is defined as the completion of Q with respect to the p-adic absolute
value | |
p

Therefore, Q acts as adense subfield of Qp
* Dense Subset: Theimage ¢, (Q) isdensein Qp, meaning any p-adic number can be approximated by a

sequence of rational numbers using the p-adic norm.

 Field Structure: This mapping is ainjective ring homomorphism, preserving both addition and
multiplication.

» p-adic expansion

Any rational number ibleQ can be written uniquely in the form an where p\u p\v
%

The canonical embedding isthen :: pnE — Zak p‘, Q—>Q,, with a, €{0,1,...p-1}
\ k=n
Extensions of Qp
[15]
* The elements of Qp are exactly those represented by series of the form Z a p', whereS isabounded-bel ow
reS
subset of the integers and each ar isamultiplicative lift (i.e., a"Teichmuller lift") of an element of Fp.
» The Teichmuiller character is a homomorphism (lift) of multiplicative groups:



w: F,f - Z; , such that w(a) is the unique (p—1)th root of unity in Zp which is congruent to a modulo p

» The eements of Qnrp (the maximal unramified extension of Qp) are exactly represented by series of the form

Z"'ES a-P , Where S is again a bounded-below subset of the integers, but the ar can now be lifts of any
element of Fq, where q isafixed power of p.

,
* The elements of Qp and its completion Cp are represented by certain series of the form ZTES a-p , Where
the ar are again lifts of elements of Fp, but now S can be amore genera well-ordered subset of Q.

Theorem [Kedlaya] (Huang, Rayner, S tef anescu). Let L be the set of generalized power series of the form

f = Yieswt® (v € K) , where the set ScQ (which depends on f) has the following properties: 1. Every
nonempty subset of S has aleast element (i.e. Siswell-ordered). 2. There exists a natural number m such that
every element of mS has denominator a power of p.

Then L isan agebraically closed field

* The elements of ()p, the spherical completion of Cp, are represented exactly by series of the form Zar P,
reS

where the ar are as before, but now S can be any well-ordered subset of Q (with no other restrictions).

And thisisin some sense as far as we can go, since (p is"maximally complete": we can't extend it any further
without "adding geometry”, in the sense that it's the unique largest field of characteristic zero with value group
Q and residue field the algebraic closure of Fp.

Visualization

The canonical mapping [16] is: p”%—)Z&\k p*, Q—>Q, ,witha, €{01,..p-1

k=n
The canonical p-adic scalar valuation is v, :(iakp"j e(p”iakp"“j , Q,—Q
k=n p k=n

The canonical p-adic vector valuation length ncis v, : (i a, p"j —>p" {ak pk‘”}
p

k=n

n+n.-1

, Q, »> Q"

k=n

Example 1 p-adic norm , prime base po=5 [16]
Npts=100 number grid points

dint=1 interval [0,1]

p0=5 base prime p=5

Ndigits=100 number of elementsin series expansion

- X
p-adicnorm ' '?
pnorm(pad(x))
25 MM
| 1
20
ST
| 1]
10
5
x=p*n u/v
0.2 0.4 0.6 0.8 1.0

canonical scalar vauation ve in Q



ve(pad(x))

E&N\IN MN\n m
il “06“ |

02 0.4 08 1.0
canonical vector valuation vy with length 3in Q*

x=p™n ulv

100



Example 2 polynomia p(x)=(x—1)"2 (x—12), prime base po=5 [16]

Npts=100 number grid points
dint=1 interval [0,1]
pPo=5 base prime

Ndigits=100 number of elementsin series expansion

pnorm=p-adic norm |x|p

pval=p-adic scalar vauation v¢
vpval vector valuation v, with length 3in Q*

[PCJl inQ

(x=1)"2(x-1/2)
0.5

04
0.3
021

0.1

02 04 06 08

pnorm(p(x),p) in Qp

(x=1)"2(x-1/2)[pad(x)

15000 T
10000

5000

1.0

0.2 0.4 0.6
scalar valuation pval(p(x),p) in Qp

(x=1)"2(x-=1/2)[pval(x)
80000

60000 |

40000

20000/ || |l | “ |

0.2 0.4 06
vpval vector valuation v, with length 3in Q*

0.8

0.8

1.0

1.0

x=pn ulv

x=p”n ulv






Example 3 polynomia p(x)=(x—1)"2 (x—12), prime base po=17 [16]

Npts=100 number grid points

dint=1 interval [0,1]

po=17 base prime

Ndigits=500 number of elementsin series expansion
pnorm=p-adic norm |x|p

pval=p-adic scalar vauation v¢
vpval vector valuation v, with length 3in Q*

[PCJl inQ

(x=1)"2(x-1/2)
0.5

04
0.3
021

0.1

02 04 06 08 1.0

pnorm(p(x),p) in Qp
(x=1)"2(x-1/2)[pad(x)
1.0
08
0.6

0.4

02

: : x=pn ulv
0.2 04 0.6 0.8 1.0

scalar valuation pval (p(x),p) in Qp



(x=1)"2(x-1/2)[pval(x)

15

10

Henseal’s principles

[15]

First principle: zeros of polynomials

Let P(X, Y) € Z[X, Y] beapolynomia with integral coefficients
Proposition The following properties are equivalent

* P=0 hasasolutionin Z,

o for al n>=0, P=0 has asolution in Zy/p"Z

« for all n>= 0, there are integers an b such that P(a,,b,) :Omod( p“)

Second principle: Newton method for zeros
P(X) € Z[X] , integer x, with P(x)=0 mod(p), i.e. P(a0)= p t

02 | 04 06 08 10
vpval vector valuation vy with length 3in Q3

x=p*n ulv



then for someinteger b

P(a+a,p)=P(a)+P'(3)ap+(ap)b

we have the Newton approximation method

. pt .

X=a,+ap=a,-— ——~=X-P /P
AP =B 5 (3%)/P'(a)

a,=~t/P'(a)mod(p)

and P(X)= P(a0+a1p):0mod(p2)

Newton iteration X(x)

Proposition Let Pe Zy[X] and xe Z, be such that P(x)=0mod( p")
it k:v(P'(x))< N2 X(x) =N, (x)=x-P(x)/P'(x) tidfies
« P(X)=0mod( p™*) improvement

. k:xmod(p”*") acontrolled loss

. v(P'(X)):v(P'(x)):k invitation to iteration

Example: Newton algorithm for roots of polynomial p(x)=x>-2, i.e. J2 [2]
error in p-adic half-norm
start value )(0:7/5,)('30:{—1, {2,1,0,0,90,0,0,0,90,0]]

iter=1, inQ % =99/70 error |p(x,)|=1/4900, in Qp xpu={-1- 11,2, @, 4,2, 3,11, 15, 4, 18]}
error |p(x,, )| =0.001397

iter=2, inQ x =19601/13660 error |p(x,)[=5.210° ,in Qp Xpm=
{-1, {9, 4,1,10, 13,12, 14, 6, 11, 16} ] oo |p(Xp1)| =0.000778
hp

Reduction of zer os mod(p") to mod(p™*)
Theorem Hensdal’s Lemma

Let Pe Zp[X] and x € Z, satisfy P(x)=0mod( p")
If k= V(P'(X)) <n/2 , the there exist a unique root of P, £€Z, such that

= xmod( p™™*
° (P™) and v(P(£)) = v(P'()) =k
& 1s the unique root satisfying the apriori weaker congruence

£ = xmod( p***)

Mahler series

[15]

Theorem

Letbe f:Z —C, arbitrary map.

Then there is a unique sequence (& )iZO e C, such that

f(X)=Za(

x>0

Tj 3 =V'f(0)

(ij X(x=1).-(x=i+1) binomial polynomials

| i!
forward difference operator Vf (x)= f (x+1)— f (x)



Mahler series => V'{(0 ( j

x>i>0

=~

fi
analogous to classical analysis Taylor series f (x)=

Theorem 1

. ok
f.Z _)CP continuous, & =V f(o),then

0, iforml fil<
|ak| -0, >’ ak( j f (x) uniformly convergent, and || ||<sklig)|ak|p

x>k>0

Theorem 2

Let f:Z —C, continuous, a, =V“f (0), then the following properties are equivalent
|ak|p -0
2 ak( j x) uniformly convergent
x>k>0

¢ f(x) uniformly continuous

Theorem 3 extension on Qp

. ok
f'Q _>CP continuous, & =V f(o),then

0, iforml fil<
|ak| -0, >’ ak( j f (x) uniformly convergent, and || ||<sklig)|ak|p

x>k>0

I nteger-valued polynomialson Z
Theorem : Module of polynomial functions L = L(Z) < Q[x] integer-valued on N is generated by the

- - . X
binomial polynomials Zm (i j

Corollary If apolynomial P e Q[x] with degree d>=0 takes integral values on d+1 consecutive integers, then
takes integral valueson al integers.

Periodic functionson Z

For afinite (Galois) field Fp

Proposition

For i < p', the functions () Z—>F,, x> (Xj mod( p) are periodic of period T=p'.
i i

They form a base of space of T-periodic maps.
Theorem
Le M be avector spaceover Fp ,and f :Z — M periodic function of period T=p".

Then f can be uniquely written in the form

-2}

Van-der-Putt expansion of functionson Zp
Proposition
If f =26w/i e F; locally constant functionf: Z —>C§p,
then 2= F(0) a=f(n)-F(n_) ¢y 0o
gl ||—ma><|a| supla)|



Van-der-Putt theorem
Continuous functionf: Z, - Q,,

g = f(O) , a, = f(n)_ f (n—) forn>0
n=n-n, pv_l
Then |a,| >0, > a, convergesuniformly tof, and ||f||:m§x|q|=$p|q|

obtained by deleting itstop digit in base p

Differentiability

[15]

Definition For f:X —K , X aring, K afield,, the sup-norm of is | f | = sup| f ()|
XeX

Definition For f:X —K , power series f (x)=) ax* , the Gaussnormof is | f||, =supla,|
k

k>0
Definition We say that f is strictly differentiable at apoint ae X and denote this property by f e S'(a)if the
difference quotients
of (xy) L= (Y
X=y
f'la)= lim ®f(xy
have a limit | (xy)~(aa) (%)
Then in aneighborhood V: | f (x)— f (y)‘:‘f '(a)Hx—y| for (x,y)eVxV

Proposition
For f: X —>K , X aring, K afield, the following properties are equivalent

o f eSl(a) foral ae X

+ thefunction @f (x,y) defined on X x X —A, hasacontinuous extension on X x X

« fisdifferentiable at every point ae X, and there is a continuous function o on X x X , vanishingon A,
with f(y)=f(x)+(y—x) f'(x)+(y—-x)a(xy) for x,ye X

Theorem

Let f be a continuous function on Z,.

Then fis differentiable at y precisely when (V*f )(y)/kk—> 0

F(y)= 2 (-7 (V) (y)/k
Then =
Definition f : X — K isLipschitz, when its differential quotient is uniformly bounded

‘f(x)—f(y)‘zM x=v] for x,ye X

£ (%)= F(y) =M [x-] M <o

binomial polynomialsare Lipschitz: For k>1 and p’ <k < p'** we have

H-

Proposition

p'[x-y|

A continouous function f (x)=>Y"¢, (X

k>0

f €C(Z,) is Lipschitz precisely when {k|c,|} _isbounded

=~
N——

Corollary f e Lip(Z,) and f(x)=ch()k(jeC(Zp) Mahler series, then |@f |_ = supx,|c,|
k>1

k>0

where ¥ :[Iogp k]
Theorem: Mahler series and strict differentiability



For a continuous function f ( ZCK(XJ feC(Zp) , we have

k>0

it k|c,| >0 then f eS'(Z,)
For astrictly differentiable function f eSl(Zp) , then itsindefinite sum is also strictly differentiable

= > (i)

i, S eS(zZ,)

Restricted power series and mean value
[15]
Definition power series f ( Zakx with a, — 0 over field K is called restricted.

k>0

They form anormed algebra over K, with the Gauss norm | f ||, = supja, | = m9x|ak|
k

where IT 9le <[ flellgle o X <1
Restricted ps are uniformly continuous

[ (xh)— £ (9] <[] ], if =L ana M=

and [1 (x4 )= (%)= £ (y)+ £ (O) <] ] Jx ] for =T ana <2

Theoreml (analogy to calculus on R)
f(x) restricted ps, then f is atwice strictly differentiable function on the unit ball A of K : f € S? (A) .

The derivative of f is given by the restricted formal power series

=Y akx*
k>1
Lemman >=1 integer and Sy(n) =S, ( kaod
. . n-S ( )
Then the p-adic order of n! is ord n!= p—pl

Theorem2F1 (mean value)
f(x) restricted ps, f(x)=> ax"

k>0

(p-)
S S EL AL " p>2
p \/E p:2

then‘f(x"'h)_f ‘<|h”|]c ”G
Theorem2F2 (mean value)
f eC,(X) psthat convergesin the open unit ball My =p Z, , and | f '(X)||<1<oo

with the restricted norm || f|_, =sup|f (x)
X<t

U(p-1)
then | f (x+h)—f (x)| <[n]| f 1., for|h|<rp,rp:{|p| p>2
J2 p=2

Theorem2F3 (mean value)

(p-1)
X5 g R=ry [l p>2
J2 p=2
e | F ()= £ ()= £ (R <[/ 2] ]

Theorem3 fixed-point theorem

G



f(x) restricted ps in Qp, with || f | <1, B, closed unit ball, and inf

xeBy

then f has afixed pointin B, : 3x € B, : f (X )=x

Volkenborn integral and summation
[15]
Definition VVolkenborn integral of f Sl(Zp)

[f( )dx_Ilm—Zf =(5)'(0)

7 nN—oo p
Propositionl

[ f(x)ax<pff],

Z,

R

P

#1807 Th= 0 e [ 1 () [ £ (x)ae
Zp ZD

Proposition2

For feS(z,)

[ Vi (x)ax=(0)
z
Proposition3 integration of Mahler series

For Mahler series f ( ZC{ j

k>0

j f(x)dx=>Y (1) /(k+1)

z, k>0

Proposition4
For shift 7, f (t) =

f
. wf ()= f(x+t)

St f =7,Sf—f(0)
SVf =VSf - (0)

[ f (t)dt=(ST)(x)

QZP

S(f)'(x)= [ f(x+t)dt—[ f(t)dt

z

(x+t) we have the following properties

p

°
°

. (VS)(x) = f(floor(x+1))
Proposition5

F(x):.[ f(x+t)dt F'(x):j f'(x+t)dt
For Zp , F eSl(Zp) and Zp
Proposition6
For involution o (x)=—(x+1), then I f(o-(x))dx:j f (x)dx

Zp

Proposition7
For power series f ( Zakx , _[ (x)dx=>"alb,

k>0 k>0
Zp

f(x)—x‘grp



with Bernoulli numbers by t _ Zbk hall

-1 & k!

Sums of powers
. k Xk+l
S(x )_ be+2;k(j _me_j el
S(n)=2i"
i=1

(="
S (n) - n(n—1)6(2n—1)
S,(n) - nz(n4—1)

S.(p)= pb, mod( pkZ,)
S((2)=1mod( kZ,)

Application of p-adic analysisin Planck-scale physics
[28]
In Planck-scale physics, the uncertainty isin the order of the measured value of physical variables, in case of

length we have the relation Ax>1, = /@ =1.6x10"*m, and the space-time is discrete with the Planck length
c

as fundamental unit.

There are several reasons for p-adic-discrete mathematics being the most appriopriate description of Planck-
scale physics.

* thetriangle inequality is no longer valid, we have a non-Archimedean geometry, typical for p-adic numbers.
» thefractal and hierarchical character of quantum spin foam at Planck scale are well represented in p-adic
analysis, but not in complex analysis

* space-time vectors are integer variables on an equidistant grid, no longer continuous variablesin rea and
complex numbers

« dl physical variables become discrete: space-time unitis |, , energy-momentum unit is minimal energy

Ei =hC/R, =2.06x10%eV R, =1/ /A, = 0.95x10®m Lambdaragius, Mo =1DA0FM? oo ogical
constant

« the continuous differential operatorsin quantum mechanics become discrete difference operators at Planck
scale, which is exactly the case in p-adic analysis (differential operator V inreal and complex analysisis

replaced by the forward-difference operator V ; in p-adic anaysis)

« thedifferential equations of quantum mechanics (Schrédinger, Dirac, Maxwell equations) become discrete
difference equations

« the eigenfunctions of difference equations are discrete polynomials, based on binomial expressions, which
corresponds to series expansions in p-adic analysis, which are based on binomial polynomials (Mahler series
instead of Taylor series).

 anatural choice of p-adic baseisp=2, i.e. bi-adic numbers, which fits well to the Pauli principle for spinors,
and their bi-adic nature (Grassmann agebra) .

Schrédinger und Dirac equation as p-adic difference equations
Schrédinger equation in Planck units, =G =c=1, |, = /@ =1is,
C

oYX (1 S S
IT_( 2mv +V(x)j‘{’(x,t)



where space-time vectors are discrete in |, =1-units, i.e. are consist of integers
with time-independent form

E¥Y(X) = (—ivz +V(X)j‘P(X)

2m
Dirac equation in Planck units with electromagnetic field is
(iy“ (2, +ieﬁ,)-m)\1’(xﬂ) =0
We can formulate both equations with p-adic functions ¥: Z, — C, field vector A, :Z, — C,, and the p-adic
forward-difference operator v (x) f (x)= f (x+1)- f (x), Z, p-adicintegers, C, p-adic complex numbers.
P-adic Schrodinger equation is

iV, (1) P(X.1) =(—2—in(vp (%)Y, (7())+V(7()j‘1’()”<,t) p-adic Schrédinger

with 3-dim forward-difference-gragient V(%) =(V,(%).V,(%).V, (%))

P-adic discrete Dirac equation in Planck units with electromagnetic field is

(iy“ (Vg(x“)ﬂeé\y)—m)‘l’(x“) -0 p-adic Dirac

with 4-dim forward-difference-gradient V4 (X} =(V,(%),V,(%).V,(%).V, (%))
Here, |‘P|2 is the probability density, normalized appropriately over volume V :

2
> (|woe|) =1
xH eV
The time-independent p-adic Schrddinger equation results from the time-dependent continuous form:

EW(X) = (—2—;@(x)ﬁp(x))+vo*<)jqf(7<) , with eigenvalues E=E,

P-adic Schradinger equation with harmonic oscillator
Time-independent Schrodinger eq. for harmonic oscillator in Planck unitsis[29]
E¥(X) = (—ivz + 1 ma)zxzj‘l‘(x)

2m 2

with energy eigenvalues E =(n+1/2)he and eigenfunctions

va 2
Y, (x)= 1 (mo exp Xy | x [T , Hermite polynomials H
" 2"n!\ zh 2n ) " h "

reformulated m=1, w=1

E¥(X) = (—%VZ + % xzj‘l’(x)

Hermite polynomials have the recurrence relation
H...(x)=2xH_ (x)-2nH_,(x) , Hy(x)=1

For the p-adic discrete version we consider x on agrid with N points, stepsize h=+/2/ N ,
X =kh, k=-N,...,0,...N
Time-independent P-adic Schrodinger equation for harmonic oscillator is

1 1
EY¥(X) :(—E(Vp(x)-Vp(x))JrExzj‘P(x) ,
reformulated

1 1

E¥(x) = (—E(T(xm)—2‘P(xk+l)+‘P(xK))+§xk2‘P(xK)j

This difference equation has the solution in Kravchuk functions [29], based on scaled Kravchuk polynomials
k,.n (X) with the recurrence relation analogous to Hermite polynomials



yan (9 =20k, (9 ~2n( 10T (), =2

discrete Kravchuk polynomials

K, (K, N)zz—lni(—l)”‘j (kj(N _kj

=0 J)\n=]

_ %y (11
k. (X)= J Kn[h(thxj,Nj

n

_ N n N!
with the norm factor a, |, = NIl ' d, 2n N
n

Kravchuk functions are
®nn (k) = ozn’hkn’h (h k) Pn (h k)

N
with norm function p, (k)= %( ) j a=kh

with the eigenvalues E=(n+1/2).
Theorem: Kravchuk polynomials converge uniformly to Hermite polynomials
For givenNand h=+v2/N , foral 0<5 <1, thereisaconstant C(&), with the following bound

H, (x)_ Ky (X)| < C(5) h2-0e/2om2 o1

for all ns%|logh| xeR,

5 Generalization of differential operators
Fractional calculus

of o
The differential operator Df () = % iss defined by alimit of the quotient # —lim .
X X h—0

d"f (x)
ax"
It can be generalized to fractional exponent by the Riemann-Liouville formula|[8]

D (x) =g (x) =2 1)j(x_t)”-“-lf(t)dt,n_1<a<n

Ina - =
X" ° () dx" I'(a);,

where |1 isthe Riemann-Liouville fractional integral

19 (X) =

F(a)I(X_t)a f(t)dt

For a=0 , thelower index isskipped: 15 =1“ , Dy =D“ .
For integer « =n>0 , the fractional derivative and integral become the ordinary derivative D" and integral |"

|2 is based on the Cauchy formulafor theintegral 1, (Iaf)(x):jf(t)dt,with lo=1

a

and its multiple application defines the exponential expression D" f ( )

n 1 G n-1 1 G n-1
(1 f)(x):(n—l)!-([(x_t) f(t)dtzl_—n)l(x—t) f(t)dt

()= [(x-t)* £ ()t , n=0
(16)(9=] f (Ot n=1

Here I'(x) isthe gamma-function, which generalizes the factorial: I'(n)=(n—1)! for n>0.



The operator 1* is additive in the exponential I"Iﬁ | +P
1“ (17 f =17(1“f =(1“"F f

(100~ 1) =(1° )=
However, D” isnot additive. D*D” = D*** .

The Riemann-Liouville generalized derivative can be approximated by alimit expression similar to derivative

D [9]:
f(x+h(x-a)™)-1(x)
- ,

a+ﬁ 1 )dt

T(aa) f (x)=lim| (1-a) f (x)+a

with T(a,a) f (x)=D; f (x) , if thelimit exists in aenvironment of x .
Examples
I(A+1)x*
D (x* )=~
( ) r(A+1l-a)

D*(c)= X for constant ¢

I['(1-a)
DJJZ (X) =%
12 _EulerGamma—Log[x]+PolyGamma[O,—%]_o_2821(0,6137_1,0Log[x])
D (1/ X) - 2/mx3/2 - x3/2

3
_3(-1+EulerGamma-Log|x] +PolyGamma[O,—E])_0_423 1(0.2803—1.0Log[x])

DY?(1/x" 2) WD = —~7
DY (x2) =2~

DY (x3) =12

D¥2(x74) :123‘;’;;/2

D2 exp(x) =—e*(—1 + GammaRegularized|[— %, x])

25}

— D1Exp
D1/2Exp

20F

02 04 06 08 10
11, x?
[( 1+HypergeometricPFQ[{= }{_ZZ}‘_TD

4x3/2Gammal; ]Gamma[S]

D?Bessel J1(x) =

06

04 /

0.2 ¢ — BesselJ1
/ D1BesselJ1
Ty VN ¢ 7/ 8 W10 D1/2BesselJ1
_072,
N

Application of fractional calculus
Diffusion




Diffusion is described by Fick’s equation
op(F,t)
ot
Anomalous diffusion processes in complex media can be well characterized by using fractional-order diffusion

eguation

“p(F.t)
ata

Fractional Schrodinger equation

Fractional quantum mechanics is based on the fractional Laplace operator [37] for 1<a <2

=DAp(F,t), where p(F,t)isthedensity of diffusing substance

=DA’p(F,t), with fractional order «, 8

al2 . 1 . r)f _|a s
—h*A )= exp| —i — t)d®

with the Fourier transform wave function (p(i),t)zj.exp(—i %)w( p,t)d’p.
a . 1

The fractional classical kinetic energy is E,, =d, |p|", with the constant d,, = o

m)* "¢
| | I8
For a =2, the classical formulaisrecovered: E,, =om "
In quantum mechanics, the momentum becomes the operator P = _EV , |r)|2 =—1°A,

i
so the fractional Hamiltonian reads H =d, (—7A)™* +V (F) .
The fractional Schrodinger equation isthen
ihw =d, (=nA)"y (F,0) +V (F)y (F.1),
For o =2 , it becomes the ordinary Schrodinger equation.
Ze’

r

When applied to the Coulomb potential V (F) =—

we obtain the Bohr energy levels [37] for 1< a <2

( 2)a Y(a-1)
1 A

E =—(a-1 -

n (a )EO na/(afl) ' EO aadaha

When applied to the general harmonic oscillator with the potential V(F ) = q2|F|ﬂ , We obtain the energy levels
[37] forl<a <2 ,1<p<2

apl(a+p) ﬂhﬁd ]_/aqz/ﬁ apl(a+p)
E,=E, (n+§j , E :£ZB(1/ ﬁal+1/ )] , we recover the ordinary harmonic oscillator energies
, o

r(x)r
for o =2, B =2, with the Beta-function B(X, y)=%.

Taylor-operators asgeneralized derivatives

d(f(x- _
Differential operator D islinear and shift-independent, i.e. ( (;(X Xo)):(df)(di %)

An analytic (Taylor-expandable, infinitely differentiable) function f has a Taylor power series expansion in an
environment of xo ,
£ () (Xo)
|

f(X)=Zak(f,><o)(X—xo)k,ak(f,xo)=

(&)
(n+1)!

Wwith convergence radius R( f,x,)> 0 and with n-term-

truncation remainder R, (f,x,)=




The Taylor polynomia  S(f,%,n)=>"a,(f,%)(x—%)" isthe n-term-truncated Taylor series with the

k=0

remainder R (f,x%,):
() =S(f.000)+R,(f.%) .

The convergence radius follows from the Cauchy-Hadamard formula R( f,x,)= 1

limsup|a, (f,%)
For analytic function f , the Taylor series determines the function uniquely (independent of xo) within its
convergence radius.

Furthermore, the Taylor series converges absolutely and uniformly on compact sets within its convergence
radius.

The operator D acts on the Taylor series (a, ( f,x,)), inthe form:

a (Df %) =(k+1)a.,(f.x%)
A Taylor operator T is an extension of adifferential operator, it acts on the Taylor (coefficient) sequence

(a(f.,%)), intheform:
T=T(a(k).5 (k).
a (Tf, %) =a(k)a,,, (f.x), where a(k) and B(k) are polynomial mapsin integers.

‘ljk )

For a Taylor sequence (a, ( f,X,)), with convergenceradius R(f,x,)> 0, theresulting sequence a, (Tf,x,)
has the same convergence radius R( f,x,) and defines an analytic function (Tf )(x) = iak(Tf,xo)(x—xo)k.
k=0

For the differential operator D we have a (k) =k+1, g(k)=k+1,i.e. D=T(k+1k+1) .

Examples
We present 3 examples with the exponential f (x)=exp(x), X, =0, Taylor polynomials truncated at n=5 .

« f(x)=exp(x) and D S( f,x,,n) with the differential operator D =T (k+1,k+1)
25k f

20k

— Exp[x]
Taylor[D Exp[x].5]

051

. 1 1 1
-1.0 -05 05 1.0

« f(x)=exp(x) and T (k+2,k+1)S( f,x,n) withthe Taylor operator T (k+2,k+1)
of

3l
— Exp[x]
2 Taylor[T[k+2,k+1] Exp[x],5]

/

I I I I
-1.0 -0.5 05 1.0

« f(x)=exp(x) and T (k,k+1)S( f,x,,n) with the Taylor operator T (k,k+1)




25

2.0

-10 —

05

1.0

— Explx]
—— Taylor[T[k,k+1] Exp[x],5]



6 Lie and Clifford algebras in physics

1 Basics

Lie groups are mathematical objects that are simultaneously groups (allowing for operations like multiplication
and inversion) and smooth manifolds (allowing for continuous, "smooth" transformations). Lie algebras
represent the infinitesimal structure of Lie groups, serving asthe "flat" tangent space at the group's identity.
* Lie Groups. Represent continuous global symmetries. Because they are curved manifolds, doing global
calculations (like multiplying group elements) can be geometrically complex

* Lie Algebras. Represent infinitessimal symmetries. They form aflat vector space, meaning you can add
elements together and scale them.

» The Correspondence: The exponential map connects the two. It translates tangent vectors (from the Lie
algebra) into curved trgjectories on the Lie group.

Lie Groups

A Liegroup G isaset that possesses two compatible structures:

Itisagroup: It isclosed under an associative multiplication operation, has an identity element, and every
element has an inverse.

It isasmooth manifold: It locally resembles n-dimensiona Euclidean space R", allowing for calculus
(differentiation, integration) to be performed on the group.

Examples: The circle group (U(1)), the group of n x ninvertible matrices GL(n, R), and the group of 3D
rotations SO(3).

Lie Algebras

A Lie algebragisavector space equipped with abinary operation called the Lie bracket. The Lie bracket,
denoted as[.,.] measures the failure of commutativity

The bracket must satisfy three primary rules:

Bilinearity: ([ax + by, z] = a[x,z] + b[y,z])

Antisymmetry: ([x,y] =-[y.X])

Jacobi Identity: ([x, [y,Z]] + [y, [z.X]] + [z, [x,y]] = 0)

For matrices, the Lie bracket isthe commutator: [A, B] = AB —BA

Structure constants

Structure constants (or structure coefficients) are the numerical values that uniquely define the algebraic
multiplication in aLie algebra. They are the coefficients that appear when the Lie bracket of any two basis
vectors is expressed as alinear combination of the basis itself.

For aLieagebrag equipped with abasis{e}, the Lie bracket [g, g] of any two basis elements produces a new
element within the algebra. Because of bilinearity, you only need to know the products of the basis elements to
determine the multiplication for the entire algebra.

Adjoint representation
Themapping ad, (y)=[x,y] iscaledtheadjoint of xe G of LieagebraG.

Derivation
A derivation on a Lie algebra G is a linear map D:G—G that satisfies the Leibniz rule for all elements X,y € G

D([x y])=[Dx.y]+[x Dy]
The collection of all such derivations forms a Lie algebra known as the derivation Lie algebra, denoted Der (G) .

The key aspects of derivations are
» The Bracket Operation: The Lie bracket on Der(G) is the standard commutator operation, defined for any two

derivations D,, D, € Der (G)as:

[D,,D,]=D,°D,-D,oD,

« Inner Derivations: For any element x e G, the adjoint operator ad, (y) =[x, y]isaderivation. These are
called inner derivations and they form an ideal inside Der (G) .

Killing form
The Killing form is the bilinear symmetric form « (x,y) =Tr (ad(x)~ad(y)), with adjoint ad, (y) =[x, y],

for basis vectors «; =cpc>, expressed by the structure constants.



Key Theorems

» Lie'sThird Theorem: Every finite-dimensional, real Lie algebraisthe Lie algebra of some Lie group.

» The Correspondence: While two different Lie groups can share the exact same Lie algebra (for example,
SU(2) and SO(3)), simply connected Lie groups have a one-to-one correspondence with their Lie algebras.
Applicationsin physics

* Quantum Mechanics: The angular momentum operators satisfy the commutation relations of the SU(2) Lie
algebra.

* Particle Physics: The Standard Model relies heavily on the gauge groups U(1) x SU(2) x SU(3) (where
SU(3) relates to quantum chromodynamics).



2Liegroups

A Liegroup isamathematical object that is both a smooth manifold and a group, where the group operations
of multiplication and inversion are differentiable. This structure allows mathematicians to study continuous
symmetries using the tools of calculus and geometry, mapping complex curved spacesinto linear structures
called Lie algebras.

At itscore, aLie group sits beautifully at the intersection of algebra and geometry. It combines two
fundamental mathematical concepts:

The Manifold: A space that locally resembles flat Euclidean space. For instance, a circle looks like a straight
line when you zoom in.

The Group: A set of elements coupled with an operation (like rotation or translation) that obeys closure,
associativity, has an identity element, and allows for inverses

For the two structures to be compatible, the multiplication map (X, y) > x-y andtheinversion map x+— x*

must be smooth (continuous) functions.

Lie groups can be highly non-linear and curved, making global calculations difficult. The primary breakthrough
in Lie theory isthe Lie algebra, which essentially acts as a"flat map" or alinear approximation of the curved
group.

Tangent Space: The Lie algebrais defined as the tangent space of the Lie group at the identity element.
Exponential Map: The relationship between the Lie algebra and the Lie group is established via the exponential
map, which projects tangent vectors (elements of the Lie agebra) directly onto the curved group (the Lie
group).

The Lie Bracket: While the group has a multiplication operation, the Lie algebra possesses a specia operation
called the Lie bracket, which captures the non-commutativity and curvature of the group's operations.

Because Lie algebras are flat (vector spaces), it is often vastly simpler to perform algebraic and geometric
computations within them.

Liealgebra o isnilpotent if its lower central seriesterminates in the zero subalgebra. The lower central series
is the sequence of subalgebras

g o[wa]2]a[wa]]2..

Lie algebra g issolvableif its derived series terminates in the zero subalgebra. The derived Lie algebra of the
Liealgebra g isthe subalgebra of g, denoted

[g, g] that consists of al linear combinations of Lie brackets of pairs of elements of g. The derived seriesisthe
sequence of subalgebras

0 o[xa]2[[a.a].[a.q]]=..

Liealgebra g issemisimpleif itisadirect sum of simple Lie algebras. A ssimple Lie algebrais anon-abelian
Lie algebrawithout any non-zero proper ideals.

For afinite-dimensional Lie algebra a over afield of characteristic O, if nonzero, the following conditions are
equivalent:

g issemisimple;

theKilling form «(x,y)=tr (ad(x)ad (y))is non-degenerate;

g has no non-zero abelian ideals,

g has no non-zero solvable ideals;

the radical (maximal solvable ideal) of g iszero.

3Liealgebras

LieAlgebras

A Lie algebragisavector space equipped with abinary operation called the Lie bracket. The Lie bracket,
denoted as[.,.] measures the failure of commutativity

The bracket must satisfy three primary rules:

Bilinearity: ([ax + by, z] = &[x,z] + b[y,z])

Antisymmetry: ([x,y] =-[y.X])

Jacobi Identity: ([x, [v,2]] + 1Y, [z.X]] + [z, [X,y]] =0)

For matrices, the Lie bracket isthe commutator: [A, B] = AB —BA



Structure constants

Structure constants (or structure coefficients) are the numerical values that uniquely define the algebraic
multiplication in aLie agebra. They are the coefficients that appear when the Lie bracket of any two basis
vectors is expressed as alinear combination of the basis itself.

For aLieagebrag equipped with abasis{e}, the Lie bracket [g, g] of any two basis elements produces a new
element within the algebra. Because of bilinearity, you only need to know the products of the basis elements to
determine the multiplication for the entire algebra.

The basis vectors (also known as generators) satisfy the commutation relation:

[g.6 |=cle

where:

c,'j‘ are the structure constants, and Einstein summation notation isimplied (sum over k).
Structure constants inherently possess specific mathematical properties:

» Anti-symmetry: Since the Lie bracket is anti-symmetric, swapping the first two indices of the structure
constants flips the sign:
G ==Cj
» The Jacobi Identity: The Jacobi identity into acrucial constraint on the structure constants:
o . .
Clrjncmk + C?Ilc:ni + CkTCrJnj =0
« Killing Form: The structure constants are directly used to compute the Killing form, a symmetric bilinear
form that helps classify whether a Lie agebrais semisimple or solvable:

__ ~aab
Kij = GpCja

The properties antisymmetry and Jacobi identity are sufficient in order to define aLie algebra

Adjoint representation
Themapping ad, (y)=[x,y] iscaledtheadjoint of xe G of LieagebraG.

Derivation
A derivation on a Lie algebra G is a linear map D:G—G that satisfies the Leibniz rule for all elements X,y € G

D([x y])=[Dx.y]+[x Dy]

The collection of al such derivations forms a Lie algebra known as the derivation Lie algebra, denoted Der (G) .
The key aspects of derivations are

» The Bracket Operation: The Lie bracket on Der(G) is the standard commutator operation, defined for any two
derivations D,, D, € Der (G)as:

[D,,D,]=D,°D,-D,°D,

« Inner Derivations: For any element x e G, the adjoint operator ad, (y) =[x, y]isaderivation. These are
called inner derivations and they form an ideal inside Der (G) .

Killing form
The Killing form is the bilinear symmetric form « (x,y) =Tr (ad(x)~ad(y)), with adjoint ad, (y) =[x, y],

for basis vectors «; =cgc>, expressed by the structure constants.

The Killing form characterizes the Lie algebra, and has the properties:

1. Cartan's First Criterion (Detecting Solvability)

A finite-dimensional Lie algebra g over afield of characteristic O is solvableif and only if the Killing form
vanishes identically on the commutator subspace:

k(% ¥)=0 tor all xeg and ¥ <[%8]

2. Cartan's Second Criterion (Detecting Semisimplicity)

A finite-dimensional Lie algebra g over afield of characteristic 0 issemisimpleif and only if its Killing formis

non-degenerate.
Non-degeneracy means that if

k(% ¥)=0 fo 4 yeg,then x=0 ,i.e x;=x(g,e) hasfull rank det(x; )0
3. Nilpotent Lie Algebras



If aLiealgebrag is nilpotent, its adjoint operators ad(x) are nilpotent endomorphisms, meaning all their
eigenvalues are zero. Consequently, the Killing form isidentically zero.

4. Compact Real Forms and Definiteness

For real semisimple Lie algebras, the Killing form provides a characterization based on its signature (the
number of strictly positive and negative eigenval ues).

A real semissimple Lie algebrais compact (the Lie algebra of acompact Lie group) if and only if the Killing
form is strictly negative definite.

Inthis case, al eigenvalues of the quadratic matrix «; = K(q € ) are strictly negative.

5 Associativity (Adjoint Invariance): The Killing form isinvariant under the Lie bracket, meaning that for any
X,Y,Zeq, it respects cyclic permutation:

k([xy].2)=x(x[y.2])

6 Orthogonal Ideals: If i isanideal in g, its orthogonal complement with respect to the Killing form isalso an
idedl.

X,y € g areorthogonal resp. k; :K(q,ej) , If their vectors X, Y, inthebasisb={ea} satisfy

%x(€.€)¥,=0

4 Fundamental theorems

The Fundamental Theorems of Lie Theory—often called Lie's Theorems—form the backbone of the
relationship between Lie groups (continuous symmetries) and Lie algebras (their infinitesimal counterparts).
They establish adirect dictionary between the cal culus of smooth manifolds and linear algebra.

Lie's Three Theorems

The core of Lietheory revolves around three foundational theorems that connect aLie group G withitsLie
algebra g (typically represented as the tangent space at the group's identity element).

LiesFirst Theorem: This states that every finite-dimensional (local) differentiable manifold or group can be
embedded into alocal Lie group. It establishes that the tangent space at any point fundamentally characterizes
the infinitesimal transformations of the group.

Li€'s Second Theorem: This theorem establishes adirect link between the structure of aLie group and its
algebra. It states that two elements (x,y) correspond to the commutator product, meaning the structure of the
algebrais entirely determined by its structure constants.

Lie'sThird Theorem: Thisisthe most profound result. It states that every finite-dimensional, real Lie algebra
isthe Lie algebra of some unique, connected, and simply connected Lie group.

The Homomorphisms and Subgroups Theorems

The Homomorphisms Theorem: If ¢ :q — b isaLieagebrahomomorphism, and the domain group G issimply
connected, there exists a unique global Lie group homomorphism @ : G — H whose derivative at the identity
maps to .

The Subgroups—Subal gebras Theorem: For any Lie group G and any Lie subalgebra b of a, thereisaunique
connected Lie subgroup H c G that has h asits Lie algebra.

Engel's Theorem

This theorem applies to nilpotent Lie algebras. It states that afinite-dimensional Lie algebra g is nilpotent if
and only if every element in the adjoint representation is a nilpotent endomorphism. Consequently, there exists
acommon basisin which all matrices representing elements of g are strictly upper triangular.

Lie's Theorem solvable algebras

This appliesto solvable Lie algebras. It statesthat if g isasolvable Lie algebra over an algebraically closed

field of characteristic zero (like C), and p :g— End (V) isafinite-dimensional representation (on amatrix

space V), then all elements of g can be represented by upper triangular matrices simultaneously.

Cartan's Criterion

This provides a powerful test for the semisimplicity of aLie algebra. It states that afinite-dimensional Lie
algebra o issemisimpleif and only if its Killing form (a symmetric bilinear form defined by the trace of the
adjoint representations) is non-degenerate.

Levi's Decomposition Theorem



Thisisacornerstone for the structure theory of al finite-dimensional Lie algebras. It asserts that any finite-
dimensional Lie algebra g can be decomposed as a semi-direct sum of its radical (the unigue maximal solvable
ideal) and a semisimple subalgebra (known as the Levi factor).

5 Roots, weights, Cartan subalgebra, Dynkin diagrams

Root system

[19]

Let E be afinite-dimensional Euclidean vector space, with the standard Euclidean inner product denoted by
(-,7). A root system @ in E is a finite set of non-zero vectors (called roots) that satisfy the following conditions:
1 Theroots span E.

2 The only scalar multiples of a root a€® that belong to ® are a itself and —a.

3 For every root o€, the set @ is closed under reflection through the hyperplane perpendicular to a.

4 (Integrality) If a and B are roots in @, then the projection of  onto the line through « is an integer or half-
integer multiple of a.

Equivaent ways of writing conditions 3 and 4, respectively, are as follows:

3 For any two roots a,BE®D, the set @ contains the projection

0, (8)=p-22' %)
(B)=pe

4 For any two roots a,fED , the number (double projection [ onto a )

(p.a)=a 2L
(o)
IS an integer.
Therank of a root system @ is the dimension of E.
Two root systems (E1, ®1) and (E2, ®2) are called isomorphic if there is an invertible linear transformation
E1 — E2 which sends ®1 to @2 such that for each pair of roots, the projection (X,y) is preserved
The group of isometries of E generated by reflections through hyperplanes associated to the roots of @ is called
the Weyl group of ®. As it acts faithfully on the finite set @, the Weyl group is always finite.

Root system rank 2

In rank 2 there are four possibilities, corresponding to = (B)= P+ , wheren=0,1,2,3.

The root system is not determined by the lattice that it generates: A1XA1 and B2 both generate a square
lattice while A2 and G2 both generate a hexagonal lattice.

Whenever @ is a root system in E, and S is a subspace of E spanned by ¥ = ® N S, then WV is a root system in S.
Thus, the exhaustive list of four root systems of rank 2 shows the geometric possibilities for any two roots
chosen from aroot system of arbitrary rank.

In particular, two such roots must meet at an angle of 0, 30, 45, 60, 90, 120, 135, 150, or 180 degrees.



Root system A; x A; Root system Dy

o
?¢ o

Root system Ay Root system G’ Root system By Root system Cy
OO O=0 o=0 oso
1 2 1 2 1 2 1 2
Rank 2 root systems

Lie Algebrasroots and weights
[20]
Lie Algebra Root
Theroots of asemisimple Lie algebra g are the Lie a gebra weights occurring in its adjoint representation. The
set of roots form the root system, and are completely determined by g. It is possible to choose a set of Lie
algebra positive roots, every root a is either positive or -a is positive. The Lie algebra simple roots are the
positive roots which cannot be written as a sum of positive roots.
The simple roots can be considered as a linearly independent finite subset of Euclidean space, and they generate
the root |l attice.
For example, in the special Lie agebras»(C) of two by two matrices with zero matrix trace, has abasis given
by the matrices

( 10 j (0 1} (0 oj
H= X = Y =

0 -1 00 10

The adjoint representation is given by the brackets

ad(H)(X)=[H,X]=2X

ad(H)(Y)=[H,Y]=-2Y

so there are two roots of slo(C) given by a(H)=2 and - a(H)=-2. The Lie algebraic rank of sl>(C) isone, and it
has one positive root o(H)=2.

Adjoint representation

The adjoint representation of aLie group G isaway of representing the elements of the group as linear
transformations of the group's Lie algebra, considered as a vector space.

For example, if G =GL(n,R), the Lie group of real n-by-n invertible matrices, then the adjoint representation is
the group homomorphism that sends an invertible nxn matrix g to an endomorphism of the vector space of all
linear transformations of R" defined by:

X+ gxgt

Rootsin & basis
For aLie algebrawith dimension d=2n or d=2n+1 (e.g. orthogonal Lie algebras so(2n) , so(2n+1), sp(2n) ) we
use an orthonormal basis of extended Kronecker matrices i, j =1...n

Ejlk = Ejk - Ek+n,j+n ' Ejzk = Ej,k+n - Ek,j+n , E?k = Ej+n,k - Ek+n,j ' Ejak = Ej+n,k - Ek+n,j '

where the ordinary Kronecker matrices are E; = (5ik6 i )

Ko

For su(n+1), we usethe basis E;, = E;, .



Cartan subalgebra is spanned by the diagonal operators h=(E,) ,
the remaining subspace is spanned by the non-diagonal operators h, = < E}> I # ]

We make the ansatz for the Cartan subalgebrah: H =) A4E, (n=dim(h)
i=1
we obtain the commutator relations

[H.Ej |=(4 -4 ) Ej "
[H.ES |=(2 +4)E} <

[H’E?k]:_(li +ﬂ“k)E1‘3k i < j

For the classical Lie algebras we obtain simple root vectors € in the form
6=8& &=Fs  e-f(g)

with the commutators

n=[Hel=(4-%4)8

rn=[H.eg]=(h-%)e

= [H ’en] = (Cn—l/ln—l + Cn/ln)en
Here, the final term differs
= (ﬂ‘n - 2’n+l) E

n,n+1

for su(n+1) n
for SO(Zn) r.n = ()‘n—l + )‘n )( E2n—l,n - E2n,n—1)

for so(2n+1) "= ( Evania ~ E2"+1,2n)
[xi’xj] = Cilj(xk

for sp(2n)

Rootsin Weyl-Cartan representation

We start for the Lie algebra g with the generator set g :<H1 """ Hio Y Y“-k>,
h=(H,,...H,)

where the Cartan algebra h is spanned by thefirst k generators = .
Theform ladder operators L, =Y, Y,,...,L =Y, ., 1Y, , and let them span the remaining subspace

(n-k-1)/2+

Themapping ad(H,)(X)=[H;,X] X eh, mapsthe subspace h, intoitself, itisa (n-k)x(n-k) matrix
ad(H,) onthevectorsof h, . The k common eigenvectors of these matrices, which belong to the eigenvalues

(Apa(Hy)so A (Hy ) -
are the k smpleroots of the Lie algebrag.

Lie Algebra Weight

Consider a collection of diagona matrices Ha,...,Hk, which span a subspace h. Then the ith eigenvalue, i.e,, the
ith entry along the diagonal, is alinear functional on h, and is called aweight.

The general setting for weights occursin a Lie agebra representation of a semisimple Lie algebra, in which
case the Cartan subalgebra h is Abelian and can be put into diagonal form.

For example, consider the standard representation of the special linear Lie algebrasi3(C) on C3.

100 000
H,=|0 -1 0| H,=|0 -1 0
000 00 1

Then ,
span the Cartan subalgebra h.



There are three eigenvectors (standard orthonormal basis) € with gli]=¢

ij
There are three weights,
a=(1-2.1)

which are the eigenvaluesof H,+H, ,
corresponding to the decomposition of

C'=(q)®(e)®(e)
into its elgenspaces.
Notethat o, + o, +a, =0, because the matrices have zero matrix trace. The eigenvectors €,¢e,,e, arecalled
weight vectors, and the corresponding eigenspaces are called weight spaces.
In the important specia case of the adjoint representation of a semisimple Lie algebra, the weights are called
Lie algebraroots and the weight space is called the root space. The roots generate a discrete | attice, called the
root lattice, in the dual vector space h*. The set of al possible weights forms aweight lattice, which contains
the root lattice. The Lie Algebra representations of g can be classified using the weight lattice.
Cartan matrix
A Cartan matrix A=(aj) isan nxn integer matrix that uniquely encodes the structure and root system of a
semisimple Lie algebra. It captures the angular and length rel ationshi ps between the simple roots.
For the simple roots (ai, a;) the matrix entries are defined as:

2(e,ct))

17

» Diagonal entries are dways a;=2.
« Off-diagonal entries are non-positiveintegers a; <0 i j and represent how roots reflect into one
another.
» The product a;j gi can only equal 0,1,2,3.
The Cartan matrices of the types An, Bn, Cn, Dn are
* An(su(n+1))
2 -1 0 .. 0 O

-1 2 -1 .. 0O
0 -1 -2 .. 00
0O 0 0 0 0O
0O 0 0 0 -1 2
* Bn(so(2n+1))

2 -1 0 0 0
-1 2 -1..0 0
0 -1 -2 0 0
0 0 00 2 -2
0 0 00 -1 2
* Ca(sp(2n))
2 -1 0 .. 0O

-1 2 -1 .. 0 O
0O 1 -2 .. 00

o

N
|

|_\

0O 0 O
O 0 0 0 -2 2
. Dn(SO(Zﬂ))




N
I
[REN
(@)
o

0 0 O 2 -1 -1
0O 0 O -1 2 O
0O 0 0 .. -1 0 2

Five exceptional agebras:

» E6: A (6 times 6) matrix characterized by a"Y" shape on its Dynkin diagram with a central branch.
* E7: A (7times7) matrix corresponding to a 7-vertex diagram.

» E8: An (8times 8) matrix associated with the largest simple exceptional Lie group.

* F4: A (4 times4) matrix corresponding to the 24-dimensional exceptional Lie algebra

2 —3}
» G2: The smallest exceptiona Lie algebra (14-dimensional), whose Cartan matrix is [‘1 2

Simpleroots and weights

In general, for a simple Lie algebra g, the relation between the simple roots o and the fundamental weights w;
reads

ai =] Aij o ,

where A is the Cartan matrix of g

Cartan Subalgebra
Let o beafinite-dimensional Lie algebraover somefield K.
A subalgebra b of g iscalled aCartan subalgebraif it is nilpotent and equal to its normalizer, which is the set

of those elements x e such that [x,h]c b .

Liealgebra g isnilpotent if itslower central seriesterminatesin the zero subalgebra. The lower central seriesis
the sequence of subalgebras

g o[wa]2]a[wa]]2..

Let o betheLieagebraof al endomorphismsf of vector space k" (for some natural number n), with
[f.g]=fog—g-f

Then the set of al endomorphismsf of k" of the form

(X X ) = (A Xy, A X))

){‘ X1y ooy Xp) = (A1 X1, .0y Ay Xy)

isa Cartan subalgebraof «.

Properties of Cartan subalgebra

1. If Kisinfinite, then g has Cartan subalgebras.

2. If the characteristic of K isequal to O, then al Cartan subalgebras of g have the same dimension.

3. If Kisalgebraically closed and its characteristic is equal to O, then, given two Cartan subalgebras b and b'
of a, thereisan automorphism f of g suchthat f (h)=p'f(h)=h'.

4. If g issemisimple and K is an infinite field whose characteristic is equal to O, then all Cartan subal gebras of
g are Abdlian.

5. Over field C, a Cartan subalgebrais precisely equivaent to amaxima commutative (or abelian) subalgebra.
6. In genera, if amaximal commutative subalgebra contains non-semisimple (nilpotent) elements, it failsto be
a Cartan subalgebra.

7. Every Cartan subalgebraof aLie algebra o isamaximal nilpotent subalgebra of g. However, amaximal
nilpotent subalgebraof g doesn't have to be a Cartan subalgebra

Semisimple Lie Algebra

A Lie agebraover afield of characteristic zero is caled semisimpleif its Killing form is nondegenerate. The
following properties can be proved equivalent for afinite-dimensional algebraL over afield of characteristic O:
1. L issemismple.



2. L has no nonzero Abelian ideal.

3. L has zero ideal radical (theradical isthe biggest solvableideal).

4. Every representation of L isfully reducible, i.e., isasum of irreducible representations.

5. L isa(finite) direct product of ssimple Lie algebras (Lie algebrais called simpleif it is not Abelian and has no
nonzero ideal smaller than L).

The radical of anideal a inaring Ristheideal r(a)={x3n>0:x"caj

Dynkin Diagram

A, on>0 o | E,
B,,n>1 O—0O— «++ — O JT
C,n>2 O
By
D, on>3 U
Fy 2
E;

)]

(5 O

Every semisimple Lie algebra g isclassified by its Dynkin diagram. A Dynkin diagram is a graph with afew
different kinds of possible edges. The connected components of the graph correspond to the irreducible
subalgebras of a. So asimple Lie agebra's Dynkin diagram has only one component.

In fact, there are only certain possibilities for each component, corresponding to the classification of semi-
simple Lie algebras.

The roots of acomplex Lie agebraform alattice of rank k in a Cartan subalgebra h — o, wherekisthe Lie
algebrarank of . Hence, the root lattice can be considered alattice in RX.

A vertex, or node, in the Dynkin diagram is drawn for each Lie algebra simple root, which correspondsto a
generator of the root | attice. Between two nodes « and [, an edgeisdrawn if the ssmple roots are not
perpendicular.

Onelineisdrawn if the angle 6 betweenthemis 2z /3, twolinesif theangleis 3z /4, and threelines are
drawn if the angleis 5z / 6 . There are no other possible angles between Lie algebra simple roots.
Alternatively, the number of lines N between the smpleroots « and S isgiven by

2(a, B) 2(p,a
N:&'ﬁAﬂa: < zﬁ> <ﬂZ >
o |B]
where Ag isan entry in the Cartan matrix. In a Dynkin diagram, an arrow is drawn from the longer root to the

shorter root (whentheangle 0 is3z/4 or 57 /6).

L] L] . L] [ ) [ )

=cos? 0

* L] L L] L L

The picture above shows the two simple roots for G, at an angle of 5z /6, in theroot lattice. Therefore, the
Dynkin diagram for G, has two nodes, with three lines between them.

Here are some properties of admissible Dynkin diagrams.

Recover asimple Lie algebrafrom its Dynkin diagram



The simplest way to recover asimple Lie algebra from its Dynkin diagram isto first reconstruct its Cartan
matrix A, . Theith node and jth node are connected by A /A, lines. Since A, =0 iff A; =0, and otherwise

A €{-3-2,-1},itiseasy tofind A and A, up to order, from their product.

The arrow in the diagram indicates which is larger. For example, if node 1 and node 2 have two lines between
them, from node 1 to node 2, then A, =-1 and A, =—2.

Weyl Group
Let L be afinite-dimensiona split semisimple Lie algebra over afield K of field characteristic 0, H asplitting
Cartan subalgebra, and A aweight of H in arepresentation of L. Then

2(A,a
(M)
(o)
isaso aweight. Furthermore, the reflections S, with root a, generate a group of linear transformations in Ho*
called the Weyl group W of L relative to H, where H* is the algebraic conjugate space of H and Ho* isthe Q-

space spanned by the roots.
The Weyl group acts on the roots of a semisimple Lie algebra, and it is afinite group.

A'=AS, =A-

Weyl Group acting dn the roots of the Cartan matrix of the infinite family of semisimple lie algebras Az

Calculation of thesimplerootsof asimpleLiealgebra

To calculate the ssmple roots of asimple Lie algebra, you find alinearly independent subset of the algebra's
roots that cannot be written as the sum of other positive roots. These simple roots act as a basis for the root
system, meaning every other root can be expressed as alinear combination of these roots with non-negative
integer coefficients.

The number of simple roots will always equal the rank of the Lie algebra (the dimension of the Cartan

subal gebra).

For standard classical Lieagebras(e.g. Ai, Bi, Ci, Di thesimpleroots are commonly defined using the
standard orthonormal basis vectors g with factors 4,

* An=su(n+1) Thesimplerootsare o; =4 — 4, fori=1,..n

* Bn=so(2n+1) Thesimplerootsare o, =4 — 4, fori=1,..n-1; o, =4,

* Cn=sp(2n) Thesimplerootsare o; =4 —4,, fori=1..n1; a,=24,

* Dn=s0(2n) Thesimplerootsare o, =4 — A, fori=1,..n-1; a, =4, +A,



6 Classical and exceptional Liealgebras

Four classical Lie algebras

Theclassical Lie algebras are finite-dimensional Lie algebras over afield which can be classified into four
typesAn, Bn, Cn and Dn, where gl(n) isthe general linear Lie algebraand I, = nxn identity matrix

An =su(n+1)=sl(n+1,C) :{XG ol (n+1,C), X" =—xtr(x)= O} the special linear complex Lie algebra
Bn:=so(2n+1)= {x egl(2n+1),x" = —x} , the odd orthogonal Lie algebra;

o |
Cn:=sp(2n)= {Xe gl (2n),xTJn =-J xJ, :[ | (')’j} the symplectic Lie algebra;

Dn:=so(2n)= {x egl(2n),x = —x} the even orthogonal Lie algebra.

Except for the low-dimensional cases D1=s0(2) and D>=s0(4) , the classical Lie algebras are simple.

Five Exceptional Lie Algebras

* g2 (Dimension 14): The smallest of the exceptional Lie algebras, it is the automorphism group of the
octonions and the stabilizer of a generic 3-formin 7 dimensions.

 f4 (Dimension 52): The Lie algebra of the exceptional group Fa, it is related to the symmetries of the Albert
algebra (a 27-dimensional exceptional Jordan algebra).

* &5 (Dimension 78): Can be understood through the stabilizer of a certain cubic form and appearsin the
classification of certain projective planes over division algebras.

» ¢7 (Dimension 133): Leavesinvariant a symmetric rank-4 tensor in its fundamental 56-dimensional
representation.

* eg (Dimension 248): The largest of the exceptional Lie algebras. It is heavily associated with the Es lattice,
which models the densest possible sphere packing in 8-dimensional space.

6.1 General examples

* Four-dim nilpotent Lie-algebra

Every 4-dimensional nilpotent Lie algebra over afield K of characteristic zero is either abelian or isomorphic to
the direct sum n3(K) @K, where n3(K) denotes the 3-dimensional Heisenberg Lie algebra, or to the filiform
nilpotent Lie algebra f4(K) with adapted basis (e1,...e4) and brackets determined by [e1,ei]=ei+1 for i=2,3. This
iswell known and not difficult to show. Obviously, both algebras contain an abelian ideal of dimension 3. For
example, (e2,e3,e4) isan abelianidead in f4(K).

* Lied(g) algebra
The 4 generators Ti are (T;)

=&.. .
ik ijk
Commutator relations are
[Tk ’Tm] = i I
where ¢, isthe 3-dimensional Levi-Civitta (antisymmetric) 4x4x4 tensor with indices k,m,i=1,...,4 .
The structure constants ¢, = &,,, satisfy

antisymmetry Sm = ~Crk
and Jacobi-identity c¢'cl, +clc,; +cicl =0
so they defineaLie algebra[19].
However, the four generators T, are linearly dependent, so the Lie algebrais 3-dimensional and has to be
reformulated.
(-6 -2 2 -2
-2 -6 =2 2
2 -2 -6 -2
The 4x4 Killing matrix is ' =2 2 =2 =%/ [22]
has eigenvalues (-8,-8,-8,0),
so the reduced 3x3 Killing matrix has eigenvalues (-8,-8,-8)

* 3-dimensional Lie3(g) algebra



Lie3(¢) is a reformulation of the Lie4(g) algebra, which results from the replacement of the generator T4 by a
linear combination of (T1,T2,T3) .

Commutator relations are

[Tl,TZ] =T,-T, + 2T, | [Tl,T3] =T,-2T,+T, | [TZ,T3] =2T -T,+T,

with generic formula [T, T,] =D (1+&,4 )T,

The 3-dimensional Lie agebra defined by these commutator relations isisomorphic to so(3) over realsR or
d(2,C) over complex nmbers C.

(-6 -2 2
-2 -6 -2

TheKilling matrix is' 2 -2 -6/ and has eigenvalues (-8,-8,-2).

Characterization of Lie3(¢)
The derived algebra[g,g] in orthonormal basis g is spanned by the vectors

§-6+2, §-26,+6 26-6+e,

1 -1 2
M=|1 -2 1
. .. . 2 -1 1 _ - _
The corresponding coefficient matrix is , det(M)=4, so dim([g,9])=3.

Killing form is negative-definite, and by Cartan's criterion, asemisimple rea Lie algebrais compact if and only
if itsKilling form is negative-definite.

Cartan subalgebra has dim=1, the simple root is A1, the 2 roots are £4,

The unique 3-dimensional compact simplereal Lie algebrais so(3), isomorphic to su(2).

» Heisenberg algebra
The Liealgebra h of the Heisenberg group H (over the real numbers) is known as the Heisenberg algebra.
It may be represented using the space of 3x3 matrices of the form

0 ac

0 0b

0 0O

with a,b,ceR.

The following three generators form abasisfor b :
010 00O 0 01

x={0 0 0|, p=|/0 O 1|,z=|0 0 O
00O 0 0O 0 0O

they are all nilpotent p?>=y?>=7°=0

These basis el ements satisfy the commutation relations

[x,p]=2,[x2z]=0,[p.z]=0

Cartan subalgebrais generated by Z, so rank(H)=1.

The Heisenberg algebra H isthe Lie algebra of the conjugated variables in quantum mechanics, i.e. it has the
Heisenberg commutation relations

[x,p]=inl , [x,inl]=0, [p,inl]=0

where % P arethe position resp. the momentum operator, and 7 is the Planck constant, Z=i%! jsthe Cartan

generator (i.e. amultiple of the identity operator).
The Heisenberg group generated by the 3 generators has the form

1 ac
010b
0 01
with a,b,ceR.



The Heisenberg group H has the special property that the exponential map is a bijective (one-to-one) map from
the Lie algebra b to the Heisenberg group H

0 a c 1 a c+ab/2
exp|0 0 b|=|0 1 b
0 0O 0O 1

» Heisenberg algebrain R"*2
Heisenberg algebrawith dimension 2n+1 hasthe form of (n+2)x(n+2) matrices

0 a c
0, 0,, b|withn-vectorsa b, andscalar c€eR.
0O 0 O
With the canonical basis (6.€..6) in R" | we obtain for the generators
0O e O 0O 0, O 0O 0, 1
=10, 0y O,|.P={0, Oy, §|.2=|0, Oy O,
0O 0, O 0 0, O 0 0, O

with the commutators

[)ﬁ, pj]:5ijz , [pj,Z:IZO , [%.z]=0

Here, pi are the generalized momentums, and x; are the generalized positions, z is the Cartan operator
corresponding to 7! in quantum mechanics.

* Heisenberg algebra in quantum mechanics
The generalized momentums p; are derived from the Lagrangian L and have the properties

oL : 0 oL
=———, Euler-Lagrange equations —p =—
o(ox Iot) grengeed a b

B ox

oL
rel ativistic Euler-Lagrange equations
agrange ey ox’ dr ou dr

The Heisenberg algebrayields for them the commutator relations between location and momentum operators
[%.p, |=ins; , [t,E]=in,i,j=123
relativistic [ x*, p' | =ind,, , uv=0123

and the uncertainty relations o (x )o(p, )2%5” where o (X) = <(x—i)2> is the standard deviation.

Further commutator relations are for angular momentum
[L.L, ]=inL,

X1 =y
The Heisenberg algebra yields a representation as differential operators

Pp=—inV, E=int , rdativistic p, =ino,
L =—in(%XxV)



6.2 Special linear su-Lie-algebrassu(n+1), Cartan type An
[21]
The specia unitary Lie algebra su(n+1) consists of (n+1)x(n+1) skew-Hermitian matrices with atrace of zero.
It isthe compact real form of the complex special linear Lie algebra dl(n+1,C). Its Cartan structure corresponds
totheclassica An.
su(n+1) is compact and semi-simple.
su(n+1) has the properties:
-dim=(n+1)%-1
-rank=n, dimension of the Cartan subalgebra
-the n(n+1) roots are all permutations of (1, -1, 0, ..., 0)
The simple roots are ai=€ - g+1 for i=1,...,n+1
The generators are tracel ess skew-symmetric matrices Ti , i=1...(n+1)%1
with commutator relations [T,, T, ] = ci T,
In the ((n+1)? — 1)-dimensional adjoint representation, the generators are represented by
((n+1)?— 1) x ((n+1)?>— 1) matrices, whose elements are defined by the structure constants themselves.

(Ta)jk :C?k

TheKilling formis x (x,y)=2(n+1)tr (xy)
Rootsin ei-basis

We use as basis the matrices E; =(3,5, )kl .

n+1 n+l

We make the ansatz for the Cartan subalgebra H =Y A4E; , > 4, =0,
i=1 i=1

and for theroot vectors € =E;,; ,i=1..n
We obtain the commutator relations
[H 73] :(/11 _/1”1)3

and thesimpleroots o, =(4 —4,,) , i=1..n

* su(2) algebra
A Lie algebrawith structure constants proportional to the totally antisymmetric tensor ¢, isthe su(2) algebra
Its generators satisfy [T,,T,| = 2ie,, T., Where ¢, isthe Levi-Civitasymbol. This algebra describes the

rotational symmetry of 3D space and the spin of quantum particles.
The generators Ta are the Pauli matrices i

20 o) o )

Therank is 1, meaning the maximal abelian subalgebra (Cartan subalgebra h) is 1-dimensional.
Cartan generator: It istypically chosen as the diagonal Pauli matrix:

H=o,
The remaining dimensions of the 3-dimensional algebra form the root spaces. They are spanned by the ladder
(raising and lowering) operators

01 .
raising operator Ez(o Oj’ E=o,+i0,

00 .
lowering operator F:(1 OJ’ F=o0,-l0,

Theactionof HonE, Fis

[H,E]=2E [H, F]=-2F

The roots in Weyl-Cartan representation are «;, = {+2,—-2} , normalized simple root o =1 (one-dimensional)
In orthonormal basis we have: the simplerootis o; =4, ,the2rootsare £4,

» su(3) algebra



[21]

The su(3) Lie algebraisthe rea vector space of 3 x 3 skew-Hermitian, traceless matrices. It is an 8-dimensional
Lie algebraof rank 2. Its generators are Ta=i 1a /2, a=1...8, where Aaare the eight traceless and Hermitian Gell-
Mann matrices. The fundamental representations are used heavily in particle physics, such as the Eightfold
Way and Quantum Chromodynamics.

The commutator relations are [T,, T, | = ci, T,

The 8 Gell-Mann matrices Aa are

0 0 0 —i 0 1 0 0

.11:(1 0), ,12=(:‘ 0 0), ,13=(0 -1 0)
0 0 0 0 0 0 0 0
0 0 0 —i 000

,14=(0 (0 0 0), ,16=(0 0 1)
1 i 0 0 010
0 0 S/Looo

Ay = (0 —f), Ag = —(0 I 0 )
0 i 0 Vi\o o

The structure constants are [22]
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The root system for the su(3) Liealgebrais of type A2.
It consists of 6 non-zero roots spanning a two-dimensional Cartan subal gebra.



Geometrically, these roots point to the vertices of a regular hexagon, with two simple roots al and a2
subtending an angle of w/3 .
e Rank:n-1=2
* Dimension: n*2-1 = 8 generators (2 Cartan diagona generators, 6 non-diagonal root generators)
A = 2(a;,a;) A= ( 21 —21)
Cartan matrix "/ (@%.@) s -
Roots in Cartan-Weyl basis
Cartan-Weyl basis with integer coefficients is (2 Cartan operators I,,Y, and 2x3 ladder operators I, , U, , V,)

L1 V. =F,+iF;

EzaAi gzzﬁ'ﬁiéﬁT fizﬁ'lﬂ:iﬁg

Y=2F [,=2F

has the commutator action of the two Cartan operators Y , I

V., ]=0 [V.U.]-+v30, [VV.]-+43,

(10 )=22i, [i0.]=30, [iV.]=V,

raw simple roots (3-vectors) are , B, =(2,-11) f8,= \/C_%(O,],l) [22]
from this we obtain 2 simple roots

a=(20), " -(3)

Positive Roots: al, a2, (al+ a2)
Negative Roots: -al, -a2, -(al+ a2)

Roots representation in g-basis

the2 smplerootsare 1 =A% | % =% %
the6rootsare T —7%2)  (h=%) (4 -%)
TheKilling matrix [22] «; = cic,, of su(3) is k; =—diag8({3,_..,3})

* su(4) algebra

[21]

Thesu(4) Liealgebraisthe mathematical framework for the special unitary group SU(4).

It isa15-dimensional real Lie algebra consisting of 4 x 4 traceless, skew-Hermitian matrices.

In physics, it is most commonly represented using traceless Hermitian matrices. It isisomorphic to the
orthogonal algebra so(6) .

Thedimensionisn=15 .

The generators are Ta=i 4a /2, a=1...15, where Aa &=1...15 are extended 4 x 4 Gell-Mann matrices.
Exponentiating these generators yields the continuous group transformations of SU(4) .

The commutator relations are [T,, T, ] = ci, T, -

su(4) isa compact, semi-simple Lie algebra with properties:

* Rank 3: There are 3 simultaneously diagonalizable matrices in the Cartan Subalgebra , denoted Hi, H, Hs.

» 12 Roots: The remaining 12 generators act as raising and lowering operators.

« Dynkin Diagram: Its roots map geometrically into R, structurally identical to the As Dynkin diagram, which
consists of three interconnected nodes.

The Aa a=1...15 are extended 4 x 4 Gell-Mann matrices
for su(2) subgroup a=1...3
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Cartan matrix

We obtain from the 3x2x6 commutator relations with 2x6 ladder operators [22]:

Root system Weyl-Cartan representation



3 action vectors of Cartan operators on ladder operators (6-vectors)
ﬁl = (2111_1,1,—1. O)

B,=+/3(0.111/31/3,-2/3)
B, =(v176++/312)(0,0,0111)

we obtain 3 simple root vectors al a2 a3 in Weyl-Cartan representation
-=((2,0,0),(1,1/+3,0),(1,1/+/3,
o =((2.00),(11/33,0),(1 f7)),y:(\/1/6+ 3/2)

All 12 roots are +{a,, o,, 0,0, + 0y, + 05, 0+, + Qg |

Representation in ei-basis

In orthonormal basis {e,,e,,e,,€,} weobtain:

the 3 simpleroots are w=h-4 =kl =k-4

the 12 roots are ¥ (4 —%2) ’ +(A4—4A) | +(4—4,) ’ +(2,—Ay) | +(A,—2y) | +(A3—2,)
The Killing matrix [22] «; = cic), of su(4) is x; = —diag, ({4,....4})

* s0(1,3) Liealgebra

The Lie algebra of the Lorentz group O(1,3) is a 6-dimensional, non-compact, and semi-simplereal Lie algebra
denoted as so(1,3). It consists of infinitesimal Lorentz transformations, which are generated by three spatial
rotations Ji and three velocity boosts Ki .

It is semi-simple and non-compact.

Complex so(1,3)c isisomorphic to direct sum of (2,C) , s0(1,3), =25 (2,C)®s(2,C)

TheKilling form isindefinite rather than negative-definite, it defines a hyperbolic space, which is not bounded,
therefore so(1,3) is non-compact.

T _
The matrices X of so(1,3) satisfy the condition X 7+ 17X =0

With the matrices M, , (My) = S0 = SiaSim

Kk 1=1,..4, k<l ,
. — M = 0,01y + O
and the matrices M, , ( "')rm ki =M k=14, k<
the generators are [24]
J=-(M,,M,,,M YRV
=M MaMa) (i, )
000 O 0 0 0O 00 0O
00O0@O 0 0 01 00-10
\]1: \]2: J3=
000 1 0 0 0O 01 0O
0010 0 -1 00 00 0O
0100 0010 0 001
1 000 0 00O 0 00O
K1: K2= K3:
0 0O0O 1 000 00O0O
0 0O0O 0 00O 1000

L1

with the commutators 291 = et [K0K; J==ad 3K J=ak,
Ki-commutator differsin sign from the corresponding relation in the so(4) algebra.
Cartan subalgebra h=(J,, K, ) is 2-dimensional (so(1,3) hasrank 2), type Al

In Weyl-Cartan representation, the simpleroots are o, = (i,1) , a, = (i) [22].
Inthe ei-basisthesimplerootsare a, =4, -4, , o, =4, + 4,

The4drootsare +A,+4,,

Killing matrix is «; = diag, ({~4,-4,-4,4,4,4})



6.3 0dd orthogonal so-Lie-algebrasso(2n+1) , Cartan type Bn

[21]

The odd-dimensional orthogonal Lie algebras so(2n+1) compact simple Lie algebras of Cartan type Bn. They
correspond to the Lie algebras of the Special Orthogona groups SO(2n+1) and consist of skew-symmetric
(2n+1) x (2n+1) matrices, the dimension of so(2n+1) isn(2n+1) .

The rank of the algebrais n, which the dimension of the Cartan subalgebra.

Generators are My , (Mit) g = G =GP ,k,1=1,...2n+1, k<l
[M Mrs]=5nrMms_5mMns+5msMnr_5nstr

Cartan subalgebra s spanned by Hi=Maaiiog n
Rootsin el-basis
with index 0=2n+1,;

We use the Kronecker matrices E; = (5ik5 i )kl , and we use as basis the extended Kronecker matrices
Ejlk = Ejk - Ek+n.j+n ' Ejzk = Ej.k+n - Ek,j+n , Ejgk = Ej+n.k - Ek+n,j ' Ejsk = Ej+n,k - Ek+n.j '

4 5
Ej = EOj - Ej+n,0 Ej = Ejo_ EO,j+n

mn?

with commutators

We make the ansatz for the Cartan subalgebra H =Y 4 E; ,
i=1
we obtain the commutator relations

and for the root vectors € =E,,, ,i=1..n-1, g =E;
The simple root vectors are then

(}‘1 - /12) E112

(/12 - 13) E;3

Za=S
withnsimpleroots o =(4 —4.,) , i=1.n1, a, =4
2n?roots: 4+, , 1<=i<j<=n, +4 1<=i<=n

» s0(b) Liealgebra

The so(5) Lie algebraisthereal, 10-dimensional Lie algebra associated with the 5-dimensional special
orthogonal group SO(5), which describes rotations in 5-dimensional Euclidean space. It isaclassica simpleLie
algebra of rank 2 and is mathematically isomorphic to the symplectic Lie algebra sp(4).

The standard representation is by 5x5 real, skew-symmetric matrices.

It is of Cartan type B2, its Cartan subalgebra has dimension 2, i.e. it has rank=2.

The generator basis for so(5) consists of the 10 matrices Sq k,I=1,...5, k<l

(M K )mn = 01O ~ OOim

M121 M131 M141 MlS’ M231 M241 Mzs’ M341 M35’ M45

The commutator relations are [Mins M= 8 Mg =85, My + 805y =5, My

In the adjoint representation of a Lie algebra, ad(Sij) is alinear operator 3d(S5;)(X) = [S;, X].
Roots in Weyl-Cartan representation



Cartan subalgebra is h= <M12, M 34>

the remaining spaceis spanned by the 8 ladder operators h, =(My =Mz, My, £ M

Inthe basis h, , we have the eigenvalues and eigenvectors [22]:

'\/|15i|\/|25’|\/|35i M45>

241

for Hy

{t,¢,%, -1, -1, -1, @, 9}

{{¢,0,0,08, -1,1,0,0}, (0,0, -1,1,09,08,0,0}, {-1,1,06,0,0,0,0, 0}, {6,0,0,0,1,1, 80,0},
{¢,@,:1,1,0,0,0,0}, {{,1,08,0,0,0,0, 06}, {0,8,0,0,0,0,0,1}, {0,0,0,08,0,0,1,8}]

for Ha

{t,%,%, -1, -1, -1, @, 9}

9} BJ BJ B: 9) EJ _i) 1, a) i) 9} 1J BJ a: 9) 9, :: 9) 1J BJ B) E:, BJ @:’J B) e'J BJ a) 9} BJ j‘J :I'}J
".GJ _i: 3, 1.! 9: BJ B, 9:’; ':_iJ BJ j—: 3, 9.! GJ B: B:'J ':'BJ B, 3) 9.! GJ 1: 9.1 9:', ':9, 9.! 91 BJ 1, 9.1 9: a:’

We obtain common eigenvectors for H1 and Hz for the eigenvalue doublets (= simple roots)
(2(H,),2(H,)) _ (0ii) (-1.0) so the simple roots are o, =(0) o, =(-1.0)

and all 8 roots are
Rootsin & basis

In orthonormal basise , the2 simplerootsare o; =4, -4, , o, =4,

ta, ta, fo,*a,

The root system consists of 8 roots ﬂl, 4, : thth

» s0(3) Liealgebra, isomorphicto su(2)

The so(3) Lie algebrais the tangent space at the identity of the SO(3) rotation group. It consists of all 3x3 red,
skew-symmetric matrices.

The algebrais spanned by three standard basis matrices, which correspond to infinitesimal rotations

(J1, o, 1) about thex,y,z axes

00 0 001 0-10
J=/0 0 -1/ J,=/0 0 0| J,=/1 0 O

010 -1 00 0O 0O

with commutator relations of angular momentum [Ji I ] = & Jy
Cartan subalgebrais generated by J3, it has dim=1,

. . +
thesimpleroot is }“l, the 2 roots are A



6.4 Symplectic Liealgebras sp(2n) , Cartan typeCn
[21]
The symplectic Lie algebra sp(2n) is a simple non-compact Lie algebra corresponding to the Cartan
classification type Cn. It consists of the infinitesimal symmetries of a non-degenerate, skew-symmetric bilinear
form (the symplectic form), with dim=n(2n+1).
sp(2n) isrealized as the set of 2n x 2n block matrices X that satisfy the condition
XT3, =-J. X
where Jisthe canonical symplectic matrix:

0o 1,
J, =

(_I n 0 )

Matrices are of the form

A B _ . .

X = + |» with symmetric nxn matrices B, C .
-A

C

Generators are of three types [23]
where the basis elements are:
N2 generators Ajj

i~ _
0 -E ij=1..n

n(n+1)/2 generators for symmetric Bij;

B.:(o 5j+Ejij
1j
0 0 )iy

n(n+1)/2 generators for symmetric Cj;

c [ 0 OJ
ij E”.+Eji 0 <=

Here, the Ejj are nxn ij-Kronecker matric&( E; )kl =6,0;

2 1<i<j<n s 1<i<j<n

The generatorsare A, = E; =1l.n B, o =E;

with extended Kronecker matrices

1 2 3
Eij = Ejk - Ek+n,j+n Eij = Ej,k+n - Ek,j+n Eij = Ej+n,k - Ek+n,j
The commutator relations are:

I:Aj’Ad:I:5jkAl_5liAq '
I:Aj’ad:lzcsjkBll-'_(SIij I:Aj’ckl:lz_éilcjk_aikcjl [B|j’CH]:5jkAI+5i|'%k+5lek+5ikAjl

I:Blj’Ad]:_(Slinj +5Ija<i) ’ [Qj’AdJZSKjCIi +6,G; ’ [Qj’ad]:_(SIiAq +04 A 0, A +5kiAj)

Cartan subalgebrais spanned by h=(A,,..., A,)
Rootsin ei-basis

k

With the ansatz for Cartan elements H = Z/lj A,
j=1

we obtain the commutator relations

[H,A‘.ka(lj—lk)Ajk i |
[H.B, |=(4 +4)B; <
[H.C, |=—(4 +4)Cy <

The simple root vectors are then

(3'1_/12)'612
(/12 _ls)Azs



22.B

n—nhn

The root system of type Cn has 2n? roots,,
in e basisthey are:

n simple roots are % :(21 _A“l) fori=1,..n-1: % =24,

2n? rootsare: i(ﬂﬂi’li) , t4; 1<i<j<n
* sp(4) symplectic Liealgebra
The sp(4) Lie agebraisthe 10-dimensional, rank-2 simple Lie algebra associated with the 4 x 4 symplectic

group.
sp(2n) isrealized as the set of 4x4 block matrices X that satisfy the condition

X", =-J,X
where J, is the canonical symplectic matrix:

0o |
{5, o
-1, O
Matrices are of the form
A B : : :
X = (C A J , With symmetric nxn matrices B, C .
4 generators Ajj , 3 generators Bij , 3 generators Cijj

A_(A&,ii 0 ] c _( 0 Oj

o _Az,ijT B :( BZ,ijj " C,y O
" lo 0)°

generators4 A, =E; , 3 By =& 3 Ci=E

with extended Kronecker matrices

Ejlk =By =B jin Ejzk =E jn—Ejin Ef’k =E .k~ EBen, Ej3k =E,n~Ecn,

The commutator relations are:
I:Aj’Ad:IZSjkAI _5|iAq' , [Aj’ad]:5jk8n +5jlak ’ [Aj’cld]:_5ikclj _5iij|
I:Blj ’CM]:5ikAj +0, A 0, Ay +6,; A

The 10 generators are
Ail’ A22’ A‘J.Z’ AZl’ Bll’ BlZ’ BZZ'Cll’CIZ’CZZ

[y
5]

[y

b @ @@

o 0O

]
=
[~ B~ I > B o R v ]

2o 0 909 9
Do 00D 0D

=)
B

a
e
e
a
e
e
e
a
e

]
=

a
12
@ @ 24

D000 ®
©

S oo e, @

o000 0O o0 ®
PR OO @

oo 00 @ @
@000 e
[T > ]

Killing matrix is ' "[22]

with eigenvalues {—24, —24,24,24,-12,-12,12,12,12,12}

Cartan algebra h=(A,, A, ) has dim=2, so sp(4) has rank=2.

Roots in the Weyl-Cartan representation

Cartan subalgebra h=(H,H,) isspanned by H; = A, , H, = A,

the remaining space is spanned by ladder operators

hJ_ = <A12 + A211 A.Lz - A211 Bll + BlZ’ Bll - BlZ’ Bzz +C111 Bzz _C11’C12 +C22’C12 _C22>
Inthe basis h, , we have the eigenvalues and eigenvectors of ad[Hi] [22]:

for Hy



[-+14, V14,2,2,0,0, 0, 0]

Il I
. |2 .- (2 _ o X
b ‘9) EJ BJ B) E:, BJ - II_ > 1'LJ ‘EJ BJ BJ a, B) e'J ||_ ) 1’: '_B) E:, BJ BJ 'BJ 1) 9) 9_’) -.9} BJ BJ a: 1) BJ BJ B,’J
L1 V7 V77
'J.BJ 9.! BJ j—: 3, 9.! 9: B}J ':eJ BJ j—: 3) 9.! GJ B: 9:’: ':B: 1, 9.! 91 BJ E’, 9.1 9:': 'J.:I-J @_, BJ B: 3, 9.! 9: B:’-"

for Hz

{-2,-2,-2,2,1, 9,8, 8}
/@e,0,0,0,0,0,0,1}, (0, 0,0,0, -1, -1, 3,0}, (6,0, -1,1,0,0,0,0>, /8,0,1,1,0, 0,0, 0},
@,0,0,0,1,1,0,01, {0,0,0,0,1,0,0,0}, {0,1,0,0,0,0,0,0}, {1,0,0,0,0,0,0, 0}

We obtain common eigenvectors for Hi and H2 for the ssmple eigenval ue doubl ets
(A(H).A(Hz)) 2 (0.2) (20)

a
a

¥

Rootsin el basis
In orthonormal basis the ssmple roots are

O =l=ly 0=2,
8 roots are tht4, , +2%, , +22,



6.5 Even orthogonal so-Lie-algebras so(2n) , Cartan type Dn

[21]

The even-dimensional orthogonal Lie algebra so(2n) corresponds to the Cartan type Dn. It consists of all 2n x
2n skew-symmetric matrices. These algebras are simple for n > 4 and represent infinitesimal rotations and
reflections that preserve an even-dimensional non-degenerate symmetric bilinear form.

s0(2n) has dim=n(2n-1), it isasimple compact (n>=2) Lie algebra

Cartan subalgebrah , dimension n, consists of block-diagonal matrices with 2 x 2 skew-symmetric blocks along
the diagonal.

My )mn = OO ~ %O k,I=1,...2n, k<l

Mrs]=5nrMms_5mMns+5msMnr _5nstr
. H=M,_, .

Cartan subalgebrais spanned by a-12ii=1,..,n

Cartan type Dn has 2n(n-1) roots.

Rootsin ei-basis

We use as basis the matrices E; :(6”(6“ )kl , extended to

1 2 _ 3 _ _ 3 _ _
Ejk - Ejk - Ek+n.j+n Ejk - Ej.k+n Ek,j+n Ejk - Ej+n.k Ek+n,j Ejk - Ej+n,k Ek+n.j
1 ) 1 1

We make the ansatz for the Cartan subalgebra H = Z},I E

i=1

Generators are My , (
M

mn?

with commutators [

we obtain the commutator relations
[H.E]=(%4 -4 )Ej .
[H.E} |=(4 +4)E} i
[H.E] (1 +A)EL
The simple root vectors are then

(}‘1 _/12) E112
(}“2 _/13) E;3

* |
<

i<j

(Aga +24) E’

n-1,n

withnsimpleroots o =(4 —4.,) , i=1.n-1, &, =(4,,+4,)
+(A + A
the 2n(n-1) roots are _(A‘ _/1') 1<=i<j<=n

* s0(4) Liealgebra

The so(4) Lie agebrais the tangent space of the SO(4) group (4D rotations) and consists of 4 x 4 real, skew-
symmetric matrices. It has adimension of 6 and is uniquely characterized by itsisomorphism to the direct sum
of two su(2) (or equivaently so(3)) Lie algebras:

so(4) = so(3)® so(3)

so(4) is asemi-simple and compact Lie algebra.

Elements of so(4) are skew-symmetric and have the generic form

0 b b -3
(_|b 0 b -
b, b 0 -3
a & a 0

The six generators are the 3-dimensional rotations of so(3) A1, A2, Az



00 0O O 0 010 0 -1 00
|00 -1 0 |0 00O |1 0 0O
A%lo1 0 0] 1000 *lo o 0o
00 0O O 0 00O 0 0 0O

and the 3 boost rotati (;ns B1, B2, B3 (in physi cs velocity transformations, including the last (time) coordinate)
0 00 -1 0 00O 0 00O
0 00O 0 00 1 0 00O
=000 0| *Jooo o] ®|ooo J
1 00 O 0100 0010

with the commutator relations

(AA]=euA [B.B]=5A [A.B]=5,B,

Rootsin the Weyi -Cartan representatl on

Cartan subalgebra h=(H_,H,) isspanned by H, = A+ B, , H, = A - B,
the remaining spaceis h, =(A, A, B, B,),

Inthebasis h, , we have the eigenvalues and eigenvectors [22]:

for Hi
12i,-21,0,8)
"._-Tl-J 1: _iJ 1}1 :1, 1J iJ 1}1 :@J _1J BJ :L}J ':_1) BJ :I'J a}}

for Ha
{2 i, -21,8, 0}
'\ L1 _j- _-L j— ':_: j—: -3 1:’: ':B: 1, 9.! 1:’: :.‘1." 9: 1J a:’:’

We obtain common eigenvectors for H1 and Ho for the ssmple eigenvalue doubl ets
(A(H1).4(H.)) - (02) (2.0)

Equivaent ladder generators and commutators

An equivaent ladder generator set is

=(A+B)/2 Y =(A-B)/2

with the commutato'r relations

[Xi’xj:|:8ijkxk |:Yi’Yj:|:gijkYk [Xi’Yj:|:O

which are the basisf’or the direct sum ’30(4) =s0(3)® s0(3)
gy a=ib=j,d=k

with the structure constants ¢, =&, a=i+3,b=j+3d=k+3
0, dse

TheKilling formis x; = ¢ic?, and becomes here x; =25,

Cartan subalgebrais 2-dimensional (so(4) has rank 2) and is spanned by

1000 0000
0000 0100
H, = H, =
0010 0000
0000 0001

Roots representation in e-basis
In orthonormal basis {e,,e,}

thesimplerootsare %1 =44 % =h*4
al 4rootsare 4,4, .

» s0(2) Liealgebra



The so(2) Lie algebrais the tangent space at the identity for the Lie group SO(2), which represents 2D
rotations. It isal1-dimensional, abelian (commutative) Lie agebra. The elements of so(2) are 2 x 2 real, skew-
Ssymmetric matrices.

Y
J=
The generator is 1.0



6.6 d(n,C) algebras

d(n,C) isLieagebraisthe set of all complex n x n matrices with trace of zero. It isasimple Lie algebra of
dimension n?- 1.

Cartan algebra (dimension n-1) consists of tracel ess diagonal matrices.

Theroot system is An1, with n(n-1) roots.

» d(2,C) Lieagebra
The Lie algebradl(2,C)is the set of al 2x2 matrices with complex entries and a trace of zero.
(1 OJ (0 1] (0 OJ
H= X = Y =
generators 0 -1 ' 00 10

commutator relations LT+ X]=2X , [H.Y]=-2v , [X.¥]=H
Cartan subalgebrais generated by H, has dim=1,

in Weyl-Cartan representation the roots are { 2,-2},

in orthonormal basistherootsare 4, .



6.7 Exceptional Lie algebras
* g2 (Dimension 14): is the automorphism group of the octonions and the stabilizer of ageneric 3-formin 7
dimensions, rank=2

2 -

Cartan matrix [_1 2J,rankzz

2simpleroots e;—¢, = (1,—-1,0), —e;+2e,—e3 =(—1,2,—1)
12 roots

(1,-1,0), (-1,1,0) (2,—1,—1), (-2,1,1)

(1,0,-1), (-1,0,1) (1,-2,1), (-1,2,—1)

(0,1,-1),(0,-1,1) (1,1,-2), (-1,-1,2)

* f4 (Dimension 52): The Lie algebra of the exceptional group Fa, is the automorphism group of the Albert
algebra (a 27-dimensional exceptional Jordan algebra), rank=4
Albert algebrais the space of 3x3 self-adjoint 3x3 matrices over the octonions .
f4 is the automorphism group of Albert algebra
f4 isthe group of automorphisms of the following set of 3 polynomiasin 27 variables
Ci=zxz+y+z
Co=a’4+y* +22+2XX+2YY +2ZZ
Cy =azyz— XX —yYY —2ZZ +XYZ+XYZ
where x,y,z arerealsand X,Y,Z are octonions.

[ 2 -1 0 0]
-1 2 =2 0
0 -1 2 -1

Cartan matrix £t ¢ 0 -1 2. , rank=4
0 1 )

0 0 1 -1

0 0

1 1 1 1

4smpleroots L2 "2 3 3.
8 roots, red and yelllow vertices in the diagram

oo
.-' -/'\ 8| .r"\ ®
% \_/ ’.\ T )
ocf'\ 0
LS o o?q ®
.:o : .o:>
\o fo'

* & (Dimension 78): isthe stabilizer of acertain cubic form and appears in the classification of certain
projective planes over division algebras, rank=6

The minimal representation of e6 isthe Albert algebra.

The fundamental group of the adjoint form of e6 ad(e6) is the cyclic group Z3 .

2 -1 0 0 0 0
-1 2 -1 0 0 0
o0 -1 2 -1 0 -1
0 0 -12 -110
0o 0 0 -12 0
00 -10 0 2

Cartan matrix is
The rank=6, simple roots are



(0,0,0;0,0,0;0,1,-1)
(0,0,0:0,0,0;1,-1,0)
(0,0,0:0,1,-1;0,0,0)
(0,0,0;1,-1,0;0,0,0)
( )

0,1,-1;0,0,0;0,0,0

1 21 211 211
3733 33’3 333

72 roots, verticesin the diagram

* &7 (Dimension 133): Leavesinvariant a symmetric rank-4 tensor in its fundamental 56-dimensional
representation, rank=7
The rank=7, simple roots are

(0,-1,1,0,0,0,0,0)
(0,0,-1,1,0,0,0,0)
(0,0,0,-1,1,0,0,0)
(0,0,0,0,-1,1,0,0)
(0,0,0,0,0,-1,1,0)
(

0,0,0,0,0,0,-1,1)

171711 1 1 1 1
(2:2:2:272:72:72:72)

126 roots, verticesin the diagram

* eg (Dimension 248): Its root diagram is the Es lattice, which models the densest possible sphere packing in 8-
dimensional space, rank=8

€8 has rank=8

Cartan matrix is



0
simple roots are

240 roots are the vertices of the 3-dim diagram




7 Clifford algebras

A Clifford algebra[25] is an associative agebra generated by a vector space with a quadratic form, generalizing
complex numbers and quaternions, and widely used in geometry and physics.

Definition and Construction

A Clifford algebrais constructed from avector space V over afield K equipped with aquadratic form Q.
Formally, it is defined as the quotient of the tensor algebra T(V) by theideal generated by elements of the form
VRv—Q(v)1 for all veV .

This ensures that the square of each vector in the algebra corresponds to its quadratic form value. The agebrais
associative but generally non-commutative, and its dimension is 24™

Generators and Relations

The algebrais generated by the elements of V, called generators, with the defining relation:

v? =Q(v)foral vev

or equivalently, using the symmetric bilinear form B associated with Q:
w+wv = 2B(v,w) 1, for al vweV , 1, being the identity operator. When the quadratic form is zero, the

Clifford agebrareduces to the exterior algebra.

Applications

Clifford agebras have broad applications in both mathematics and physics:

Geometry: They provide aframework for geometric algebra, allowing the representation of rotations,
reflections, and orthogonal transformations ..

Spinors and Quantum Physics:

Clifford algebras define spinor spaces and the Spin group, which are essential in describing fermions like
electrons and in constructing spinor bundles on manifolds.

Representation Theory: They are used to study Lie algebras, root systems, and weights, providing a natural
setting for constructing spinor modules.

Combinatorics and Algebra:

Clifford algebras generalize complex numbers, quaternions, and octonions, and are useful in defining
hypercomplex numbers and various algebraic operations .

Structure and Properties

Grading: Clifford algebras are often Z2-graded, separating even and odd elements.

Tensor Products: The Clifford algebra of adirect sum of vector spaces can be expressed as atensor product of
the Clifford algebras of the summands .

Normed Division Algebras. Real Clifford algebras are closely related to normed division algebras, connecting
them to quaternions and octonions .

Clifford agebras thus provide a unifying algebraic framework that extends classical number systems and
underpins many modern mathematical and physical theories.

Abstract definition

A Clifford algebraisaunital (with 1) associative algebrathat contains and is generated by a vector space V
over a field K, where V is equipped with a bilinear form <u,v> : VxV — K., which becomes a quadratic form
Q(v)V—K for VeV

The Clifford algebra CI(V, Q) isthe unital associative agebra generated by V , defined by multiplication

u-v with the anticommutator condition (Clifford product)

{u,v} =u-v+v-u=2(u,v)l for u,veV

1
here, Q(v) =(v,v) and (u,v}:E(Q(u+v)—Q(u)—Q(v))
If Q(v)=0, ClI(V, Q) becomes the external algebra AV .
Usually, the bilinear form istheinner product (u,v) =uyv, +...+u,v,
A graded Clifford algebra Clpo(V, Q) hasthe quadratic form (v,v)=v,* +..+v 2 —v > —..—v 2 withp

p+1
positive and g negative terms.
The canonical Clifford construction
The Clifford algebra CI(V, Q) can be formulated in astandard orthogonal basis (e,e,.,....,,)

withtherelations € -€, =€, -6 , §-g =1, and the quadratic form (v,v) =V’ +..+Vv *-v *—.-v_  ° .
The general element of the Clifford algebra is given by



q=q, + Z qiliquqz + Z qi1izi3q1qz q3 tee qil"'in q1 qn

Thebasis (g,e,,....,e,) arethe n generators of the Clifford algebra, with dimension dim(CI(V, Q))=n.

The linear combination of the even degree elements of CI(V, Q) defines the even subalgebra CII%(V, Q) with
the general element

q=0,+ Z 0,68, + Z g,,..69,8,8, t-

The quaternion algebra
The even subalgebra Cl3 o[ 0] (R, (v,V) ) with the generic form

4=10, + 0,86, + 0566 + 0,66

is Hamilton's real quaternion algebra H with quaternions (i, j, k) and the relations
P=a, j?=p,ij=k, ji=—k,K®=ijij=—iijj=—ap

where (a = B=-1) for Hamilton’s quaternions H

and (a =-1, B=+1) for split-quaternions, isomorphic to the ring of the 2x2 real matrices.
Hamilton’ s quaternions have the properties

i=j’=k*=-1,ij=k=—ji, jk=i=—kj , ki=j=-k

H hasthe generic form g=a+bi +cj+dk

1 a-bi-cj-dk

H isactually afield, with theinverse g =(a+bi+cj+dk) R,
+b?+c+

The conjugated element is = —%(q+iqi + jqj+kgk)

tenormis |qf| = \/qq* =Ja’+b’+c? +d’

According to the Frobenius theorem, there are only two division-free algebras over the field of real numbersR :
complex numbers C and Hamilton's quaternions H .

A 2x2 matrix representation of H is by Pauli matrices {1, i, j, k} —{l,io,ic,,ic,} .

The dual quaternion algebra

With V=R" and the degenerate bilinear form d (v, w) = V;w, + V,W, + V,w,

and the Clifford product vw+wv =-2d (v, w), we obtain the Clifford algebra Cl4(R, d) with 16 components
and the basis relations

¢’ =¢'=e’=-1,6"=0,¢6=-66, m=n

The linear combination of the even degree elements defines the even subal gebra CIt%(R4, d) with the general
element

h=h+hee +hee+hee +hee +hee +hee +heeee,

The basis elements can be identified with the quaternion basis elementsi, j, k and the dua unit &
asi=e2e3,j=e3el k=ele2,e=cle2e3e4.

i=ee, =68, k=66, c=€ceeg,

Thisis an isomorphism with the dual quaternion algebra.

Dua guaternions Hq are an 8-dimensional real algebraisomorphic to the tensor product of the quaternions and
the dual numbers with the generic form 4 + ¢B , where A, B are quaternions, and ¢ is the dual unit, which
commutes with all quaternions and is nilpotent: £2=0 .

Super algebra

Clifford algebras are superalgebras, i.e. the reflection a: v = —v preserves the quadratic form Q and an
algebra automorphism.a:CI1(V,Q)—CIL(V,Q).

We can decompose CI(V, Q) into direct sum of even and odd subspaces

cl(v,Q)=cl(v,Q)@ci¥(v,Q)
where 01"} (v, Q) ={xeC (V. Q)| (x) =(-1) x|

Transposition
A transpose of an element reverses the order in product terms



q=0q,+ Z 0,68, + Z 4,,.66,8, t-

iy <iy iy <iy <is

q =0+ Z q,,6.6 + Z G,,,8,8,8, -

i<y iy <ip<ig

The Clifford scalar product is then
_ t t
(2,9) = (2 y-)”' , Where (@ y>ﬂ isthe scalar part qo of the product X'y

Pin and Spin-group

Pin,, = {vl...v2r v = irl} consists of products of invertible unit vectors , where the spinor normiis ||v|| = (v‘v)0 :
Pinpq isthe full rotation group O(p,q) ,

Spinp,q isthe proper (without reflections) rotation group SO(p,q) , it consists of even-number-products of unit
vectors

Sin,, , = {vl...v2r

Ml=+1 ={aeCl(V)|da=1,|d| =3




8 Dirac matrices, spinorsand Lorentz Lie algebra

Dirac Clifford algebra
Dirac algebrais the algebrawith the basis of Dirac matrices matrices y, ..., ys With the anticommutator

{y*.r"}=2n,,1 in(1,3) space, Minkowski signature (+,---)

Thisisthe complexification Cl13(R)c of the Clifford algebra Cl13(R), which isisomorphic to the 4x4 complex
matrices M4(C) .
The Dirac matrices (Dirac basis) are explicitly given by the Pauli matrices

01 0 -i 10
O, = O, = O, =
"lro 2l o) 7 lo-
with the rdlations | 0,0, |= 20, , {0},0,} =25,,]
in the form

I 0y . (0 o 0 |
0_ i _ j 5 _jy0yly 2,3 _
y (0 _lj,y (_GJ 0} v =iy’ryy (l oj

y'=0,®l,, 7' =ic,®0, ,7°=0,®l,

10 0 O 0O 0 01 0 0 0 -1 0O 01 O
7/020100,}/120010')/22i0010,y32000—1,
00 -1 0 0O -1 00 0 100 -1 00 O
00 0 -1 -1 0 0O -1 00 O 0 10 0
0010
7/520001
1 000
0100
In chiral Weyl basisthey are
o (0 1 : 0 o s (-1 O
7= oj’ylz[—aj o]’y:(o J

The corresponding spin Lie algebra so(1,3) is generated by the spin generators X" = IZ[;/” , y"] , with the Lie

bracket

I:zuv ,Z’”] — (nwzpv 4+ TIPS ek )

so(1,3) Liealgebra

The Lie algebra of the Lorentz group O(1,3) is a 6-dimensional, non-compact, and semi-simplereal Lie algebra
denoted as so(1,3). It consists of infinitesimal Lorentz transformations, which are generated by three spatial
rotations Ji and three velocity boosts Ki .

It is semi-simple and non-compact.

Complex so(1,3)c isisomorphic to direct sum of d(2,C) , s0(1,3), =2d(2,C)®d (2,C)

TheKilling form isindefinite rather than negative-definite, it defines a hyperbolic space, which is not bounded,
therefore so(1,3) is non-compact.

With the matrices M, ,(Mkl)mnzﬂkm5|n MaOim  KiI=1,..4, k<l ,

and the matrices M, , (M) = TP + T m k,l=1,..4, k<l

the generators are [24] J, ; gg My, K; =My,

ij ?

3 ==(M3, M, My,) , K =(My, My, M,,)



0

000 0000 000 0

00O0O 0 0 01 00 -10
‘J]_: J2: J3:

0 00 -1 0O 0 0O 01 0O

0010 0 -100 00 0O

0100 0O 010 000 1

1 000 0 00O 00O00O
K, = K, =

0 00O 1 000 0 00O

0 00O 0 00O 1 00O
with the commutators, [Ki K ] =—&;J JI K, ] = & Ky
Lorentz group SO(1,3)

The rotations A of the Lorentz groups x'= Ax can be written in the Kronecker matrices with 6 el ementary
rotations w,, and Kronecker matrices M,

i v
A= exp(—ia)#v M # j
or in the rotation and boost generators (J; ), (K; ) with rotation vector ¢ =(¢,,9,,¢,) and boost vector
V=(v,V,,Vv;) weobtainwith

|] |jk(0k
intheform A = exp(-i (¢ J +

Wy =V, =—0, ,

JZ))

+v
rotation operator ® = (¢ J +v K)

Spinor group Spin(1,3)
o . : . ¥,
The corresponding spin rotations of the Dirac spinor ¥ = v | ¥'=S¥

R

: uv
can be formulated with the spin tensor generators =, £ = IZ[;/” 7= (O—O j]

: i ’
mtheformS:exp(—EcoW = j
or in the rotation-boost generators

[ .

expl ——(p—-iv)c 0
” o) o[- 5(#-17)5
S= 0 A = _
0 exp(—%(@ﬂﬁ)&j

with Pauli spin-tensor ¢ =t[c",6"] , 6" =%[c",6"] , 0" =3(1,0) ,0" =3(1L-0)
and Pauli 3-vector ¢ = (0,,0,,0;)

0
S= (’2 AJ with the left- and right Weyl-spinor rotations
A = exp(—lza)w o’”j = exp(—'—((ﬁ —1i V)&J , left-handed Weyl-spinor
(p+iv )&j , right-handed Weyl-spinor
rotation operator @ = %(@& ivo)

General Dirac matrices
General Dirac matrices I", [26] generate the Dirac group G in dim=d . metrics (p,q) in the form



x=i"Tr',I,..I', , xeG ,incanonical order a <a, <..<a,
with the anti-commutator {I",,I",} = 2n,,1 for Cl(p,q)(C)

In SO(4) with the Euclidean metric 6

ve=v",vi=iy’ =y

o (1 0) (0 o) o (01
®=o o) 7 e, o) TETT 0

compactly yg =0,®1, , yl =—-0,®0, , yg =—io; ®1,

v » the Dirac matrices become

5

with the anticommutator {y£, y¢} =201,
In chiral Weyl basis the Euclidean Dirac matrices are

o (01} i[O o) s_if! O
e o) T e o) T o

compactly 72 =0, ®1, , yl =—0,®0, , 2 =io,;®l,

In SO(2,2) (bi-Lorentzian) they are
Yo =7, Yoz =17" (timelike)
Yoo =V Voo =Y (spacelike)
2% d=2m
2902 d=2m+1

In Euclidean space we have in Cl(d)(C) the Dirac generators
ford=2, T, =(ioy,ic,)

ford=3, I', =(io,,ic,,ic,)

General Dirac matrices I', are nxn matrices, where N = { for even and odd dimension

ford=4, T =(y2.72.72.72), 72 =0, @1, , yl =—0,®0, , yg =ic, ®1,,
for d=5, I =(yg.72.72.72), T® =72,
ford=6, I'Y =—0,®TY a=1234,5;TY =0, QI

ford=7, " =—0,®TY a=1234,5,T{" =0,®1, T =ic,®1
This scheme is continued accordingly for higher dimensions.

SpinorsDirac, Weyl, Majorana

Clifford algebras operate on spinors [35], determining the fundamental equation (Dirac equation for s=1/2).
The fundamental equation is the energy relation E = mc?, in which the spinor energy EW =iAcy*0 .V arises
from the action of the Dirac matrices y*.

* Dirac spinor

Dirac spinor is afour-component complex vector, constructed from two two-component Weyl spinors

Y= (WLJ , which transform under (1/2,0)@®(0,1/2), with the two distinct spin-1/2 representations of the
VR

Lorentz group.
Dirac spinors are solutions of Dirac equation (iy“&u - m)‘P =0.

* Weyl spinor
Wey! spinors left-handed y and right-handed v transform under (1/2,0) resp. (0,1/2), with

S= exp(—'—zcow a“”j resp. S= exp(—l—za)w 5””}

where 0 = 3@L6) &4 =3(1-6) o™ =ilc"&] & =4[6".0"]

Dirac equation separates into two Weyl equations for the two Weyl spinors



icfyg=my, ,ic"y =my,

Weyl spinors are formed from a Dirac spinor by the action of projection operators
1-y 1+ y

V. :T\PD ' YR :TlPD

with the chirality operator y = —iy 'y ?y°

» Majorana spinor

A Majorana spinor is atype of spinor field in quantum field theory that is equal to its own charge conjugate
v =y, l.einphysicsitisafermion, whichisitsown antiparticle.

All basic particles of the Standard Model are Dirac spinors (except possibly neutrinos), not Majorana spinors.
Neutrinos are very likely also Dirac spinors, since Majorana processes like neutrinol ess doubl e-beta decay
have never been detected.

Magjorana spinors are invariant under conjugation operator C

w =Cy =iy’’’
7 Statistics

1 Basics
[32]
For adiscrete random variable X in valuerange Q = {x | , probability isafunction P(X), with properties

0<P(X)<1, > P(x)=1

For a continuous random variable X in value range Q with probability density f(X) ,
P(X eE)= [ f(x)dx isthe probability that X liesin asubset EC € .

xeE
The probability density has the properties
0< f(x)<1, f f(x)dx=1
Q
Important probability values of X are

mean=average: u:E(X):X:ZxP(x), p=X= _[ x f (x)dx
variance: var(X):iZ::(x—X)zP(x) , var(X)= J.Q(X—X)Z f (x)dx

standard deviation std: o = \/var(X)

median m; P(X < m) >1/ 2 most common value
mode: =X at peak value of distribution

Sample mean
Thelaw of large numbers (LLN) states that the sample mean

)zn = 1 Z ><k
N
of a sequence of independent and identically distributed random variables X, converges towards their common
expectation g .
There is the weak and the strong law of large numbers
weak law:
A sequence of random variables X, converges weakly to variable Xif their distribution functions F, converge

to the distribution function F of X.
strong law:

A sequence of random variables X, convergesstrongly to variable X if P(ll(im X, = X) =1.



Chebyshev'sinequality. Let X be arandom variable with finite expected value x and finite non-zero variance
o2. Then for any real number k>0, P(|X - u| > ko) sk—lz

Central limit theorem

The central limit theorem (CLT) states that the average of many independent and identically distributed

random variables with finite variance tends towards a normal distribution irrespective of the distribution

followed by the original random variables.

Formally, let X, be independent random variables with mean i and variance ¢* , then the sequence of random
Z (Xi =)

varigbles Z =2

o/n

converges in distribution (weakly) to a standard normal random variable.

Samplevariance
Unbiased sample variance:
g1 (X~ X)
n-1i3
If X, areindependent and normal random variables, Cochran's theorem shows that S* follows a scaled chi-

sguared distribution with (n-1) degrees-of-freedom:

SZ 2 2 2 2 264
(n—l)?~% n1s E(S )=G ,var(S ):FL
If X, areindependent and identically distributed, but not necessarily normally distributed, then

=02, var(Sz) = %(M —:;:;o“j https://en.wikipedia.org/wiki/Variance - cite note-12

where u4 is the fourth central moment w, = E((X —,u)4) :

Properties of normal distribution

e The curveis symmetric around the center point,

e parameters , u o

¢ The mean, median, and mode are all equal and sit at the exact peak of the curve.

¢ Inflection Points: The points where the curve changes curvature happen exactly at one standard deviation
above and below themean 1 + ©

e The Empirical Rule (68-95-99.7)

68% of the data falls within 1 standard deviation u+ o of the mean.

95% of the datafalls within 2 standard deviations u + 2o of the mean.

99.7% of the data falls within 3 standard deviations u + 3o of the mean.

e Linear Transformation: If avariableis Gaussian, multiplying it by a constant and adding another constant
(aX + b) resultsin a new Gaussian distribution.

e Sum of Independents: The sum or difference of independent Gaussian random variablesis also a Gaussian
distribution.

e Closed under Conditioning and Mar ginalization: Subsets or conditional slices of amultivariate normal
distribution remain normal.

e Convolution of normal distributionsis normal

I mportant probability distributions
Normal (Gaussian)

X< R, f(X)zG\;—Eexp(_(xz%“g)]




t-Student distribution
t-distribution pdf, v dof’s

r(v) e
f(x)wﬂﬂrz(gj( 3

chi-squared distribution
chi-sguared distribution pdf, k dof’s

x>0, f(x)= L x“’zexp(—zj
2v/2(‘/) 2

2
Gompertz—M akeham distribution of life expectancy
mortality function u(x)=aexp(fx)+4, >0, >0, 220

distribution function F(x)

S(x)= exp[—(/lx+%(exp(ﬁx) —1)}} probability of survival
F(x):1—S(x):1—exp[—(Ax+%(exp(ﬁx)—1)]] probability of death
x>0 ,pdf f(x)=(2 +(xexp(ﬁx))exp(—(/lwr%(exp(ﬁx)—1)]]

Poisson distribution (discrete)

probability of number of events k occurring in a time interval A
k i
KeNvk=0, P(K)=exp(-2) Y
i-o I
Binomial distribution (discrete)
number of k successes in sequence of n independent yes/no experiments with success probability p

k=0.n P(k) :(L‘j o (1-p)"™"

2 Statistical tests

A statistical test isamethod in statistics that allows researchers to make decisions about the validity of a
hypothesis based on sample data. Typically, anull hypothesis (Ho) assumes no effect or no difference, while
an alternative hypothesis (H.) represents the effect or difference the researcher wants to detect. The test
calculates atest statistic and a p-value, which indicates the probability of observing the dataiif the null
hypothesis were true. Decisions are made by comparing the p-value to a predetermined significance level (a),
often 0.05, to control therisk of aType | error (reecting atrue null hypothesis) or Type Il error (failing to
reject afalse null hypothesis)

Statistical tests are broadly classified into parametric and non-parametric tests:

Parametric tests assume the data follow a specific distribution, usually normal.
Common examples include:

t-test: compares means between two groups.

ANOVA (Analysisof Variance): compares means across three or more groups.
Regression analysis. evaluates relationships (correlation) between variables

Most important tests

One-samplet-test (Student’stest)

A one-sample Student's t-test is a location test of whether the mean of a population has a value o, Specified in a
null hypothesis:



X =ty
S/n
where X isthe sample mean, Sis the sample standard deviation and n isthe sample size.
The degrees of freedom used in this test are v=n-1.

Chi-squared variancetest:

The test is used to test hypotheses about the population variance o2 of anormal distribution.
Thetest statisticis

n-1)S?
2’ :% , Where S? is the sample variance .
O

statistic=t =

, t has t-Student distribution,

2 *has a chi-squared distribution with v=n-1 degrees of freedom.

Pear son test (probability of classification)

Here n observationsin arandom sample are classified into k mutually exclusive classes with respective
numbers of observations x; (fori = 1,2,...,k), and anull hypothesis gives the probability pi that an observation
fallsinto theith class. So we have the expected numbers m = np; for all x;, where

k k
2 p=1,>m=n
i=1 i=1

If the null hypothesisis correct, asn — oo the limiting distribution of X? below is the y? distribution with
v=k-1.

k 2
X% = z)ﬁ— -n
iz M
Spearman correlation test
The Spearman correlation coefficient rs is defined as the correlation coefficient (dependence) between the rank
variables.
For asample of sizen, the n pairs of raw scores (Xi,Yi) are converted to ranks (value slots) R [Xi],R[YI],

cov| R[X],R[Y]]

and rs iscomputed as r, = , where cov[ X,Y]= E((X —E(X))(Y - E(Y)))

O rix]9RY]
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