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Abstract
This paper presents in form of flowcharts the mathematical models and experimental data of phase transitions of
pure substances and solutions with new ansatz and calculation methods.

It is based on two preprints about thermodynamics of phase transitions [1], [2].



Introduction
In statistical mechanics, the key entity is the partition function Z , from which all important entities of a thermal
solid-fluid-gas (fgs) system can be derived: free energy F, Gibbs energy G, entropy S, and pressure p in
dependence of the thermal basic variables N, V, T, where the pressure determines the equation-of-state (eos).
In magnetic systems, the magnetization M plays the role of pressure, and the basic variables are N, B, T, where B
is the magnetic field flux.
The phase transitions in fgs systems are described by saturation curves (e.g. fluid-gas saturation curve)
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The phase transitions in magnetic systems are characterized by derivatives of magnetization ( 0
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Here, phase transitions are second-order transitions, i.e. second derivative of free (or Gibbs) energy, susceptibility
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It is generally accepted that the behavior of a thermal fgs system is solely determined by its inter-molecular
potential (e.g. Lennard-Jones potential in fluid argon, dipole-dipole OH-binding in ethanol),
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The behavior of a thermal magnetic system is determined by its Landau function M  magnetization, and its
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In generalized form, the partition function Z is described by the functional integral   exp , ,Z D dV H r   
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D d  for simple Landau function without parameters (magnetic systems)
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The goal in statistical mechanics is to calculate the phase transitions and their significant points analytically from

the partition function, and to express thermal functions behavior at critical points CT in asymptotic form
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This is at present possible only for
• magnetic systems
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• vdWaals eos of a real gas
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In this paper, we formulate a general Landau theory for thermal systems, where the original Landau ansatz for
magnetic systems and an ansatz with rdf function for fgs systems are special cases. The fgs ansatz is applied to
two intermolecular potentials : Lennard-Jones and dipole-dipole.
The Maxwell-Gibbs equation, which yields the exact solution for the saturation curve, is known in theory as the
Maxwell-rule, but has not been solved for the Peng-Robinson and the Mie-Grueneisen eos.
In the second part of this paper, the Maxwell-Gibbs equation is solved for both fluid-gas and the solid phase in the
form p(Eth), based on Peng-Robinson and Mie-Grueneisen eos, and is used to calculate the triple point and the
phase diagram
(Eth =kB T thermal energy, is used throughout this paper in place of temperature T).
As for binary mixtures, there exist only purely phenomenological ansatzes, there is no general theoretical treatment
based on molecular data of the components.
In this paper we formulate a theoretical basis for binary solutions, based on the weighted sum of partial eos
pressures, and including the 1-2-interaction of the components (i.e. non-ideal and irregular solutions).
Finally, we formulate an exact theoretical basis for binary solution eos, based on the Landau theory of phase
transitions.
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From the microscopic to the macroscopic world: static systems in equilibrium

Solid-fluid-gas-solid system
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From the microscopic to the macroscopic world: dynamic (time-dep.) systems

Solid-fluid-gas-solid system
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Heat equation
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Basics relation in statistics
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Thermodynamic classical ensembles

Microcanonical Canonical Grand canonical
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General Landau theory
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Magnetic, second order transition
(zero latent heat)
basic variables T, M, N

2

2

F



 
 
 

discontinuous, 0C 

 exp ( )Z D dV E   , D d  ,    kc  ,

 , , ( )H r E  


s

M
M

N
    spec.magnetization, → v fgs

φ-induced Landau energy= 

 
   2 4, ,
2 4!

E B B
   

      

Magnetic, second order  , ; kZ c 

      

2 2 2 4

1 1
, ; log , ; ,

1 1

2 4!

k kF c Z c E B

const
V B

       
 

    
  

    

 
    

 

Tc=crit. temp. , 1
c

B ck T
  ,      2 2 'c c c      

   , ; mink kF c c    →  0, 0kc 

   0,, ; maxk kZ c c   →  0, 0kc 

Solid-fluid-gas-solid system

        1/
exp

N
Z z dV g r u r   

 

    exp exprdf

r
Z dV r u r 



 
   

 


 

magnetic system
φ-induced Landau energy= 

 
   2 4, ,
2 4!

E B B
   

      



Solid-fluid-gas  , ; kZ c 

F-minimization Landau principle
Rescaling

radius 1  , energy 1  in  u r


/   , /r r 

/u u  , 2 /p p 

   
1

, ; log , ;k kF c Z c   


 

   0,, ; mink kF c c    →  0, 0kc 

   0,, ; maxk kZ c c   →  0, 0kc 

Solid-fluid-gas  , ; kZ c 

Calculation of correlation function  , ;rdf kr c 

Rescaling

radius 1  , energy 1  in  u r


/   , /r r 

/u u  , 2 /p p 

HCOZ eq., ansatz  ; kf r c


        0log 1 , 0g r u r g r I g u     
  

          2
1 1, 1 log sinI g u g R g R u R r dr d d       

 
2 2 2

1 1 1, 2 cos cosR r r r r rr    

→solution  1,, ; kg r c

   1, 1,, , ; exp , ;k k

r
r c g r c   



 
  

 

      1, 1,, ; , , ; expk kZ c r c dv u r      


   1, 1,

1
, ; log , ;k kF c Z c   


 



Magnetic phase transition
Critical temperature T=Tc ,

Fundamental variables  , spec. magnetization
0 s

M
M

N
  

 , , minF T V N  → 0
F








2 2 3
0 0

1
0

3!
B      

solution 0 u v  

2 6

3
2 3

3 9 8B B
u



  
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3
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3 9 8B B
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
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2
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6
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
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

 


 
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

,
1/2

0 cT T   .

0B  : T=Tc , 2 0  , 3
0

6
B







magnetization  0M   continuous at T=TC

latent heat 0C 

magnetic susceptibility 0
T

B








is discontinuous at T=TC ,

2

0

2
2

c

T B

c

T T

T T
















 
 
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Superconductivity
Critical temperature T=Tc ,

Fundamental variables  , superconducting electron density
2

0sn 

 , , minF T V N  → 0
F








2 2 3
0 0

1
0

3!
B      

superconductive fraction 2 is zero at T=TC
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Solid-fluid-gas

Partition function    0,, , ; kZ Z c   

Free energy    
1

, log ,F Z   


 

Pressure   2

1
,

3

F F
p

v
 

 

 
   

 

Equation-of state

Ideal gas
1

p
v

 , 3v  , vdWaals (rel.coord.)  
  2

8 1 3
,

3 1/ 3
p v

v v



 



general  ,p p   saturation curve  satp 

Extremal curve
 2

2

,
0

p

v

 



   →   ext  

Saturation eq.: Maxwell-area-rule  1,p p   ,  2 ,p p   ,    1 2, ,G G    ,   1sat  

critical point
• Maxwell-eq.

•
 2

2

,
0

p

v

 



→trigonometric equation    

, ,

, cos 2 , sin 2 0k k
k a k a kl l

   
       

     
         

    


  1 2

1 2

1 2

, ,
,

, k k
k k k k

k k

a      ,   1 2

1 2

1 2

, ,
,

, k k
k k k k

k k

b     

triple point

• eos  ,p p   order >=3 (cubic) in 

solution  ,p   has three branches at triple point: fluid-gas, solid-fluid, solid-gas

 ,fg p  ,  ,sf p  ,  ,sg p 



phase diagram

Solid-fluid-gas phase transition

Fundamental variables  , specific volume
V

v
N



Critical point T=Tc ,

v , specific heat vc are discontinuous, latent heat 0C 

T=Tc : 0
p

v





,

2

2
0

p

v





, end point of  satp T

Saturation curve fluid-gas  satp T :

Maxwell-area-rule  ,fp p v T ,  ,gp p v T ,    , ,f gG v T G v T

second Cardano’s root  2 ,fv v p  , third Cardano’s root  3 ,gv v p 

follows Maxwell-Gibbs equation  , , 0f geqgr v v  

vdWaals  
   
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Peng-Robinson
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Latent heat
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 
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
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

Triple point T=Ttr :branching curve fluid-gas, solid-fluid, solid-gas      , , ,g f sp v T p v T p v T 

starting point of  satp T



Equations-of-state and mixing rules

Peng-Robinson equation fluid-gas

 
 
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 
mixing rules PSRK
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ideal gas
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vdWaals
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

mixing rules

1 1,i i
i

b x b ,
1 1,

,
i j ij

i j

a x x a ,

1, 1, 1,ij i ja a a geometric (GMA),

1, 1, 1, 1,

1,

2

4

i j i j

ij

a a a a
a

 
 expanded geometric (EGA),

 1, 1, 1, / 2ij i ja a a  simple arithmetic (SA)

Redlich–Kwong equation fluid-gas
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Mie-Grueneisen equation solid

 
    

  

0
1 0 2

0
0 2

0 0

/ 1 1
1 12

, 3
1

y v y

p p
vs

   

 
   

 
           

   

,

where 0v

v
  , 0 2  , 3 / 2s 

0 t  , 0 tp p , 0 tv v triple-point values

Melting curve solid-fluid  sfp T :

Maxwell-area-rule  ,PR fp p v T ,

 ,MG sp p v T ,    , ,PR f MG sG v T G v T

Sublimation curve solid-gas  sgp T :

Maxwell-area-rule  ,PR gp p v T ,

 ,MG sp p v T ,    , ,PR g MG sG v T G v T

phase diagram
measured

Saturation curve fluid-gas  fgp T :

Maxwell-area-rule  ,PR fp p v T ,

 ,PR gp p v T ,    , ,PR f PR gG v T G v T

phase diagram (ethanol)



Equation-of-state and phase diagram benzene

Peng-Robinson fluid-gas eos in relative coordinates

Mie-Grueneisen solid eos

The three branches (real part) of the volume function  ,v v p  Peng-Robinson eos

Maxwell-Gibbs eq. of the fluid-gas curve (real part)



Maxwell-Gibbs eq. of the solid-fluid curve (real part)

Maxwell-Gibbs eq. of the solid-gas curve (real part)

/
Phase diagram



Equation-of-state and phase diagram ethanol

Peng-Robinson fluid-gas eos in relative coordinates

Mie-Grueneisen solid eos

The three branches (real part) of the volume function  ,v v p  Peng-Robinson eos

Maxwell-Gibbs eq. of the fluid-gas curve (real part)



Maxwell-Gibbs eq. of the solid-fluid curve (real part)

Maxwell-Gibbs eq. of the solid-gas curve (real part)

Phase diagram

Phase diagram ethanol and benzene, rel. ethanol





Equation-of-state and phase diagram argon
Maxwell-Gibbs eq. of the fluid-gas curve (real part)

Maxwell-Gibbs eq. of the solid-fluid curve (real part)

Maxwell-Gibbs eq. of the solid-gas curve (real part)

Phase diagram



Equation-of-state and phase diagram carbon dioxide

Maxwell-Gibbs eq. of the fluid-gas curve (real part)

Maxwell-Gibbs eq. of the solid-fluid curve (real part)

Maxwell-Gibbs eq. of the solid-gas curve (real part)

Phase diagram





Saturation curves for benzene-ethanol solutions
in relative coordinates rel. benzene-ethanol-1:1
rel. benzene concentration x0=(1, 0.75, 0.5, 0.4, 0.25, 0.1, 0.)

Maxwell-Gibbs eq. of the fluid-gas curve (real part)
x0=1 (benzene)

x0=0.75

x0=0.5

x0=0.40



x0=0.25

x0=0.1

x0=0 (ethanol)

Maxwell-Gibbs eq. of the solid-fluid curve (real part)
x0=1 (benzene)



x0=0.75

x0=0.5

x0=0.4

x0=0.25



x0=0.1

x0=0 (ethanol)

Maxwell-Gibbs eq. of the solid-gas curve (real part)
x0=1 (benzene)

x0=0.75



x0=0.5

x0=0.4

x0=0.25

x0=0.1



x0=0 (ethanol)



Phase diagrams, enthalpy, characteristic points of solutions benzene-ethanol

Phase diagrams

Excess enthalpy in kJ/mol vs. relative benzene concentration x0

Excess enthalpy measured in J/mol



Vaporiation enthalpy in kJ/mol

Triple temperature in K
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