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Underwater docking |

© Emmanuel Donfut / Balao
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Underwater docking Il
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@ Model the robot, its environment and its target as a
dynamical system;,
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Approach of this thesis

@ Model the robot, its environment and its target as a

dynamical system;

@ Model the docking mission as a stability problem;

Stability of Kalman filters
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Approach of this thesis

@ Model the robot, its environment and its target as a
dynamical system;

@ Model the docking mission as a stability problem;

@ Prove, a priori, the feasibility of the mission
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Stability of discrete-time
systems



@ Discrete systems

@ Uncertain systems

@ Stability of discrete systems
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Discrete systems

Discrete systems

Definition (Discrete-time system)

A discrete dynamical system is a function ¢ : IN x R"” — IR” such
that

@ ¢ (0,.) is the identity function : for any x € R", ¢ (0,x) = x

Q@ ¢(p.¢(q,x) =¢(p+q,x) for any p,g € N and for any
x € R
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Discrete systems

Discrete systems

Definition (Discrete-time system)

A discrete dynamical system is a function ¢ : IN x R"” — IR” such
that

@ ¢ (0,.) is the identity function : for any x € R", ¢ (0,x) = x

Q@ ¢(p.¢(q,x) =¢(p+q,x) for any p,g € N and for any
x € R

Relationship with mathematical sequence

The successive states of the system form a mathematical sequence

x, = f(xo) (1)




@ Discrete systems

@ Uncertain systems

@ Stability of discrete systems
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Consider the system

Xiy1 = F(xk)
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Uncertain systems

Uncertain systems [4]

Consider the system
X1 = f (xk)
Uncertainties can originate from :

e the initial condition xo € [xo];

Conclusion
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Uncertain systems

Uncertain systems [4]

Consider the system
xk+1 = f (xk) (2)
Uncertainties can originate from :
e the initial condition xo € [xo];

@ the function f, which can depend of uncertain parameters
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Uncertain systems

Uncertain state

Definition (Interval [2])

An interval [x] is a connected subset of R : [x™, x™]
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Uncertain systems

Uncertain state

Definition (Interval [2])

An interval [x] is a connected subset of R : [x~, x]
An interval vector, or box, [x| is a vector, the members of which

are intervals.
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Uncertain systems

Uncertain state

Definition (Interval [2])

An interval [x] is a connected subset of R : [x™, x™]
An interval vector, or box, [x| is a vector, the members of which
are intervals.

Consider a robot in the
ocean. lts position x can be
represented with an interval
vector [x].




Uncertain systems

Functions, inclusion functions
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Uncertain systems

Centred form |

Definition (Centred form [3])

Let f: R” — IR", with Jacobian J and f (0) = 0.
The centred form of f is given by

[fe] (X)) = (3] (Ix]) - [%] (3)
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Uncertain systems

Centred form |

Definition (Centred form [3])

Let f: R” — IR", with Jacobian J and f (0) = 0.
The centred form of f is given by

[fe] (X)) = (3] (Ix]) - [%] (3)

[fc] is an inclusion function for f
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@ Discrete systems

@ Uncertain systems

@ Stability of discrete systems
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Stability of discrete systems

Lyapunov's definitions of stability (discrete)

Consider the discrete system described by

xip1 = £ (xx) (4)

such that f (x) = x

Definition (Stability)

The system is stable around x if

Ve>0,306>0, ||[xo—%|| < = Vk >0, ||xk —%X|| <& (5)

Definition (Asymptotic stability)

The system is asymptotically stable around X if it is stable and

36 >0, [|[xo—X%|| <6 = klim Xk = X (6)
—00




Some methods do exist :
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Stability of discrete systems

Proving stability of uncertain discrete systems

Some methods do exist :

@ using the Jury criterion [1];

Conclusion
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Stability of discrete systems

Proving stability of uncertain discrete systems

Some methods do exist :
@ using the Jury criterion [1];

@ using the eigenvalues [5]

Conclusion
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Stability of discrete systems

Proving stability of uncertain discrete systems

Some methods do exist :
@ using the Jury criterion [1];

@ using the eigenvalues [5]

Conclusion
000000

Problem
How do we find the stability neighbourhoods € and ¢ 7
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Stability of discrete systems

Stability contractor

Consider the system
xk+1 = f (xk)

such that f (0) = 0 with Jacobian J¢ and initial condition [xo].

Definition

Let [a] C [xo] and [b] C [xo] such that 0 € [a] and 0 € [b]. A
stability contractor of rate & < 1 is an operator ¥ : IIR" — TIR"
which satisfies

[a] C [b] = Y ([a]) C ¥ ([b]) (monotonicity)
¥ ([a]) C [ (contractance)
Y (0) = (equilibrium)
Y ([a]) Ca-[a] = Yk >1, ¥¥([a]) C a*-[a] (convergence)
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Stability of discrete systems

lterative centred form as a stability contractor |

The centred form [fX] ([xo]) enclosing ¥ ([xo]) is given by

Furthermore, if 3k > 0 such that [f¥] ([xo]) C [xo], then [f£] is a
stability contractor and the system is asymptotically stable inside

[Xo]-
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Proving stability of a discrete
Kalman filter
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Reminders about the Kalman filter

3. Proving stability of a discrete Kalman filter

@ Reminders about the Kalman filter

Conclusion
000000
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Reminders about the Kalman filter

Kalman filters in robotics

—

Robot model

X1 = f (X, ug)

Stability of Kalman filters
00@000000000000

Xk

Uy

Controller
u, = g (X)

l

)A(k/ rk
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Sensors
¥r = h (x;)
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Conclusion
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Two steps :
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Reminders about the Kalman filter

Equations [6]

Two steps :
@ Prediction

Xep1) 6 = F (ﬁk‘k, uk) (predicted estimation)

Livrje =Fi- Ty Fi + T, (predicted covariance)
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Reminders about the Kalman filter

Equations [6]

Two steps :
@ Prediction

i1k = F (Ric| i )
Tiiajx=Fi Ty Fi+Ta
@ Correction
Ry k-1 + Ki - Zi
T =(1—Kg-Hg) Tpppq
Z = Yk — h (Rec k1)
Si=Hi Ty 41 -H +Tg
Ki =Ty 1 - Hg - St

Xk | k

Conclusion
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Stability of Kalman filters
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(predicted estimation)

(predicted covariance)

(corrected estimation
(corrected covariance
(innovation
(innovation's covariance

)
)
)
)
)

(Kalman gain
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Reminders about the Kalman filter

Choosing the parameters |

Problem

Ty, Tg, Xo10. Tojo
must be chosen
carefully.
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Reminders about the Kalman filter

Choosing the parameters |

4y,
Problem
Ty, Tg, Xo10. Tojo
must be chosen
carefully.

Stability of Kalman filters
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Reminders about the Kalman filter

Choosing the parameters Il

4y,
Problem
Ly, Tg, ’A(o\ov 1"0‘0
must be chosen
carefully.

Stability of Kalman filters
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Stability of a localisation system

3. Proving stability of a discrete Kalman filter

@ Stability of a localisation system
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The robot is not moving :

Vk >0, xx = Xp
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Stability of a localisation system

Localisation system |

A
y
The robot is not moving :
2 Vk >0, xx = Xp
Range measurements :
/ y =h(x)
’ " 2 2
/ e _ [ k=a) +(y—a)
// *%( . % ...,,(Z(\\ \/ﬁ = 2 2
2 b (x = b)"+ (v — by)




Note :

u, =0
f(xk|kyUk) :xk|k
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Note :

u, =0
f(xk|kvuk) :xk|k
Fr=1
Denote :
Xic |k <> Rk

Tiy1ix < Gi
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Stability of a localisation system

Problem

Find a stability neighbourhood ¢ around x such that X, — x
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Stability of a localisation system

Problem

Find a stability neighbourhood J around x such that %, — x

@ Transform the localisation system into a discrete system;
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Stability of a localisation system

Problem

Find a stability neighbourhood J around x such that %, — x

@ Transform the localisation system into a discrete system;

@ Identify a fixed point of the system v;
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Stability of a localisation system

Problem

Find a stability neighbourhood J around x such that %, — x

@ Transform the localisation system into a discrete system;

@ Identify a fixed point of the system v;

@ Choose the parameters and the initial state of the system
[vo] 2 ¥;
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Stability of a localisation system

Find a stability neighbourhood J around x such that %, — x

@ Transform the localisation system into a discrete system;

@ Identify a fixed point of the system v;

@ Choose the parameters and the initial state of the system
[vo] 2 ¥;
@ Use the stability contractor to check stability.
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Stability of a localisation system

Formalisation |

The Kalman filter can be seen as a discrete system with state

Vi = ()?k,)A/k,O'Xk,O'yk,O'ka) (8)

where

2
T, = (TXk nyk
A o2
XYk Yk
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Stability of a localisation system

Formalisation I

<fk+1) (fk)wk-zk
Vk+1 Ik
Tiy1 = (1= Kk - Hi) - Gy
Zk = yx — h (%)
Gk:rk+ra
Ky =Gy -HL-S; !
Sk =Hi Gy Hj +Tg

oh
Hk — & ()}Ek)

Stability of Kalman filters
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(corrected position

(corrected covariance
(innovation

(predicted covariance
(Kalman gain

(innovation's covariance

(observation matrix

Conclusion
00000

)

)
)
)
)
)
)



Introduction Stability of discrete systems Stability of Kalman filters Conclusion
000000 0000000000000 00000000000e000 000000

Stability of a localisation system

Formalisation I

< ):(kﬂ ) = ( )Ek ) + Ky - 2 (corrected position)
Yk+1 Yk

T = (1 — K- Hg) - G (corrected covariance)

zx = yx —h (%) (innovation)

G, =TI,+T, (predicted covariance)

Ky = Gy - HZ . S;l (Kalman gain)

Sk =H, -G, -Hf + T'g (innovation's covariance)

Hy = g: (%x) (observation matrix)

— we obtain a system of the form

Vi+1 =P (Vk)
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Stability of a localisation system

Formalisation Il

Why keeping the covariance prediction equation ?

G, =TI +T,

@ to add a Brownian motion...
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Stability of a localisation system

Formalisation Il

Why keeping the covariance prediction equation ?

G, =TI +T,

@ to add a Brownian motion...

@ ...soastoavoid Iy — 0
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Stability of a localisation system

Formalisation Il

Why keeping the covariance prediction equation ?

G, =TI +T,

@ to add a Brownian motion...

@ ...soastoavoid Iy — 0

A (ry

ifT, =0
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Stability of a localisation system

Initialisation

vV = (0, 0, 0g, 09, 0)

[—€1, 1]
[—&1,€1]
[Vo] = [0’0 — €9,00 + 82] EAY
[0’0 — €9,00 + 82]
[—€2, 2]
g1 =1x 1073
€x =5x107°

0o = 3.66 x 1073

Stability of Kalman filters Conclusion

001 O
r”‘_[ 0 0.01}
10
o]
a=(-5,5)
b= (5,5)
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Stability of a localisation system

Results

[—35x107%,3.6 x 10~*]
[—3.5x107%4,3.6 x 104
[fe] ([vo] —9) = | [-4.63x107°,4.68x107°] | C[vo]—¥
|[—4.73x107°,4.79 x 107°]
[—1.48x 107°,1.49 x 10~°|
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Stability of a localisation system

Results

[—35x107%,3.6 x 10~*]
[—3.5x107%4,3.6 x 104
[fe] ([vo] —9) = | [-4.63x107°,4.68x107°] | C[vo]—¥
|[—4.73x107°,4.79 x 107°]
[—1.48x 107°,1.49 x 10~°|

= the EKF is stable inside [vo] and will converge towards v
= X —x




Conclusion
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Our method allows to

@ Prove stability of discrete-time systems at an equilibrium
point;
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Conclusion |

Our method allows to

@ Prove stability of discrete-time systems at an equilibrium
point;

@ Find a stability neighbourhood for the system...
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Conclusion |

Our method allows to

@ Prove stability of discrete-time systems at an equilibrium
point;

@ Find a stability neighbourhood for the system...

@ ... to approximate basins of attraction.
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Conclusion |

Our method allows to

@ Prove stability of discrete-time systems at an equilibrium
point;

@ Find a stability neighbourhood for the system...

@ ... to approximate basins of attraction.
However

@ Limited to small neighbourhoods (centred form);
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Conclusion |

Our method allows to

@ Prove stability of discrete-time systems at an equilibrium
point;

@ Find a stability neighbourhood for the system...
@ ... to approximate basins of attraction.

However
@ Limited to small neighbourhoods (centred form);

@ — requires additional bisection algorithms to be fully
usable on a real life system
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Conclusion 1l

Applied to an EKF, our method :

@ allows to validate a priori the EKF parameters...

Future prospects :
@ Apply to a moving robot (discrete-time);

@ and apply to a hybrid system : continuous-time model for the
robot, and discrete-time for the EKF & the controller.



Introduction Stability of discrete systems Stability of Kalman filters Conclusion
000000 0000000000000 000000000000000 00@000

Conclusion 1l

Applied to an EKF, our method :
@ allows to validate a priori the EKF parameters...

@ ... to ensure convergence towards the actual state of the
system.

Future prospects :
@ Apply to a moving robot (discrete-time);

@ and apply to a hybrid system : continuous-time model for the
robot, and discrete-time for the EKF & the controller.
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Thank you for your attention !

Questions ?
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