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Abstract

This paper presents in a concise way the mathematical models and experimental data of phase transitions of pure
substances and solutions with new ansatz and cal culation methods.

In chap.1 and chap.2 we deal with the theoretical basics of solutions and mixtures.

In chap.3, the theory of equations-of-state is formulated, and in chap.4 the calculation results for four pure
substances are presented and commented.

In chap.5, the equation-of-state and mixing rules for mixtures are formulated, and the calcul ation results for an
example solution (benzene-ethanol) are discussed and compared with measured values.

Chap.6 deals with the theory of ionic solutions., and in chap. 7 we present the thermodynamics of solutions based
on the Landau ansatz.

The paper introduces two novel methods.

 Exact algebraic solution for phase diagrams based on Peng-Robinson and Mie-Gruene sen equation-of-state

* A new ansatz for mixture phase diagrams based on the weighted sum of partial pressures
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Introduction

Equations-of-state (eos) are an area, which is of considerable theoretical, but aso technol ogical importance.
Eosfor fluid-gas phase are relatively well-understood, starting with the famous vdWaals equation.

There are severa genera extensions of vdWaals eos, which are in satisfactory agreement with measurements.
The best is arguably Peng-Robinson eos with 3 parameters and a precision of about 10%.

Beside this, there are much better individual numerical approximations for selected substances, e.g. water.

Eosfor solids are few, most prominent is Mie-Gruenei sen eos.

For saturation curves however, the situation is quite different.

For fluid-gas saturation curves, thereis only one closed solution, namely Lekner’s solution based on the vdWaals
eos. For phase diagrams (solid-fluid-gas), there are only numerica parametric approximations for selected
substances, based on direct measurement.

The Maxwell-Gibbs equation, which yields the exact solution for the saturation curve, is known in theory as the
Maxwell-rule, but has not been solved for the Peng-Robinson and the Mie-Grueneisen eos.

In this paper, the Maxwell-Gibbs equation is solved for both fluid-gas and the solid phase in the form p(Ew), and is
used to calculate the triple point and the phase diagram (Ewn =ks T thermal energy, is used throughout this paper in
place of temperature T).

Asfor binary mixtures, there exist only purely phenomenological ansatzes, thereis no general theoretical treatment
based on molecular data of the components.

In this paper we formulate a theoretical basisfor binary solutions, based on the weighted sum of partial eos
pressures, and including the 1-2-interaction of the components (i.e. non-ideal and irregular solutions).

Finally, we formulate an exact theoretical basis for binary solution eos, based on the Landau theory of phase
transitions.
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Equations-of -state and mixing rules
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Comparison of eos and mixing rules results

Equation of state (EOS) Mixing rule (MR) % AAD
Van der Waals GMA 46.8
EGA 46.7
SA 59.7
Redlich-Kwong GMA 20.6
EGA 20.5
SA 29.9
Peng-Robinson GMA 9.9
EGA 9.9
SA 18.9
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Equation-of-state and phase diagram benzene
Peng-Robinson fluid-gas eos in rel ative coordinates
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Equation-of-state and phase diagram ethanol
Peng-Robinson fluid-gas eos in rel ative coordinates
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Equation-of-state and phase diagram argon
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Equation-of-state and phase diagram carbon dioxide
Maxwell-Gibbs eg. of the fluid-gas curve (real part)
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Saturation curvesfor benzene-ethanol solutions
in relative coordinates rel . benzene-ethanol-1:1
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Phase diagrams, enthalpy, characteristic points of solutions benzene-ethanol
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1.Basics of classical and quantum statistics

Statistical mechanics describes the thermodynamic behaviour of large systems ([12], [13], [14]).

Key features of athermodynamic ensemble isits partition function (probability distribution) and its macroscopic
function (extremal variable of the ensemble: e.g. entropy=max, free energy=min) . They are functions of the
thermodynamic state variables: temperature, volume pressure, number of particles, chemical potential [8].
Fundamental variableis: partition function Z

Z= Zexp[—iTj classical Boltzmann statistics

kB
Z:z; quantum fermion Fermi-Dirac statistics
" exp &
KsT
1 : . .
Z= Z— quantum boson Bose-Einstein statistics
T exp| B |1
k., T

B
Important thermodynamic variables mean energy U , Helmholtz free energy F, Gibbs energy G, entropy S, heat
capacity Cy .

ologZz ,0logZ
U=(E)=- =k,T mean ener
F=(E)-TS=—k;TlogZ Helmholtz free energy
G=F+PV=(E)-TS+PV = —iw Gibbs energy, with beta parameter 3 = ﬁ
B

0
S= 0_T(kBT logZ) entropy

o(E) 1 2 dlogz _o°logZ -
C =—""/_ AEY V=K. T| 2 T heat capacit
YT kBT2<( )> . [ o T y

(E) 0 0
for Z~ Wexp( T ,S:a—T(kBTIogZ)za—T(—(E>+kBTIogW):kBIogW

which gives the famous Boltzmann aproximate formula S~ k; logW

1.1 The three most important ensembles

The microcanonical ensemble describes[15] a system with fixed energy and fixed number of particles.

The canonica ensemble describes a system of fixed number of particles that isin thermal equilibriumwith a heat
bath of afixed temperature.

The grand canonical ensemble describes a system with non-fixed particle numbers that isin thermal and chemical
equilibrium with a thermodynamic reservoir with fixed temperature and fixed number of particles.

Thermodynamic classical and quantum ensembles with their partition function and the macroscopic function [30]
Thermodynamic classical ensembles

Microcanonical Canonical Grand canonicd
Fixed
variables N, V, E N,V, T wV, T
Number of microstates  Canonical partition function Grand partition function

Microscopic W, with width @

features | _ S (T) Z= ;exp(— %

ISy



f(x)=exp(-nx?) Tz:z(ei);p ﬂEk))_Z(ﬂ) Z(ﬂ,upuz,...)—Tf[eXD(ﬂ[;uka—HJD

—ﬁ[H—Z#iNi]
e 1
Probability g H p=
pP = _ - H’ZﬂiNi
and ﬁ:izf(Hk_E)\kaWk\ Tre™ Tre ( ! ]
density W4 ® exp(~E, )
matrix P(E,) = AP Em) e,ﬁ[Em,g,liNi)
2.0 (-FE) P(E, ) =
’ﬂ[En’ZﬂiNi)
e 1
Boltzmann entropy _
Grand potential

Minimal S=kglogW =max  Helmholtz free energy
principle v.Neumann entropy F =-kg;TlogZ = min
S=-k;Tr(pInp) =max

Q=-k;TlogZ =min

The macroscopic function obeys the minimum principle of statistics:
the macroscopic function attains an extremum in equilibrium
microcanonical: entropy is maximum

canonical: free energy isminimal

grand canonical: grand potential is minimal

The partition function describes the statistical properties of a system in thermodynamic equilibrium.
Partition functions are functions of the thermodynamic state variables .

For a canonical discrete ensemble the partition function reads

classical Z = g.exp(-BE,) . B :ﬁ , where g =degeneracy
k B
quantum Z = Tr (exp( )) Z=%——=k _ (fermion+, boson -)
“exp| —< |1
k T

probability of state s reads p, = —exp( BE,)

The three probability distributions for the average number in a statee: N(g) with degeneracy g(e) and chemical
potential 4 are derived from the maximization of number of states W (v,) with occupation numbers vi of N particles

for states with degeneracy gr and energy levelsy: r =1,2,...N' under energy condition Zvrﬂr = E and particle

number condition > v, = N

r

|
fermions S=n+1/2 (Pauli principle) Fermi-Dirac statistics W(v,) = l(g') follows from Pauli-
G Veldr — Vv,

principle v, = 0,1 because the wave function is antisymmetric in particles W(...v;...v,...) = =¥ (.v,..v;...) :

NG - 96)

expl £ |41
kT




1!
bosons S=n Bose-Einstein statistics W(v,) = HW followsfrom v, =0,1,2,... because the wave
rov (g, -D!
functionis symmetricin particles ¥(...v,...v,..) = Y(..v,..v;...) :

N(e) 96
E—p
ex -1
it
classica Boltzmann-Maxwell statistics N(g) = exp(—%j is derived from both FD and BM statistics for high

B

temperature exp(%j >>1

B

second principle of thermodynamics states that

% >0 entropy isnon-decreasing in timet,

or (Lorentz-invariant) ? > 0 entropy is non-decreasing in proper time z
T

1.2 Statistical mechanics basics
[15] chap. 2
Boltzmann theorem: The probability p, of the system being found in the microstate  is proportional to

P, =€exp| - S,
‘ KT
. S 1 E . . E .
Gibbs probability is p, = zexp(— ” i‘rj , partition function Z = Zexp(— ” i‘rj,where the beta-parameter is
B a B

B=1/k,T

the thermal average (X) of any property X of the systemisthen (X)=>"X_p, = %z X, exp(— kE('ZI'J

a B

1.3 Thermodynamic quantities
[16] chap.4
Important thermodynamic quantities are

e meanenergy U E<E>:zxa P, =%ZEQ exp(_ﬂEa):_(élg[gng
. ou 0°logZ oS
e heat capacity C, =| — | =k,3? ,CdT=TdS,C, =-8|—
capacity  C, (aij o3 ( p? jv Y v ﬁ(aﬂl
ologZ
where entropy reads S=-k,f3 +k;logZ
\%

from thisfollows approximately Z zQexp(—BU) and the famous Boltzmann formula S= k; logQ
where Q=0Q(U,U +6U ) isthe number of states,

and with 5U =stdev(U), U =T (k,C,)"” (see below)

* Helmholtz freeenergy F(T,V,N)=U —TS=—%IogZ

dF =-SdT - pdV + udN



. . oF 10logZz
* pressure pi conjugateto volumev; is p=- ==

N) B oV
» weintroduce the average particle distance /4 , and the specific volume v = % , Where v= 13

OF 10logZ 1 1 103Z(%p)

— = = > , Wheretheideal gaslaw is
N B oV B3A°Z oA

* equation-of state (eos) p(2,p8)=-

IR
VB AB
, 10
* Gibbsfreeenergy G(T,p,N)=F + pV = uN :—EW(VIOQZ)

P

dG =-SdT +V dp+ udN

v-26
op
 Entropy S:—kBﬁ(mOng +k;logZ
B ),
S:—kBﬁ(along +k, logZ
\%
s- %6 __ 6
T [ oT | n

e Enthapy H=U + pV

106 1
H=U+pV=G-F+U=-=—"(VlogZ)+—logZ -
g ﬂav( 92) g (

. lélogZJ{along
g v OB

dH =dU +d(pV), dH =T dS+V dp+ udN =dG +d(T S)

alogZJ
op

2
 compressibility K(A,,B):—Vl(aa?j :
P Jr

2
from this follows heat capacity C, (1,5)= _T(ZTFZJ
\%

* chemical potential of aspecies :(%J
ivi i ifi e ; Hi = Hy;
* activity of aspecies (specific=per particle) a = exp[?}
B
or equivalently p;, = uy; +kgT loga



2. Basics of solutions
2.1 Basic equations
Partition functionis Z=Z(V,T, i, )

with moles n, of chemical species a , X, = N, /n for the mole fraction of component o,
dZ =(6Z/oV)dV +(0Z/0T)dT +Z(GZ lop, )dpu,

from this follows
(aZ/ap)dp+(82/8T)dT = Z”ad/la

pdV —SdT =) n,du, Gibbs-Duhem equation [1] [2]

The chemical potential of component ais u, = S—G( p,T,n, ) ,
n

molar chemical potential of ideal gasis u(T, p)=u,(T)+RTlog(p/ p,)

where p isthe pressure, po is the reference pressure (1bar), and o iS the reference chemical potential .
Theideal gaseosisfornmols V =0G/dp=nRT/ p

free energy becomes F =G - pV =n(u,(T)-RT +RT log(nRT /Vp,))
For perfect gas mixtures
Foix = 2N, (240, (T)—RT +RT log(n,RT /Vp, )
G = 2.0, (o, (T)+RTlog(p, / py))
o o(ulT) _ o(up)
TEVE S Y
for a perfect mixture
p=p> %, =D p, Daton'slaw
where partial volumeis V, =ou, /op=RT dlogp, /op=RT/p
Gibbs free energy of the mixtureis(( p,, p',) isthe partial pressure before and after mixing)

AG= RTZ n,log(p,/p',)

and the entropy

A, S= —aiTAm.XG = —Rz n,log(p,/p’,)

A perfect solution is defined as having the same Gibbs energy of mixing as the perfect gas mixture
AS=-R>_x,log(x,)
At =RTY x, log(x,)

equivaently we have the partia pressure of perfect solution

#, (T, p)= s, (T, p)+RTlog(x,)

where 1, , (T, p) isthe partial chemical potential of pure component.
From p(sol) = p(vap) follows

th, +RTI0g(X, )=, +RTlog(p, / p,)

SO 11y, = o, +RT10g(p, / PoX, )= o, + RTl0og(K,, / B,)

Gibbs-Helmholtz equation [1]



where p, = KH,aXa , KH’a = exp(Mj

For diluted binary solutions we have for the solvent x =1, x, <1, p =K, ,,
and p, ~ p,x Raoult'slaw , exact for perfect solutions,
where p, = p, (T,V) isthe pressure of pure solvent.

Gas Ku(water) in GPa | Ky(benzene) in GPa |
CH4 methane 4.185 0.0569
C2H2 acetylene | 0.135

C2H4 ethylene | 1.155

C2H6 ethane 3.06

ar 7.295

N2 nitrogen 8.765 0.239
02 oxygen 4.438

H2 hydrogen 7.16 0.367
He helium 12.66

CO carbon 5.79 0.163
monoxide

CO2 carbon 1.67 0.0144
dioxide

H2S hydrogen 0.055

sulfide

Table[1] Henry’s constant Ky for dissolved gases at T=25°C

2.2 Excess energy, freezing-boiling point shift
Excess values (compared to ideal solution) are given by [1] [4]
Excess Gibbs energy

GE =Zxa (lua _lLl;)
Excess volume
Ve =V, =) XV

a o !

where Vi is the volume of the mixture.
Example: Excessvolume Ve for amixture of water-ethanol [1]
01 —————

N EEEEERREN
~0.5] 4 ' '
~0.6] R
_()_3€ ; i

Excess Volume (em® mol™)

x(Ethanol) (mol/mol)

Freezing point, boiling point, osmotic pressrein binary mixtures

is Henry’s constant, independent from x_



Freezing point depression is T+=T*-AfT,
we have

#u(8)= (1) +RTIn(x),

A.G
changein Gibbsenergy A,G= 1 (1)- 4 (s), - RfT =log(x,)
: ol
changein enthalpy A H = RTZ$
*2
from which follows A, T =K, x, = RT
AH
Correspondingly, boiling point elevation is To=T*+ApT ,
*2
changein enthalpy is A, T = K, X, = RT
AH
compound Kt (K kg/mal) Kb (K kg/mal)
acetic acid 3.9 3.07
benzene 512 2.53
CS2 carbon disulfide 3.8 2.37
CCl4 carbon tetrachloride | 30 4.95
naphthalene 6.94 5.8
phenol 1.27 3.04
water 1.86 0.51
camphor 40

Table: Cryoscopic constants Ky and ebullioscopic constants Ky for some compounds [1]

Osmotic (molar) pressure of abinary mixture A p is

C
A,p=Cc,RT ,c,=———2—— Hoff’slaw
Op CO (0] lel +X2V2

Thermodynamic variablesfor binary mixtures

Given afluid with coordination number z , interaction energies wii , W22 , Wiz , molecule number N = N1 + N2,
we have [1] [2] [4]

internal energy change AU =w, — (W, +W,,)/2=0,

entropy change AS=k; log(W)=—Nk; (xlogx +x,109x,),
freeenergy F=U-TS

the configurational partition function Z = exp(—pF) reads
|
Z= N! exp —E(N1W11+ NZWZZ)
N,!N,! 2 2
and the free energy becomes

F=—kTlogZ, = z(%+%j+ ke T (Nylog N, + N,log N, )

With partial free energy
ZN w

F,=-ksTlogZ, :—“2 o
we obtain mixing free energy AF = F —(x,F, +xF, ) = NK;T (xlogx +x,logx, ) ,

and the mixing entropy AS= _80A_TF =—Nkg (% log x, +X,109 %, )



the chemical potential p, = ;TF = ZV;““ +kgTlogx, , u, — o, =KsTlogXx,

a

The activity A is given by u, =kzTlogA, , and we obtain L. X

a

X



2.3 ldeal and regular molecular solutions

Different types of solutions are given by the table

ideal solution AH=0 AS= ASidel

athermal solution AH=0 AS# ASidesl

regular solution AH#0 , AH = Ax X, AS= ASideal

irregular solution AH#0 AS# ASidea
(\Nll + W22)

Interchange energy is w=w,, — 5

N =nNa , where Na isthe Avogadro number, n number of moles
change in interaction inner energy is after mixing

2 2
X Woy  XW, szzzj

X1W11+
2 2 2 2

AU =2N (xlxzw12 +

per moleinner energy AU, = % = ZN, X X,W

for ideal solution
Z( W, + X,Ws )
2

U, = XU + XU, =
for regular solution
AvixSn = _RZ Xa |Og(xa) v S = AriS = A S

A, Gr = N (20, + k5T (X109, + X, l0g X, ))
excess Gibbsenergy G, =A_ G- A, Gy = N2wnn, /(n +n,)

mix " ideal

v AH =AU, Gy =Z(na1u0,a +RTnalogXa)

Activity coefficient of regular solutions vy,
FromG=>npu, ,n =xN/N,, u, =u,,+RTlog(y,x,)

we obtain for activity coefficient y,
G = Z(naluo,a + noz RT |Og(yaxa ))

which gives excess Gibbsenergy G, = A ,G—A G =D .N,RTlogy, =N, zwnn, /(n, +n,)

0 0G; /on, =RTlogy, , logy, = B2wx,” , logy, = fzwx’
Total pressure becomes p= p;x, exp(Sawx,” )+ p,x, exp(f2wx” ),
whereasusua p; and p, arethe pressure of the pure component.

Phase separ ation and vapor pressure

The critical point for phase separation can be obtained from
2 2

o o Ot _o % _o O _g

% 24 0%, X,

follows

X =05, x,=05, g, =2/zw

X1=X2=0.5,(Pzw) o =2, T =zW/2k

activity coefficient y, =1.649, activity a, =yx=0.824,

critical pressure p, =a, (P, + p,) =0.824(p, + p} )



comparedto p=(p; + p, ) for insoluble liquids;

Regular solutionswith correation functions and volume fractions
» General energy calculation [1] [4]
Thevolumeis

V=(ny, +nV, )
with volumefractions ¢, = xV; /(xV, +xV, ),

inner energy in dependence of correlation function is (radia-symmetrical potential u, radial distribution function Q)

U :(Ekm>+<Epot> 3Nl2< of | g\/ mu( r)g(r)4zr2dr

0

with average potential energy

<E > V27N, ((bl Iun )Gy, (1) 4rrdr + g quz )9y (1) 4rr2dr + ¢1¢2.|.u12 (r)g.(r )47rr2dr]

120

Subtracting the energy of the separate components
U,+U, :VZnNAZ(%Iun(r)gn(r)%rzdr +%quz(r)gﬂ(r)4ﬂr2drj

1 0 2 0
gives mixing energy
Jun )9 (r 47rr2dr+¢2 juzz )9y (1) 4z 2dr
AU =<Epm>—(u1+u2)=v27zNA2
+¢l¢2( julz (r)g.(r )47rr2dr—\7J‘u11(r)g11 r)4zrdr - quz )92 (T 4nrdj
10

We introduce scaling with energy scale ¢ and length scale o,

u ()= (r/oy) . g(r)=g(r/o;)

and obtain

° 26.0.,°  £.0..°0 €,0,°
A_U=V2zN,> u, (r r)4zr?dr Ll furn ez
0 V2N o (1)1 | 207"

Experimental approximation
Redlich—Kister expansion of excess Gibbs energy isaTaylor seriesin (x — X, ) with coefficients (A,B,C) [1] [4]:

Ge :x1x2(A+ B(xl—x2)+C(xl—x2)2+...)

for ideal solution A=0, B=0, C=0 , Ge=0, y,=1, 7,=1
A=B=C=:--=0,G*=0,RTIn),=RTInp=0and =y =1

for regular solution B=0, C=0 , G, = AxX,, RTlogy, = Ax?, RT logy, = Ax?
for deviation from regular C=0 , G, = x,x,( A+ B(x —x,)) Margules equation
RTlogy, = Ax*, RTlogy, = Ax?

components To(K) A/RTo B/RTo C/RTo
ethanol/methylcyclohexane 305 2.118 -0.239 0.375

methylcyclohexane/acetone 318 1.6907 -0.0001 0.1832
pyridine/acetone 303 0.1919 0.00050 0.0075
chloroform/furan 303 -0.1083 -0.0177 0.0071
pyriding/ chloroform 303 -1.0271 0.2270 0.0930
chloroform/1-4-dioxan 303 -1,2006 -0.4131 0.0318

Table Excess Gibbs function parameters for various solutions [1]



3. Equations-of-state

3.1 Fluid-gas equations-of-state

vdWaals eos
The well-known vdWaal s equation-of-state (eos) for real gasreadsin molar variables
D= RT a
(V,—b) V&
and in specific (per particle) variables

N S Y

(v-B)p V

with critical parameters

1 8a a

KT, =— , Vv, =3, p ==
B. 27b 27b

weobtain a=27b’p, =

21
83,
1 27
Ja=_———
8ﬁ0 pC 64ﬁc pC
With molecular parameters we obtain
a=a,,e0°

0 b=

for Lennard-Jones potential uy, (r,o,&)= 45( J , Qo = 23.4 [18],

0, I‘O'Ar)

((r/a) +Ar)

for dipole-dipole potentia ug,(r,o,0)= 45[(9 (r.o,Ar)- cos(@)J,Ar =010, a,,=25.7 [18]

Parameter mixing rules
[11]
Parameter mixing rules determine the vdW parameters of the solution with component concentrations X from the

component parameters a b , in simplest form

b=2xb; . a=>xxa,

2.8, : .
a; =./a,8; geometric(GMA), a; = ke e T ¥ expanded geometric (EGA),

4
1 /Ba

B(v-b,) v(v+b,) smplearithmetic (SA)

p:

Molecular mixing rules

[27]

Parameter mixing rules calculate the molecular parameters ¢, (characteristic energy) and o, (effective hard-core
radius) for the partial pressure p, from the component parameters & =a /o;* and o, :(Sh / 2)”3 , the resulting

partial pressureisthen

1 &0y .
= - , and thetotal pressure is p= ) xX.p,; .
Py (20135 v p p ij Py

A widely used ruleis Lorentz-Berthel ot




off =(Gi+6j)/2 ' & =\/¥

which generates the smple GMA parameter mixing rule above.
Animproved ruleis Halgren HHG rule [27]

3 3
0, +0, deg,

& =T — —=2
ey
A fit to experimental data gives the experimental Al-Matar rule [27]
[0.5640@6 +0.94645 °c j3 +0.48%0,° Jﬂs
Gij =
2

[0.07995 +1.9129, g6, +0.0071s, Ma%ﬁj
g =
2

o, =—
1 2 2!
' 0’40,

6
op

PSRK model (Predictive Soave-Redlich-Kwong)

[6]

The PSRK model provides reliable predictions of VLE (vapor-liquid-equilibria) and gas solubilities. Therefore, the
PSRK model was implemented in the different process simulators and is well accepted as a predictive
thermodynamic model for the synthesis and design of the different processes in the chemical, gas proc-essing, and
petroleum industries. But also the group contribution equation of state PSRK shows a few weaknesses. Because the
SRK (Soave-Redlich-Kwong) equation of state is used in PSRK, poor results are calculated for liquid densities of
the pure compounds and the mixtures.

Better results are achieved with the improved Peng-Robinson eos.

Model PSRK New equation of state
Equation of state Soave—Redlich—-Kwong Volume-translated
Peng—Robinson
o-Function Mathias—Copeman Exponential o-function of Twu
T > T,: generalized SRK-o-function T > T,: generalized Twu function
a mixing rule PSRK mixing rule: New mixing rule of Chen:
. E ER
a =¥x;- Gii +L g —rzxf-ln£ Ezzt..ﬁ+_g
bRT b,RT A\ RT b; b T b A
A =-0.64663 A =-0.53087
b combination and b=%x;-b 1;3’4 = (!‘J?M + b:?“)i 2
b mixing rule i
b= 221: ‘.'(J' b!j
ij
GE information 1. Temperature-independent Mod. UNIFAC with
orig. UNIFAC parameters temperature-dependent
2. Temperature-dependent group interaction parameters
PSRK parameters (fitted to
VLE and GLE data)
Database VLE. GLE VLE, GLE, HF (y", SLE)

Main differences between the new group contribution equation of state (Gmelich) and the PSRK model.

Redlich—Kwong equation
[9]
The Redlich—Kwong equation is a real-gas equation and is formulated as (extended vdWaals)



RT a
(V—b) VTV, (V,+b)
where Vm=V/Na isthe molar volume, a, b are the generalized vdWaal s constants,
the constants a, b depend on critical values of the gas:

p:

21 25
a=0.42748 RT, , b=0. Rl
pc pC
: . . . 0.42748
The equation can be formulated in specific (per particle ) volumev=VIN , a = 7 ,
Pe
with specific generalized vdWaals parameters b, = NL , 8 = Niﬁ
A A
1 1
h=008A4— , b =0.08664——
n‘jgc pC Cc

PSRK Mixing rule

1( g° b
b= ZX ) ’bﬁ_z" bRT A(RTJFZ)“nEj , A=—-0.64663

specific variables

b =2 %h, ,ai—ﬁ Zx—+—(9 ﬁ+2>ﬂ'nbl—J

where gFf is the excess Gibbs energy.

Peng-Robinson equation
[10]
The Peng-Robinson equation is an improvement of the Redlich—Kwong equation in the form

1 aa
P= PR B )= 1 ) (v by b{v—b)

where
_0.45723

P

o isthe acentric factor o =-1log,, (

- (1+(o.480+1.574w—0.176502)(1—,/;3 /B, ))2 . b=0.07779%6—1

pcﬂc
P, (O.7T, )j

C

with critical parameters

5= b 045723 _ 5, 87739 b= 0.077796 _ 0.077796 a; o 013236—
a 0.077796 a bp. 58773 b b?

with vdWaal s parameters

1 8a, Ay

= KT, = —w_ =

B. ¢ 27, Ve =By P = 270,

3
by = 1 _ 012 1 eom . &y = 8,,E0° = 272 = 0'42219 ,
3 " 8B.p. 0.0777% 64 °p. B R
_0 45723 =1.083a, , b= 0.077796i =0.62223h,,

c/-c c/-c

Now we can reformul ate the eos with



0.62223 1, _337676 2% b,v 3.37676 2nc° 7.07227

B, = 5.8773% =5.8773

3 3y &y Ay’ 3 Qo€
3
b, = 00132362 = 0,013236 200w ___ 03702 27 00844q,, .
b 0.62223N, o (2213) o
1 aa

p=p(B.v.0.,0)= ﬁ(v_b)_v(v+b)+b(V—b)

2ro°

a=1.0833,,¢0°, b=0.62223h, = 0.62223 =1.3036"°

2
= [l+(0.480+1.574a)—0.176a)2)[1— /0.141% B B

Values of o [20]:
®=-0.302 vdWaals,
®=0.304 acetone
®=-0.644 ethanol
®=0. argon
®=0.353 benzene

The material parameters here are the critical parameters p,, B, , and the acentric factor o .

Chen mixing rule [26]

E
b= xxby, , b;*=(b*+h *)/2, al Zx 2" g/'j , A=-053087,
i i

where g istheresidual excess Gibbs energy.

Thermodynamic variables for Peng-Robinson

[5]

i (ﬁv a))_ 1 B aa
Y TR (R
free energy F
1 b+v
. —I p(V,T)dv=—?09(V‘b)_“(w’ﬂ)a[amtanh(ﬁj_arCtanh(@)j

including a T-term, the complete expression is

F :—J' p(v,T)dv:—%(1—glogﬁ+log(v—b)j (arctanh(?/%/] arctanh(\/2_b)]

partition function
Z = exp(-BF )= B (v- b)exp(a(a) B)ap (arctanh(?/;_;/} arctanh(\/%)D
Gibbs energy G

1 3 b+v
G=F+pv=—E(1—Elogﬁ+log(v—b)J aa(arctanh(\/z_bJ arctanh(\/Z_b)} pv

The material parameters here are the critical parameters p,, B, , and the acentric factor o .
The acentric factor w is an independent third parameter alongside a, b .



The parameters are functions of the critical values: », a=a(p,,5,), b=b(p,,5,).
With reduced variables T = , v = | p =P
TC VC pC
Peng-Robinson equation in reduced variables depends only on material-specific « , whereas a and b are material-
independent

_ 1 a(ep)a
P=P(A0) = 5 ) " V(v rb)+b(v_b)
where
a=0.45723 , b=0.077796

o= (1+(0.480+1.574a)—0.176602)(1_ JB ))2

o isthe acentric factor @ =—1og,, ( Py, (1/0.7))
Below, athe p(v) curvesfor different temperature values are shown for @ = 0.2 (carbon dioxide) [18]

pPeRob(T,v,w=02)pc
11~ -,

1ol
F s T=Tc+0.1

T=Tc+0.2
osf T=Tc+0.3
L o T=Tcs04

T=Tc+0.5
o T=Tc+06

T=Tcs0.7
or[ T=Tcs08
Y T=Tc+0.9
T=Tes1.

08 -..

06+

Tait—-Tammann equation of state
The Tait—Tammann equation [17] is adapted and intensely tested for water, it is an extension of the vdWaals
equation in exponential form, for pressure p (bar) in dependence of w=1/p (Mm% kg) and temperature T (degree K).

p:(pO+B)exp[— Vé_v\\:voj—B, P, = P(W,,T,) normal pressure, w=1/ p

0""0
where C, isamateria constant, for water C, =0.315

B=B,+B (T-T,), with material constants By, B, , for water B, =299%bar , B, =7.555 bar K™
With the introduction of molecular mass mo, it can be reformulated in standard variables (per particle) p=P/N,
v=V /N, B=1/Kk,T intheform

p=(p°+b)eXp( j_b v Bo= p(Vo’ﬂo)’ b:B%

V-V,

0°0

» Comparison of eos and mixing rules results



Equation of state (EOS) Mixing rule (MR) % AAD
Van der Waals GMA 46.8
EGA 46.7
SA 59.7
Redlich-Kwong GMA 20.6
EGA 20.5
SA 29.9
Peng-Robinson GMA 9.9
EGA 9.9
SA 18.9

Absolute average deviation for GMA, EGA, and SA for ammonia— water binary system [11]
The above table gives an assessment of precision for different eos, the best relative error has the Peng-Robinson
eos (about 10%).

3.2 Solid equations-of-state

Mie-Grueneisen eos
[21]
The Mie-Gruenei sen eos has the form

I
parz(n-3)n-"3n-)|
+I',E , n _r

(17 -s(n —1))2 Po

where vs is the bulk speed of sound, po is the initial density (reference state), p is the current density, I'o iS
Grueneisen's gamma at the reference state, s=dvs/dvp isthe Hugoniot coefficient, vsis the shock wave velocity,vp is
the particle velocity, and E isthe internal energy density.

Theinternal energy density e can be computed using

1
E:V—OICVdecV(T—TO)

P—B =

n Nyt Ke (T =T,
From the Dulong-Petit law follows ¢, =n ‘;’f ky , E~ ‘;’f M
v

where n=particle density, n,,, =number of degrees-of -freedom ; for solids n,, ~6 ¢, = 3nk;, so
E =3ky (T-T,)=3(E,, — Ey,) per particle.

Also, as speed of sound v, = \/z , Y=Y oung modulus, we obtain
P

b o L) IO R
P—P, = 5 +3l, h 97 \wherethe Young modulusis slightly dependent on particle
n(n-s(n-1)) Yo
density p=1/v,

Y =y,p-Yy, perparticle.
With these relations, the Mie-Grueneisen eos reads per particle

r
(yln/Vo_yz)(n_l)(n_20(77_1)) r.(1 1

0
5 +3—(———j,wheren:
n(n-s(n-1)) wlB B

The equation is derived fromthe Mieansatz  p—p, =T, (E-E,).
In solids, as opposed to fluids/gasses, the molecules are located on a crystal |attice with alattice constant a.
For theintermolecular potential u=u(F,o,¢) with repulsive (hardcore) radius o , characteristic (well depth)

%
Vv

p(n!ﬁ): Py +

energy ¢ , and well-minimum radius r,, the solid’ s lattice constant becomes a = 2r, (fcc) resp. a=2r,/ V3 (bcce).



At the well-minimum, the potential has the form of a harmonic oscillator
ou(r=r ou(r =r, auy (r ou(r=r))(r-r,
uo(r)zly(r—ro)2 ,i.e.Yzi(—zo) from | K = ug( ) _t u( . ) (7o)
2 o r, or A rjor o or o
From the crystal lattice ansatz follows I'j = 2 and s~ 3/ 2, which is confirmed experimentally.

The Mie-Grueneisen eos is derived from the crystal lattice ansatz and from the Hugoniot equations for the
conservation of mass, momentum, and energy [21] [22].

Below, the Mie-Grueneisen eos is shown [18] for different temperatures for carbon dioxide, with y, =8.44 |
y, =17.4 [20]

o T=Tc+0.712266 =« T=Tc+1.51227
T=Tc+0.812266 « T=Tc+1.61227

* T=Tcx0.912266 = T=Tc«1.71227

* T=Tc*1.01227

o T=Tc=1.11227

e T=Tc=1.21227

T=Tc+1.31227
T=Tc+1.41227

P S S S S S S S S B S B
0.18 0.20 022 024 0.26 028 0.30

Thermodynamic variablesfor Mie-Grueneisen eos

[5]

p(V,ﬁ)Z Py +

r
(yl)’zv)(vov)(vo;(Vov)j+3&(ii]
vo(vo—s(vo—v))2 Ve lB B
free energy F
_ __1 _3 3 r, 1_ 1 _Vo((s_l)voyz_SY1)(S_Fo)
F = J.p(V,ﬂ)dV— E(l E|Ogﬁj V[p0+3V—O(E ﬂ—oj} 84(3_1)(S(V_V0)+V0)
I“Oyz(s(v—vo)+v0)2 (S(V=Vp)+Vo)(STo (¥ +3%Y,) — %Y, (T +1))
- 25"y, ’ s'v, -
(sz(voyz—y1)+2w11“0+3v0y21“0—25\/0y2(F0+1))Iog(s(v—v0)+v0)

S4

Gibbs energy G



G:F+pv:—%(1—glogﬁj (p0+3 (l_in Vo ((S—2) VY, — 5y, )(5-T)

B B s*(s=1)(s(v—V,)+V,)
l“oyz(s(v—vo)+v0)2 (S(V=p)+ Vo )(STo (Y2 +3%Y,) — %Y, (T +1))
- 2s'y, ’ s, -
(S° (VoY = Ya) + 29T + 3V, VoI, — 25y, (T +1) ) 1og (s(vV -V, ) + 5 )
. +
s

r

v(yl—yzv)(vo—v)(vo—;(vo—v))JrS&V(ii}

Vo (Vo = 5(Vp — V) Yo \B B
G:F+pv:—%(1—glogﬂj (p0+3 (%_ﬂion (SE‘Z’;})l\)/zZZ(;f’y\io))(j;so)
_Foyz(s(v— o)+ ) AL 1)Iog(sv)+

3

s (-1
(SS(yl —VoY, )+ %Y, T + 287 (—To¥s + Vo ¥, (T +1)) +5(To ¥, — VoY, (1+ 4FO)))Iog(s(v—vo)+v0) N

$(s-1)°

VB, +

T, (1 1}
5 +3—V| ———
(Vo—s(v—V)) o \F By

3.3 Fluid-gastransition
[14]
ThevdWaalseosis

kKT a \%

v-b V' N
The critical temperature T in the liquid-gas transition results from
d*p
av o dv
8a a

KT =22 v =3, p=—
© T2 Pe = 272

With reduced variables T, =l Vi =—, p=—

T, A P,
8 T 3
3y, -1/3 v? '

r

=0, follows p,(v-v,)*=0

and also and the compressibility ratio is universal

vdWaals equation becomes universal p, =

PN _3_ 6375 .
K;T. 8

Below are shown four isotherms of the universal vdWaals equation in relative coordinates with the spinodal curve
%5 =0 (black dash-dot curve) and the saturation curve (red dash-dot curve). The critical point lies at the turning

2
point % 0on the orange isotherm [14] [18].



p(T,v)ipc
[

- \k_/— _ o T=Tc0.1
i ! T=Tex02
+ T=Tcs0.3
o T=Tcx0.4
o T=Tcx05
o T=Tcx0.6
_ T=Tc+0.7
i T-Tcs0.8
i s T=Tc#0.9
-10f- : o T=Tesd

1 v

v, b
The saturation curve (left wing=fluid, right wing=gas) left (low volume) wing ends at the triple point, its points are
determined by Maxwell’ s equal-area rule [14]

G(v,T)=G(v,,T), p=p(W.T), p=p(V,,T)

Saturation curvevdWaals
For vdWaals fluid-gas the saturation curve can be calculated in closed form from Maxwell’ s equal-area rule [23],

} ) . ) 8 1 3
using relative variables, and the universal vdWaals form V,B)=— -
o Paw (V:) 38v-1/3 V?
o8 1 3 8 1 3
38v,-1/3 v~ 3Bv,-1/3 v’
G, =G, , qur(vf,vb):o
v.-1/3 9 1 1 \Y Y ) .
r(v.,v ,B)=-log————+>8| ——— |+ s ! Maxwell-Gibbs equation
o (Vi vy ) o, 13 4ﬁ(vf VJ (v,-1/3) (v, -1/3) =

These are two equations for the variables p,T,vs,vg , from which vi,vg can be eliminated, giving the saturation

curveintheform p, (E,), where E, :% isthe relative temperature, and p isthe relative pressure relative to

Pc .
The vdWaals equation is cubic in v, we insert the smallest and the largest of the three roots into vt,vg (second and
third Cardano’ s root)



Vi =V o (P, B) » Vy =V, (P, ) , and obtain the condition function eqgr (p, ;).
The condition function (real and imaginary part) has the form [18]

where in the real part (left) the edge of the grey area marks the zero-condition, and in the imaginary part (right) the
“wall” isthe boundary of the real-valued region in the upper left half.

The saturation curve runs along the “wall” on the edge of the grey area, and ends at the end of the shaded part of
the“wall” at about T=0.5T. , which isthetriple point.

Py (Ey,) iscalculated numerically [18] in relative coordinates

psatipe
0.8
08
0.4

02

0.6 0.7 0.8 0.9
Analytic solution for saturation curve
Lekner [23] found an analytic parametric solution for the vdWaals saturation curve, without use of the the cubic
roots of the eos. The solution is analytic, but does not alow to determine the triple point.
Starting with the ansatz

p=vI(v-v)

we obtain the G-equation in the form

IOg(&J: (pf _pg)(pf Py +2)
Py P+ Py +2p¢ Py

which yields the solution

f(y)— ycoshy-sinhy
sinhycoshy-y

pi(y)=f(y)exp(y)/2. py(v)=f(y)exp(-y)/2
v, =V (1+1/ pf) LV, =V (1+1/pg)
V2 (Vv =V (v vy ) T V(v ) (v =V ) (v, - V)
2, 2 v T 2,2
V2, (7

pP=p

As aresult, one obtains the saturation curve in dependence of the parameter 0<y<oo,
critical point Y=0: f(0)=1, p, (0)=p,(0)=1/2, T(0)=8T" /27, p(0)=p" /27, v, (0)=v, (0)=3V'



triplepoint: y = o, f(y)~2(y-1)exp(-y), p; (Y)~(y-1),p,(y)~2(y-1)exp(-2y), v, (x0)=V",
Vg () >, T (0)=0, p()=0
The saturation curve (T (y), p(y)) parametric iny is shown below in the middle in relative coordinates [68], the
outer curves are the two spinoidal curves (first and third cubic root of p).
|.: {/
D'S.- _iJ-i-

0.6 -

Approximate saturation curve
For approximate solutions, the ansatz which pr=p(vr,Tr,¢) has been suggested , where ¢ is a substance-dependent

dimensionless parameter, ¢:% , abetter candidateis co:—|cgo( R(T :07))

The approximate saturation curve is[50]
log( ) =537(1-?1]+w( 749-1118T°+369T°+17BlogT |

r

with o=—ag,(p(T=07)

1

0.1

®=-0.4
® =-0.302 vdW
o= 0

10° L n
0.4 0.5 0.6 0.7 0.8 0.9 1

T,
The family of saturation curves, showing the vdW curve as a member (blue curve). The blue dots are calculated
from Lekner's solution. The orange dots are calculated from datain the ASME Steam Tables[24] .

Saturation curve Peng-Robinson

For Peng-Robinson fluid-gas the saturation curve can be calculated in closed form from Maxwell’ s equal-area
rule[5]

a=0.45723 , b=0.077796

o= (1+(0.480+1.574a) -01760°)(1-+/B ))2



1 aa
B(v, —b)_vf (v, +b)+b(v, —b)
1 3 oa
ﬁ(vg _b) Vg (Vg +b)+b(vg _b)
G, =G, , eqor (V;,V,)=0

p= pPR(Vf’ﬁ)z

p= pPR(Vg’ﬁ):

%Pl (w, B)Ba| arctanh DY, —arctanh b+, I T R O
Y (E] (mj (vb) (v-b) Py v

These are two equations for the variables p,T,vs,vg , from which vi,vg can be eliminated, giving the saturation

curveintheform pg, (E,), where E, :% isthe relative temperature, and p is the relative pressure relative to

c

Pc -
The Peng-Robinson equation is cubic in v, we insert the smallest and the largest of the three roots into v,vg (second

and third Cardano’s root) : V; =Vee, (P, 8) , V, =Vers( P, 3) , and obtain the condition function eqggr ( p, E,,) and
the Maxwell-Gibbs equation eqgr ( P, Em) =0.

Maxwell-Gibbs equation gives asolution p, (E,,), where eqggr (p,E,) isreal (Im(egor (p,E,))=0), because
otherwise we have two equations (real part and imaginary part =zero) for two variables, which yields a point
instead of acurve.

* Triple point

For sufficiently low value E, =E,, <E, ., eqar (p,E,) becomes complex, and the saturation curve ends at triple

point £, .
* Critical point
The upper end point of the saturation curveisthe critical point & . , where the pressure as aturning point

0°p(Ey V)

Bk V| L o'

8\/2
Clausius-Clapeyron equation

p critical point

y

gas

/

T.
For first order phase transition fluid-gas with s discontinuous we have with Gibbs free energy G and entropy Swe
have

. dp S,-S .
G(V, T)=G(V,.T) gives 2 =7 ~y, Wit latent heat Q =T(S, =S, ),

9

weobtan —=——F—— andusing (V. -V, |=V_, pV, =k.,T, gives
ar - T(V,-V;) 9 (Vo Vi) Ve PV, =kT 0

%= ng p
aT kT2

p(T)=p, exp(— Sg'fl' ] which isthe Clausius-Clapeyron equation.

B



3.4 Solid-fluid, solid-gas transition
We calculate the phase diagram for solid-fluid-gaseous carbon dioxide using the Peng-Robinson eos for fluid-gas
and the Mie-Grueneisen eos for solid-fluid transition. The substance in consideration is here carbon dioxide.

It has the phase diagram[20]

1947K 2166K 304,1K
(-78,5°C) (56,6 °C) (+31,0°C)

T

Saturation curve fluid-gas
We use the Peng-Robinson eos with @ = 0.2 for CO2 [25]

a=0.45723 , b=0.07779%
o =(1+(0.480+15740 - 0176 ") (1- /B ))2

with the Maxwell condition for the volume variables v, ,v, .

1 aa :
= B)= - , solution v, =V, second Cardano’ s root
p pPR (Vf ﬁ) ﬁ(Vf —b) Vf (Vf +b)+b(Vf —b) f PR,Z( p)
D= Peg (Vg, /3) 1 aa , solution Vv, = Ve 4(P) third Cardano’s root

ﬁ(vg—b)_vg(vg+b)+b(vg—b)
G; :Gg ' qur("f’Vg’ﬁ'w)EGPR<Vg’ﬂ)_GPR(Vf’ﬁ)zo

vg—b

qur(v 'V,ﬁ,w)=— log —a(w, B)Ba| arctanh b+_vg -
v v, —b N
We obtain for the MaxwelI-Gibbs equation eqgr (3, p) [19]

Re(eqgerd4)

0.5
Eth/Ethc

1.0

where in thereal part (left) the edge of the grey area marks the zero-condition, and the imaginary part (right) is
zero in the area under consideration.




P (E;) iscalculated numerically [18] in relative coordinates

CO2 pfg(T)/pc
1.2

0.8
0.6
0.4 »
0.2

TITe
0.75 0.80 0.85 0.90 0.95 1.00

Saturation curve solid-fluid (melting curve)
We use the Mie-Grueneisen eos for CO2 for the volume variable Vs

(ylsz)(VoV)(VoF;(VOV)LSFO( 1 1 j

Vo (Vo — (Y —v))2 B B
with the Y oung Modulus in relative coordinates Y (v)=(y,/v-Yy,) ,with y, =0.844 , y, =1.74 for CO2 [20]

and the Peng-Robinson eos p.; (v, ) = L @a for the volume variable v ,

B(v-b) v(v+b)+b(v-b)

Puc (V,ﬂ): Py +

p= pMG(Vs’ﬁ) » P= pPR(Vf 7ﬂ)’
solution V; =Vpe4( p) third Cardano’s root of Peng-Robinson eos, and solution v, =V, ( p) first Cardano’s root

of Mie-Grueneisen €os,
and the Maxwell condition for the volume variables v, v,

G; =G, qumr(vf’vs’ﬂ)EGPR(Vf7ﬁ)_GMG(Vsuﬁ):0

We obtain for the Maxwell-Gibbs equation eqgnr (8, p)=0 [19] the real part

/
A

///
10

Re(eMGgmra4) |

o
The melting curve lies at the steep | eft edge of the “boot”.
P (E;) iscalculated numerically [14] in relative coordinates



pfs(T)/pt
3.0

25
2.0
1.5
1.0 .
0.5

0.0 T/Tt
0.2 04 06 0.8 1.0 1.2
As depicted in the measured phase diagram above, the solid-fluid curve rises steeply near the triple point to about

the critical pressure pc, and then bends off towards about 2p. near the critical temperature Te .

Saturation curve solid-gas (sublimation curve)
We use the Mie-Grueneisen eos for CO2 for the volume variable Vs

<y1—y2v)<vo—v)(vo—2°<vo—v>)+3ro(1 x

Vo (Vo — (Y —v))2 B By
with the Y oung Modulus in relative coordinates Y (v)=(y,/v—Yy,) ,with y, =0.844 , y, =1.74 for CO2 [20]

and the Peng-Robinson eos p.;(V, ) = 1 @a for the volume variable vy ,

B(v-b) v(v+b)+b(v-b)

Puc (V,ﬂ): Py +

p= pMG(Vs’ﬁ) ’ p= pPR(Vg'ﬂ)1
solution V, = Veges( P) third Cardano’s root of Peng-Robinson eos, and solution v, =V, ;(p) third Cardano’s root

of Mie-Grueneisen €os,
and the Maxwell condition for the volume variables v,V

Gg =G, , qum(vg’vs’ﬁ)EGPR<Vg’ﬁ)_GMG(Vs’ﬁ)=O

We obtain for the Maxwell-Gibbs equation eqgmg( 8, p) [18] the real part

A
///

Eth/Ethc
0
The sublimation curve lies at the bottom of the “boot”.
Ps (Ey) iscalculated numerically [18] in relative coordinates



pfs(T)/pt
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0.08
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In the measured phase diagram above the sublimation curve rises slightly until T, ,
here the sublimation curve has a slight maximum near T = 0.33T.



4. Equations-of-state: calculation results

4.1 Benzene

4.1.1 Material data of benzene

The important material data of benzene are as follows [20].

Benzeneis an organic chemical compound with the molecular formula C6H6. The benzene molecule is composed
of six carbon atomsjoined in a planar hexagonal ring. The intermolecular potentia is of Lennard-Jones type.

J

Ball and stick model

J

Space-filling model

vdWaals parameters

aw=18.24 L?bar/mol?> = 52.16 eV A3
bW=0.1193 L/mol = 198 A3
pO=aW/bW?= 1.33 meV/ A3

where a= 0'45733 =1.083a, , b= 0.077796i =0.62223N,,

o~ 3.70A, elkg ~ 400 K.
€ O parameters

o (Benzene) = 37A, ¢ (Benzene) = k, 400K =(4/3)0.0259 = 0.0345eV

crit. Tc=562K (289°C), pc=4.89MPa , Ac=7.47A

B.=1/0.0485eV " =20.6eV ", p, =30.5ueV A°=0.0229p, , A, =7.47A

triple Tt=278.5K , pt=4.83kPa, Atf=5.31A, Ats=5.33A , Atg=75A

B, =1/0.0240eV* =41.6eV ", p,=30.1x10°ueV A® , A, =5.31A , 1, =5.33A, Mg = T9A
Y=2GPa=12500ueV / A®

o =0.212

Benzene phase diagram

ompressable liquid supercritical

Critical point

sure [bara)

liquid phase

Press

Triple point

Temperature [°C Lo Pt = Y iR

4.1.2 Equation-of-state and phase diagram benzene
Peng-Robinson fluid-gas eos in relative coordinates



pPeRob(T vi/pc

= ° T=Tcx03
= T=Tcs0.4
= T=Tc+0.5
* T=Tcs0.6
= T=Tc+0.7
= T=Tc+0.8
* T=Tcs+0.9
o T=Tc#1.

Mie-Grueneisen solid eos

* T=Tcx0.0495552
¢ T=Tcx0.0991103

ool | = T=Tc+0.148665
G = T=Tc#0.198221
: o T=Tc+0.247776
50 g « T=Tcx0.297331
i © T=Tc+0.346886
3 . . . wve © T=Tcs0.396441
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pMieGI(T vipc

0.05
= T=Tc+0.445996
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=

The three branches (real part) of the volume function v=v( p, 8) Peng-Robinson eos
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4.2 Ethanol

4.2.1 Material data of ethanol

The important material data of ethanol are as follows [20].

Ethanol is an acohol with the formula CH3-CH2-OH, and has a dipole intermolecular potential, mainly from H-H
covaent bond.

vdWaals parameters
aw=12.56 L?-bar/mol?>=35.9¢eV A3
bw=0.0871 L/mol = 144.6 A3



~0.45723 1

where a >—=10833, , b=0.077796——— = 0.62223h,,

c/-c c/c

pO=aW/bW?= 1.717 meV/ A3
€ O parameters

&, (Eth)=0.0542eV , o (Eth)=2.6A

crit. T, =513K , p, =6.25MPa , A, =6.55A

crit. #=1/0.0445eV ' =225¢eV ", p, =39ueV A°=0.0227p, , A, =6.55A

triple T, =150K , 8 =1/0.013eV *=77eV ", p, = 4.3x10"°MPa=26.9x10"° ueVA~>,
Ay =4.6A , A, =44A

Y= p,V.” = 3.66GPa = 22838ueV | A’

o =0.62
SCE
,-" Ridge
£
s 6.1
N
TP ,
68.3 240.85
) T/°C

4.2.2 Equation-of-state and phase diagram ethanol
Peng-Robinson fluid-gas eos in relative coordinates
uF'e;!.%h_l.T_-:']-’uc
= ¢ T=Tcx0.3
T=Tcx0.4
* T=Tcx0.5
*« T=Tc:06
¢« T=Tcx0.7
* T=Tcx0.8
T=Tcx0.9
T=Tcx1.

0 1 2 3 4 5
Mie-Grueneisen solid eos



* T=Tc#0.0495552
= T=Tc#0.0991103
= T=Tc#0.148665
* T=Tc#0.196221
= T=Tcs0.247776
* T=Tcs0.297331
* T=Tc#0.346886
= T=Tcs0.396441
* T=Tcs0.445996
* T=Tc#0.495552

pMigGr(T,v)/pc
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The three branches (real part) of the volume function v= v( p, ﬂ) Peng-Robinson eos
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4.3 Argon

4.3.1 Material data of argon

The important material data of argon are as follows[20].

Argon belongsto the noble gasses, is practically chemically inactive, and its intermolecular potentia is of Lennard-
Jonestype, it is even atypical Lennard-Jones substance.

vdWaals parameters

aW=1.355 L?-bar/mol? = 3.87 eV A3
bw=0.03201 L/mol = 53 A3
pO=aW/bW?= 1.378 meV/ A3

where a= 0'45733 =1.083a, , b= 0077796~ = 0.62223h,,

€ 0 parameters
o(Ar)=34A, &(Ar)=0.0123eV



crit. T=150.8K , p, =4.83MPa=0.0218p, , 4, =5.0A
B.=1/0.0130eV ' =76.8eV ", p,=30.1ueV A
triple T, =83.7K , p, =0.068MPa, v, =47.2A°

B, =1/0.0072eV " =1384eV ", p =042ueV A®, A, =36A, A, =25.8A

®=0.001
Y =1.6GPa=9.98 meV/A3

Argon phase diagram
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4.3.2 Equation-of-state and phase diagram argon
Maxwell-Gibbs eg. of the fluid-gas curve (real part)

—

argon pfg(T)/pc
1.2

Re(eqger33)

10 7 0.5 0.6

Maxwell-Gibbs eq. of the solid-fluid curve (real part)

| T pfs(T)/pt
| — 3.0
25
0 LTI 29
L7 777

Eth/Ethc

0.0

10 0.2

Maxwell-Gibbs eq. of the solid-gas curve (rea part)

0.7

0.8

0.9

0.8

TITe

1.0

1.0

T/t



pfs(T)/pt
0.10

7| o008
1 p0.06

0.04

|/ 0.02

~W 0.00 -
1.0 0.2 0.4 0.6 0.8 1.0

Phase diagram

argon phase diag
p(T)pec

1.0
0.8

0.6 .
0.4

0.2

TiTe
0.4 06 0.7 0.8 09 1.0

4.4 Carbon dioxide

4.4.1 Material data of carbon dioxide

The important material data of carbon dioxide are as follows [20].

Carbon dioxide is a chemical compound with the chemical formula CO2, made up of molecul es that each have

one carbon atom covalently double bonded to two oxygen atoms [71].

Carbon dioxide has the intermolcular potential of Lennard-Jones type, from O-O covalent binding.
O=C=0

>
116.3 pm

o

vdWaals parameters

aw=3.6 L2bar/mol?=10.3eV A3
bwW=0.0427 L/mol = 70.9 A3
pO=aW/bW?= 2.05 meV/ A3

where a= 045723 1.083a, , b= 0.077796i =0.62223h,,

2_
c/-c c/-c

elk = 125.317K, o = 3.0354 A,

€ 0 parameters

o(C02)=3.03A , £(CO2) = k,125K = (1.25/3)0.0259 = 0.0108eV

crit. Te=304.1K, pc=7.38MPa, vc=93.9cm3/mol=156A3, p. =0.0106 mol/cm? =0.00642 A3, A=5.38A
crit. B, =1/0.0262eV =38.1eV ", A_=538A , p, =46ueV A° =0.0224p,

triple T4y=216.6K, py=0.52MPa, psr =1.562g/cm3=0.0353 mol/cm3, psr =1.178g/cm3=0.0266 mol/cm3,
pgtr=0.00198g/cm3= 0.0000447mol/cm3




f, =1/0.0186eV =535eV ", p, =32ueV A°, A, =40A , 2, =336A , 4 =36A, v, = 64A°

®=0.152

Y =yl/(v/vc)-y2

y1=8.439, y2=17.38
Ymax=~790MPa=4.93 meV/ A3

p

73,8 bar

5,2 bar
1,013 bar

1947K 216,6 K 304,1K
(-78,5°C) (-56,6 °C) (+#31,0 °C)

4.4.2 Equation-of-state and phase diagram car bon dioxide
Maxwell-Gibbs eg. of the fluid-gas curve (real part)
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Maxwell-Gibbs eq. of the solid-gas curve (rea part)
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5. Solutions

5.1 Equation-of-state for mixtures and solutions
A simple and reliable ansatz for the eos of mixtures/solutions is the summing-up of partial pressures arising from
pairwise interaction of the components

pzz)ﬁxj B
i

where x isthe relative concentration of component i, and p, = p(v,T,aij,g”,...) isthe eos of the (i, j)

components. This ansatz is theoretically well-founded and yields results in agreement with measurement within the
precision margin of the Peng-Robinson eos (10%).

The molecular parameters (o, £ ,...) are calculated from individual parameters (o,,¢,....) , (0}.£;,...) using
molecular mixing rules.

For (o,&) we use Lorentz-Berthelot

off =(Gi+6j)/2 ' & =\/a .

for volume v we apply the c-rule and we obtain Vv; = [

(VI )1/3 +(VJ. )1/3 ]3

2
» vdWaals eos
We formulate the dimensionless eos in the form in molecular parameters
1 B Ay ofjj Gijs

P = (v—27z0”-3/3)ﬁ V2
and obtain thetotal eos p=>xx, p,
i

* Peng-Robinson eos parameter mixing
The dimensionless eos has the form in molecular parameters

1 aa
= V,0,a,b) = -

P=P(Avoab) = Vv D) +b(v-b)
where a= 0L7§3 =1.083g, , b= 0.077796i =0.62223h,,

cr/-c cr/-c )
a= £1+(0.480+1.574a)—0.176a)2)[1— /0.141% ,BD
ant -0 0878 b 007719 007179 8 01p0 @

20.07779% a bp, 5.8773 b b

v, =30, =b3/0.622223= 4.8214b
and b =0.62223* 275°/3=1.30320"°, a=1.083a,,,c5°,

0.7T
For ® , we use its definition in the form @ =— IOglo( p. ) , P = M .

Pe

The energy ratio in pr is constant % =0.7 , so pr transforms like 1/v ,

c



2

3
Prj = U3 U3 | o
{(1/ ) +(1/p) }

@, /3 w;/3
@y =7 logy ( Prji ) - 3(|0910 ((1/ Pr )”3 + (1/ Pr.j )1]3) ~100y 2) N 3(|0910 (MJJ

2
3
(h )ﬂ3+(bJ )ZIJ3
We apply thev-ruletob: b = ——+——

2

Asfor a, we seethat é:% is an energy, so we can apply the e-rule
v3)\3 3 13)\3
((8)"+(5)") ((8)"+(5)")
q; =aa , g =,aab =,aq 3 = 3

* Mie-Grueneisen eos parameter mixing

Y(nl)[nr2°(771)j+3&(1 1

5 —— | per particle
n(n—s(n—l)) Vo \ B ﬁo]

z]

a
b

j
J

p(n’ﬁ)= Py +

Y Ty,
'o(”’ﬁ)=1+'Of)(n_l)tn_2(17 1)j— = [1_&J’n
Po n(n-s(n-1)) PoVofo\ B

The reference point ( p,, ,,V,) becomesthetriple point (p,, 8,,V,) inthe phase diagram, so it must be calculated
for the mixture/solution.
We apply the o mixing rule for length to v

aslha) {%] =[(w, )”Sz(vu)“}s

We apply the € mixing rule for energy to 5, T, pvand Yv

ﬂt,ij :\/ﬂt,iﬁt,j ) Tt,ij :\/Tt,iTt,j
ARGV RV V.. D .V .
pt,”-\/t’”- :\/m S0 ptyi]- _ pt,| t,i pt,j t,j _ pt,l t,i pt,] t,j

s {(vt, )”3+(vm)”3}3
2

<|<

Y%

ij
Vi

5.2 Example solutions

* benzene-ethanol solution

Ethanol dissolves in benzene because of a balance of intermol ecular interactions and favorable mixing entropy that
allows the two liquids—polar protic ethanol and nonpolar aromatic benzene—to form a stable homogeneous
solution at common concentrations.

-Dispersion forces dominate benzene: Benzene is nonpolar; its primary attractive forces are London (induced-
dipole) dispersion forces between aromatic rings.



-Ethanol is amphiphilic: Ethanol (CH3CH20H) has a small nonpolar ethyl group (CH3CH2-) and a polar hydroxyl
group (—OH). The ethyl portion is compatible with benzene' s nonpolar environment; the hydroxyl can form weaker
interactions with benzene than with water, but does not prohibit mixing.

-Dispersion interactions between ethanol’ s akyl portion and benzene are favorable: The ethyl group can engage in
London dispersion with benzene, lowering the energy cost of breaking ethanol—ethanol and benzene—benzene
contacts.

-Hydrogen bonding is not an absolute barrier: While ethanol forms hydrogen bonds with itself, those bonds are not
S0 strong that they prevent disruption. In a benzene solution, some ethanol molecules retain hydrogen bonding
clusters; many simply lose some H-bonds while gaining stabilizing dispersion contacts with benzene. The net
energetic change can be small or slightly favorable.

-Entropy of mixing helps: Mixing increases configurational entropy, which favors solution formation even when
enthal pic changes are modestly unfavorable. For small organic molecules like ethanol and benzene, the entropy
term often offsets small positive enthalpy changes.

-Concentration dependence and limits: Ethanol is fully miscible with many organic solventsincluding benzene
over awide range, but its solubility in purely nonpolar solvents decreases as the solvent becomes less able to
accommodate the hydroxyl group. Benzene can solvate moderate amounts of ethanol because ethanol’ s nonpolar
tail is sufficient to integrate into the benzene network; at very high ethanol fractions the system tends toward
ethanol-like behavior with retained hydrogen bonding.

Measured values for the benzene-ethanol solution [6] are shown for
y” activity coefficient at infinite dilution, y; component concentration in vapor, Tm melting temperature at normal
pressure, He excess enthal py

20 1.0
. y ® . 101 kPa
6 o5l 60kPa
-t Ethanol in Benzene | 40 kPa
24 kPa p
£t S e
B 94— .’!‘_..—-l' po-d
s 9.2
. VLE
- Benzene in Ethanol
I | | I G D [ I | J | J | l |
0 — ' ' ' ' 00 02 04 06 08 1.0
10. 30. 50. 70. 90. 110 :

Temperature [*C] Xy
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and [28] vaporization enthalpy Hy at 35°C

20000

=== H (calc)
® H (Jmol)

10000 -

H (J/mal)

* acetone-water

Acetone-water mixtures are misciblein all proportions and do not form a binary azeotrope. The boiling point
depends on the mixture's composition, ranging between the boiling points of pure acetone (56°C ..56.5°C) and pure
water (100°C).

For instance, aliquid mixture with 80% mole acetone boils at approximately 57.65°C, producing a vapor of 89.4%
acetone.

Measured values for the benzene-ethanol solution [8] are shown for y, component concentration in vapor, ¢,

component separation factor, y activity coefficient , Ty boiling temperature at normal pressure . The double curves

on the right refer to heated liquid, resp. cooled vapor, which show a hysteresis effect. The continuous lineisthe
calculated value using the NRTL mode!.
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5.3 Saturation curves of solutions benzene-ethanol
(Eg» P,V) arein relative coordinates (critical values (E,,, p,,V, )) rel. benzene-ethanol-50 (i.e. 50%).

The concentration parameter X is the relative benzene concentration xo=(1, 0.75, 0.5, 0.4, 0.25, 0.1, 0.)
For the eos we use herethe ansatz p = Z %X;p; - Thisansatz is theoretically well-founded and yields resultsin
i

agreement with measurement within the precision margin of the Peng-Robinson eos (10%).
Specifically, for the Peng-Robinson eos we have

pPR(Elh’V’ Xo) = %" Per ( En Vi Bt pcl'a)l) +(1_ Xo)2 Per (Em’V; Enco pczwa)z) +2% (1_)(0) Per (Em’V; Eerz) Perzs 0’12)
where indices 1=benzene, 2=ethanol, 12=benzene-ethanol-50 .

Peng-Robinson eosis calculated in the individual relative coordinates, scaled from benzene-ethanol-50 .

The parameters E, ,,, P, ®;, Of benzene-ethanol-50 are calcul ated according to the mixing rules (see above).

Specifically, for the Mie-Grueneisen eos we have
Puvc (Eth’v' Xo) = on Puve (Eth’V;Yv ElhO’VO’ po)+(1_xo)2 Puvc (Eth’V;YZ’ E(ho1vo1 po)+2xo (1_Xo) Puvc (Eh,V;le, Etho1vo1 po)
The parameter Y,, of benzene-ethanol-50 is cal culated according to the mixing rules.
The parameters E, ,,V,, p, are set to thetriple point E,,,V,, p, for the given xo , calculated from the fluid-gas curve
for thisxo .

Maxwell-Gibbs eg. of the fluid-gas curve (real part)
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Maxwell-Gibbs eqg. of the solid-fluid curve (real part)
Xo=1 (benzene)
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5.4 Phase diagrams, enthalpy, characteristic points of solutions benzene-ethanol

Phase diagrams

The phase diagrams of the solutions are shown below
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benzene-ethanol mix(0.1) phase diag
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The combined phase diagram of al solutionsis shown below.
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Each fluid-gas saturation curve descends steeply to the triple point of the corresponding solid-fluid curve, thetriple
point is the intersection of the solid-fluid and the solid-gas curve at the low pressure p<0.01 .

Enthalpy
The excess entha py of the fluid-gas transition is the difference between the two enthal pies

He (Ep P) = G(Eq Yy (B ), P)=G(Ep Vs (Ens D). D),



measured at normal pressure H,(E,)=H.(E;,p,) , P,=1bar=0.1MPa
Excess enthalpy H,(E;,) inkdmol vs. relative benzene concentration xo is shown below

20+

— 25°C
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Measured excess enthalpy in Jmol is[6] roughly in agreement

3000.
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HE (u/mol)
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%1
The vaporization enthalpy is the enthalpy of the gas phase at normal pressure
Hv(Elh’ po) :G<E[h’vg (Emv po)' po)

V aporization enthalpy in kJ/mol is shown below
42
40
38
36

34

0.2 0.4 0.6 0.8 1:0
V aporization enthal py depends only weakly on the temperature.
Measured values agree roughly with the calculation [28]
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Triplepoint temperature
The calculated triple point temperature E,, in K

triplept Tt(K)

300
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The dependence on concentration is approximately linear.
To determine the melting point, we take the point on the steep descend part of the fluid-gas curve at normal

pressure
meltpt TH(K)

300
250
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150+
0.0 0.2 0.4 06 08 conc{e) »
The resulting curve shows an accumul ation near the benzene melting point at Xo=1 .
Pure benzene melts (at normal pressure) at 5.53 °C (278.6K), while pure ethanol melts at -114.14 °C (159K).
The measured values of melting point [6] aso show an accumulation effect near the melting point of benzene, and
agree roughly with the calcul ated values.
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6. lonic solutions

6.1 lonic solutions: solubility, hydration

In ionic solutions, the solute dissociates wholly or partialy inions ([1], [4], [2], [3])-
The solubility Ks is directly related to the Gibbs energy change AsoG

A, G=—-RTlogK,

where K is the product of the concentrations K, =c.c , e.g.for AgCl, K, = [Ag*][Cl ‘]

Hydration energy is the energy of ion formation.
 Born continuum approximation
For Born continuum approximation the hydration energy is

2.2 ® 2.2 b f(r)
Ahde:£I 1 d_zzi 1 1. 1¢e d_g ,
8reyol e(r) Jr® 8mg,|bey, a ajlg, r

0

2
f(r)=1- (ﬂj form factor
b-a

with radii a=radius(ion), b=radius(solvent) , z=(integer) charge of the ions, e=elementary charge,

with &,=absolute vacuum permittivity, relative permittivity &, =&(r=a) , &, =&(r =b), ¢, of thesolvent,

» Mean spherical approximation (MSA)

Theion is represented by a sphere with radius a and charge ze, while for the solvent is a sphere with radius b and

dipole moment x .
MSA consists of the core condition correlation function g(r) = O forr < 2a

. . -B 9 rs2a
and the approximate concentration c(r)= 4rec a
0 r<?2a

together with the Ornstein-Zernicke equation.
The molar hydration energy for diluted solution is

22
ApG =—NAZ ef i—l ( 1 j
8re,a | € 1+b/Aa

r

where polarization parameter / for the solvent is 2% (1+ 1)4 =16¢, , f=dipolefactor f ~1

6.2 lonic solutions: Debye-Huickel theory
We make the assumptions: [1] [2] [4]

* ionic interaction is dominant

» solvent=dielectric continuum

* gpherical ions

* dilute solution

» complete dissociation

We have the following relations:

ion Coulomb potential W' (r) =€z, / 4ner , £ =¢y¢,
charge density pj(r) at distancer fromionjis p, =) ezn,

ov . (r _
with Poisson equation izﬁ rZJ b
r?or or g
. L B ez,
we obtain the charge density p, = > ezn, = > ezn exp| - T
i i B



P
with the cut-off approximation p; =Y ezn, = > ezn (1—92 Jj

KT
e’zin, W, e*zin,¥?
p; :21_82[-}1[-—21_ kT J+z,‘ zszZJ e

From this approximation follows the Poisson-Boltzmann equation

10 2a\Pj(r) 2 2 e 2
—_—| [ — | =K \P s = A
r ar[ or oK ek, T Zz' A
1d(,d¥;\ , e

S o) MRS W

with solution ¥j at a distance r > a

ez, exp(-«(r-a))
lI"'(r):47rs (1+xa)r

Activity
We obtain for the activity coefficient the Debye-Hiickel equation, valid for 1 <0.1 mole,

3/2
Iogy:—A|Z+Z’|‘“m A 2N e B 2¢%pN,
1+Bafl, MlekeT ) ekT

with ionic strength Im and |¢, density p
2.z'm 2z’ 2.z 2z’
= | — | , IC = | — I
" 2 2N,p 2 2N,
molality mi , concentration ¢ = pm,
For aqueous solutions at 25 C, A= 0.51mol-2dm#2 and B = 3.29 nm-'mol->dmg>

For values |, > 0.1 mole, the extended Debye-Huickel equation is valid

Z+Z‘|(1l/\l/_nf_m_0'30lmJ

logy =—-0.509




7. Landau formulation of binary solution thermodynamics

7.1 General Landau ansatz for binary solutions
For solid-fluid-gas phase transitions, the generalized Landau ansatz for the partition function is a functiona
integral [5].

The Landau function depends on parameters () = (I, .|, @ ) - the differential is Do = zg—(p dc, .
’ Ge

Also, the Boltzmann-exponential contains only the intermolecular potential u, the partition functionis

Z= j Do dV exp(-Bu(r))

The ansatz for the Landau function for solid-fluid-gas transition is the A-damped rdf function (with axial

symmetry)

o(F.0.2:6) = exp(‘%jq’““ (r.6.216)

P (1,0,0:6,) =0, (r,o)£1+ exp(-r /IC)[Zkzak COS(Z% rI_GD f, (H,aOk)J

ak

with the soft-step-up function
1
r—o )|’
1+ex
p( Ar o ]

where ¢, (r,0;¢,) isthe correlation (=radial distribution) function .

0, (r,G,Ar): 1-

According to the Landau minimum principle, we obtain the minimal parameters G,, = (Ic,ock1 ) |a,k1’%k2) by
minimization of freeenergy F = —%Iogz or equivaently by maximization of Z .

The minimal parameters ¢, determinetherdf f  (r,0,0;c,) inthe partition function.

The other method of fixing the parametersisto solve the Hypernetted-Chain-Ornstein-Zernicke equation in order
to find the correl ation function with effective parameters ¢,,,.

Both methods yield the effective partition function in the form
Z(4B.o.6:G, ) = [o(r.0,4:¢,, ) dvexp(-Bu(T))
In the general case with concentrations X ZX =1, we obtain the partition function
z :H(Zo,ii )"
1]
with component -functions Z, :(jD¢ij dvexp(—ﬂ g f(7lo, ))),or formulated with rdf-function
Z, (/l,ﬁ,a,g):'[go(r,e,/l;qjk) exp(—ﬁs” f(r/oy ))dv
= r
go(l’ O, A, Ck) = ap(_Z)wrdf (r,@,a; Ck)

- exp(—%j@H (r,o)[1+ exp(-r /IC){Zk:ak 005(271 rI_GD fy (9,%'()}

ak

where




freeenergy F =—%Z>§X,— lOg(ZOJi)
N

olog(Z, .
and pressure p:EZxij=z>ﬁxj B
ﬁ ij ov ij

olog( Z,.
where the partial pressures are p; =%% .

Thisrelation is the theoretical basis for the molecular mixing rules.
We obtain the minimal parameters G, =(|c,ak1,|avk1,a0k2) by minimization of free energy F, :—%Iog;j inthe

parameters C, = (Ic,akl,la,kl,a()kz)

or by solving the Hypernetted-Chain-Ornstein-Zernicke equation with the potential &, f (f /o ) )

For binary molecular solutions with relative concentrations X+%=1, f (r / o ), we make the usual assumption,
that the intermolecular potentias of the components are of the same type (scalable potential)

U, =&, f (r /611) , U, =&, f (r /(712)! Uy, =&, f (r /622)

O, = g(rlall) y O = g(rlaﬂ)’ O = g(rlazz)1 Oy :(011"'0'22)/2

(equal interaction f (/o) , equal correlation function g(F /o)),

where o isthe molecular radius (=hardcore potential radius), and ¢ isthe characteristic energy.

We obtain the minimal parameters G, =(|c,ak1,|a,kl,a0k2) by minimization of free energy F :_%mgz or by

solving the Hypernetted-Chain-Ornstein-Zernicke equation .

With the above generalized Landau ansatz, the molecular solution partition function is formulated as follows.
v=V /N istheproduct of the three component partition functions (per particle, using specific volume v = 1°

Z, :(J. Doy, dveXp(_ﬁ &y f (r/Gll)))Xlz » Lo :(.[ D, dvexp(—ﬁ & (rlo-zz)))xzz ’

Z,= (_[ D, dvexp(—B ey, f (r*/alz)))2X1X2 ,

with the molecular mixing rule o,, =(0,+0,)/2 , &, =+/¢¢,

ngl(r’O-ll’)’;Ck,ll)=exp(_%jg(r’o_ll;ck,11) ’ @zz(r’azwl;ck,zz):eXp(_%jg(r’Gzz;ckyzz) ’

(p12(r10121/1;ck,12) = exp(—%) g(r’o-lz;ck,lz)

g(r,0:c,)=0, (r,a)(1+ exp(-r /Ic)(zk:ak 003(27, rl—GJ] f, (H,aOK)J

ak
Maximizing Z = rnax(ck,llick,ZZ’Ck,lZ; Z(ﬁ,ﬁ;a” '8ij;ck,11’ck,227ck,12)) according to the Landau principle yields
optimal parameters ¢ =(c, ,;,¢%, ,,,¢"%, ,, ), and the effective partition function becomes
Zy(B.4ioy.6,)=Z(B. A% 04,5567 ).

Direct calculation of the respective correlation functions g ( oG ) , €.0. using the Hypernet-Chain-Ornstein-
Zernicke (HCOZ) equation, asin [5], yields the same result cf(o) for the parameters.



The specific Gibbs energy (per particle) isthen
10
G(pB,v)=———(vlogZ
()= 7, (VIoaZ)

G(ﬁ,/l,)g;oij,gij)=—%a((;)(/ﬁ(xfIongl(ﬁ,/13;oij,gij;C(O’kvn)+x22Iogzzz(ﬁ,/l3;oij,gij;c(o’k'22)+2xlx2Iongz(ﬁ,/ls;cij,gij;c("’kvlz)))
anp(_;jg(rvo-n;c(O)k,n)
X Iogjz P dc_, dvexp(—ﬁ g, f (F/all))
oL el
G(ﬁ,z,x;oij,gij)rgé(lg) 2+ log [y 5o dc_ dvexp(-Be, f(F/oy,))
a@(p(_;jg(r1612;c(0)k,12)
+(1- xlz—xzz)log.[z = dc  dvexp(-Be, f(F/oy,))

The Gibbs energy is afunction of theinverse thermal energy f =1/k,T , average distance A = (V I'N )ﬂ3 , the
relative concentrations (X, =1-X,,%,) , and the molecular interaction parameters (a”. & ) .
The dependencein X isparabolic, asis clearly visible in measurement data.

7.2 Specific Landau ansatz for ethanol-benzene solution
Ethanol is predominantly a dipole substance, its partition function reads, using the HCOZ-solution [5] [18]

Zop e (B 2)=Z(B, 20 =L e =1Cpp (B,2))
(Cons ) =(ler@rlayar %) » K1=1,2,3 , 3 harmonics
withthe o ,& values[20]

Oy = 2.6A | g, =0.0542eV

Benzene is a covalently bound Lennard-Jones substance, its partition function reads, using the HCOZ-solution [5]
[18]

ZLJ,Ben(ﬂ1/’L):Z(ﬁ1/’L;O-:1'8::L.CLJ.k (ﬁﬁl))
(Ca) =(les&islasa) - KI=12 , 2 harmonics
with the o, & values[20]

Open = 5.27A |, &g, =0.0368eV

The ethanol-benzene interaction is covalent OH-bound Lennard-Jones, its partition function reads, using the
HCOZ-solution [5] [18]

2y (ﬁ’l) = Z(ﬁ’l;a =le=1c,, (ﬂ,l))

(Caw) =(lesilap) » K1=12 , 2 harmonics,

where the OH-bounding has the L J-parameters [20]

o, =3.07A, &, =0.074eV

and with the o, ¢ vaues according to the approximating mixing rule
Ooe =(Coe +0,)/ 2= 41TA | &4y = [egne, = 0.05228V

Now we rescal e the Z-functions, taking as basic scale ethanol



O, =0, = 2.6A , &, = £, =0.0542¢V ,
rescaled partition function becomes Z(ﬁi,lﬁ;ck (ﬁi,lﬁn
& O & O

for mix x ethanol, 1-x benzene, resultingin the partition function

(1-x)?
. X gBm GO . gﬂ Go
Zowen (B 1) = Zop (B. A Cony (B 1)) zu[ﬂ o ,cu.k(ﬂ . ,A—D

0 Ben 0 Ogen
2X(1-x)
& (e} & O
Z, (ﬁ%’l_o;cu.k (ﬁf:l_olj

0 Oge 0 Oge

free energy

X*109Zp, (B, 2i Copy (B, 4)) +(1- x)*logZ,, [ﬁgﬂ,l&;cnk (ﬁg;-en,,l % D
& O

1 0 Ben 80 GBen
FBenEth(ﬂ’)’):_E
+2x(1—x)|ogzu(ﬁgi,z&;cu_k(ﬁgﬁ,zﬂn
&  Oge €&  Oge
and pressure
& O & O
ologZz ﬁBe”,/lo;c(ﬂBe”,AOD
X2OlogZDD(ﬁ,/l;cDD.k(ﬁ,A))+(1_X)2 u( e o Gk BLA
1 oA oA
pBenEth([))1/I):—2
3p A & o, g o
ologZ ;| p—5,A—c,, | B—E A2
& O & O
+2X(1—X) 0 BE 0 BE
oA




Conclusion

In this paper, there are three important results

 Exact solution of the Maxwell-Gibbs equation and calcul ation of phase diagrams

The Maxwell-Gibbs equation is the equality of enthalpy for both phases along the saturation curve, the other

condition is continuity of pressure. The two equations yield the Maxwell condition eqgr ( p, E; ) =0 after inserting

an appropriate branch vi(Ewn,p) from the three algebraic solution (i=1,2,3) of the cubic eos (vdWaals, Peng-
Robinson and Mie-Grueneisen eos are all cubic in volume v) . The condition eqgr ( P, E; ) =0isan algebraic-

transcendent equation for (Ewm,p) ,which yields the saturation curve in the form p(Ew) , including the triple point,
which is the algebraic branching point, where the three saturation curves meet.

This method is used to calculate the complete phase diagram for four selected substances (benzene, ethanol, argon,
carbon dioxide), and the results are compared with measured data. The results agree with measured data within the
accuracy of the Peng-Robinson eos (about 10%).

 Exact solution for the eos of binary solutions and calculation of their phase diagrams

We formulate an exact theoretical basis for binary solutions, based on the weighted sum of partial eos pressures,
and including the 1-2-interaction of the components (i.e. non-ideal and irregular solutions).

Using this ansatz, we calculate the general eos in dependence on relative concentration xo of the first component.
Furthermore, we calcul ate the eos for seven concentrations for the solution benzene-ethanol and compare the
results with measurements. Again, the agreement is satisfactory and the deviation is within the accuracy of the
Peng-Robinson eos (about 10%).

 Exact theoretical basis for binary solution eos

In chap.7 we formulate an exact theoretical basis for binary solution eos, based on the Landau theory of phase
trangitions.

To achieve this, we introduce two novel methods.
» Exact algebraic solution for phase diagrams based on Peng-Robinson and Mie-Gruenei sen equation-of-state
» An exact theoretical ansatz for mixture phase diagrams based on the weighted sum of partial pressures
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