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Motivation

What to expect of an algorithm?
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Problem Formulation

nonlinear uncertain systems

ẋ (t) = f (x (t) , α) , x (0) = x0

y (t) = h (x (t) , β)

with f : Rn → Rn, h : Rn → Rp as real-analytic functions, x (t) ∈ Dx ⊆ Rn,
system uncertainties α ∈ Ra and β ∈ Rb
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Basic Approach
Linearize the system

A =
(
∂f(x)
∂x

) ∣∣∣∣
x=x0

C =
(
∂h(x)
∂x

) ∣∣∣∣
x=x0

Observability matrix

Q (x0) =


C
CA
CA2

...
CAn−1



Kalman rank condition

If rank
(
Q (x0)

)
= n then

the system is observable in
x0

Definition: local observability of autonomous systems
If rank

(
Q (x)

)
= n for all x ∈ Dx, then the system

ẋ (t) = f (x (t)) , x (0) = x0

y (t) = h (x (t))

is locally observable.
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Measuring the Trajectory

Definition: distinguishability
Let T > 0. Two states z1, z2 ∈ Dx are called indistinguishable on an interval [0, T ], if the
corresponding trajectories of the outputs match, such that

∀t ∈ [0, T ] : h
(
ϕ
(
t, z1

))
= h

(
ϕ
(
t, z2

))
.

Otherwise the states are called distinguishable. [1]
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Observability of Nonlinear Systems

Definition: Global Observability with distinguishability
A system defined on Dx ⊆ Rn is globally observable if and only if all pairs z1 and z2 are
distinguishable. That is the sets

M =
{(

z1

z2

)
∈ R2n

∣∣∣∣∣h (ϕ (t, z1
))

= h
(
ϕ
(
t, z2

))}
,

D =
{(

z1

z2

)
∈ R2n

∣∣∣∣∣z1 = z2
}

are identical. It holdsM = D. [2]
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Distinguishability with Lie-Derivative

Taylor series

y (t) = h (ϕ (t, x)) =
∞∑
k=0

tk

k!L
k
fh (x)

Lie-derivatives

L0
fh (x) = h (x)

Lkfh (x) = ∂

∂x

(
Lk−1
f h (x)

)
f (x)

x 7→ h (ϕ (t, x)) Rn 7→ Rp

x 7→
(
Lkfh (x)

)∞
k=0

Rn 7→ R∞

Observability function

q (x) =


L0
fh (x)

L1
fh (x)
...

Lκ−1
f h (x)


Distinguishability

q
(
z1
)

= q
(
z2
)

z1 = z2
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Example System
Nonlinear system

f (x) =
(

x2
−x1

)
h (x) = x2

1 + x1

Lie-derivatives

L0
fh (x) = h (x)

Lkfh (x) = ∂

∂x

(
Lk−1
f h (x)

)
f (x)

The first two Lie-derivatives

L0
fh (x) = x2

1 + x1

L1
fh (x) = 2x1x2 + x2

Solution for L0
fh
(
z1) = L0

fh
(
z2) and

L1
fh
(
z1) = L1

fh
(
z2)(

z1
1
z1

2

)
=
{(

z2
1
z2

2

)
,

(
−z2

1 − 1
−z2

2

)}

Calculating the next Lie-derivatives

L2
fh (x) = 2x2

2 − 2x2
1 − x1

L3
fh (x) = −8x1x2 − x2

Now it holdsM = D. Therefore, the
system is distinguishable and therefore
globally observable.
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Lie Derivatives Symbolically

Example nonlinear system

f(x) =
(
−x2 + x1

(
1− x2

1 − x2
2
)

x1 + x2
(
1− x2

1 − x2
2
) )

h(x) = x1 + x2

Lie derivative L4
fh(x)

L4
fh(x) = (x2 + x1(x2

1 + x2
2 − 1))((x2 + x1(x2

1 + x2
2 − 1))(6x2 − 2x1 + 2(2x1 + 2x2)(2x1x2 − 1) + 2x2(2x1x2 + x2

1 + 3x2
2) + 6x1(2x1x2 + 3x2

1 + x2
2 − 2) + 2(6x1 + 2x2)(3x2

1 + x2
2 − 1)

+6x1(x2
1 + x2

2 − 1) + 2x2(x2
1 + x2

2 − 1))− (x1 − x2(x2
1 + x2

2 − 1))(2x2 − 2x1 + (2x1 + 6x2)(2x1x2 − 1) + (6x1 + 2x2)(2x1x2 + 1) + 2x1(2x1x2 + x2
1 + 3x2

2) + 2x2(2x1x2 + 3x2
1 + x2

2 − 2)

+(2x1 + 2x2)(3x2
1 + x2

2 − 1) + (2x1 + 2x2)(x2
1 + 3x2

2 − 1) + 2x1(x2
1 + x2

2 − 1) + 2x2(x2
1 + x2

2 − 1)) + (2x1x2 − 1)((2x1 + 2x2)(x2 + x1(x2
1 + x2

2 − 1))− (2x1 + 6x2)(x1 − x2(x2
1 + x2

2 − 1))

+(x2
1 + 3x2

2 − 1)(2x1x2 + x2
1 + 3x2

2) + (2x1x2 + 1)(2x1x2 + 3x2
1 + x2

2 − 2)) + (3x2
1 + x2

2 − 1)((6x1 + 2x2)(x2 + x1(x2
1 + x2

2 − 1))− (2x1 + 2x2)(x1 − x2(x2
1 + x2

2 − 1))

+(3x2
1 + x2

2 − 1)(2x1x2 + 3x2
1 + x2

2 − 2) + (2x1x2 − 1)(2x1x2 + x2
1 + 3x2

2)))− (x1 − x2(x2
1 + x2

2 − 1))((x2 + x1(x2
1 + x2

2 − 1))(2x2 − 2x1 + (2x1 + 6x2)(2x1x2 − 1) + (6x1 + 2x2)(2x1x2 + 1)

+2x1(2x1x2 + x2
1 + 3x2

2) + 2x2(2x1x2 + 3x2
1 + x2

2 − 2) + (2x1 + 2x2)(3x2
1 + x2

2 − 1) + (2x1 + 2x2)(x2
1 + 3x2

2 − 1) + 2x1(x2
1 + x2

2 − 1) + 2x2(x2
1 + x2

2 − 1))

−(x1 − x2(x2
1 + x2

2 − 1))(2x2 − 6x1 + 2(2x1 + 2x2)(2x1x2 + 1) + 6x2(2x1x2 + x2
1 + 3x2

2) + 2x1(2x1x2 + 3x2
1 + x2

2 − 2) + 2(2x1 + 6x2)(x2
1 + 3x2

2 − 1) + 2x1(x2
1 + x2

2 − 1) + 6x2(x2
1 + x2

2 − 1))

+(2x1x2 + 1)((6x1 + 2x2)(x2 + x1(x2
1 + x2

2 − 1))− (2x1 + 2x2)(x1 − x2(x2
1 + x2

2 − 1)) + (3x2
1 + x2

2 − 1)(2x1x2 + 3x2
1 + x2

2 − 2) + (2x1x2 − 1)(2x1x2 + x2
1 + 3x2

2)) + (x2
1 + 3x2

2 − 1)((2x1 + 2x2)

(x2 + x1(x2
1 + x2

2 − 1))− (2x1 + 6x2)(x1 − x2(x2
1 + x2

2 − 1)) + (x2
1 + 3x2

2 − 1)(2x1x2 + x2
1 + 3x2

2) + (2x1x2 + 1)(2x1x2 + 3x2
1 + x2

2 − 2)))
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Power Series to calculate the Lie-Derivatives
Base object

a (t) :=
∞∑
k=0

ak t
k

Calculation rules

(a± b) (t) =
∞∑
k=0

(ak ± bk) tk

(a · b) (t) =
∞∑
k=0

(
k∑
l=0

al · bk−l

)
tk

(a/b) (t) =
∞∑
k=0

(
ak
b0
− 1

b0

k−1∑
l=0

a0
b0

bk−l

)
tk

It follows

x (t) =
∞∑
k=0

xk t
k and f (x (t)) =

∞∑
k=0

fk t
k

Calculation of the coefficients

xk+1 = 1
k + 1 fk

with fk = f (x0, x1, . . . , xk).
Calculating the Lie-Derivatives

from y (t) =
∞∑
k=0

yk t
k follows yk = 1

k!L
k
fh (x0)
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Example on Calculating the Lie-Derivatives with the Power Series

Nonlinear System

f (x) =
(

x2
−x1 + x2

1x2

)
h (x) = x1 + x3

2

with the initial value x (0) = x0 = (2 4)T.
The Lie-derivatives and solutions are

L0
fh (x) = x1 + x3

2 = 66
L1
fh (x) = x2 − 3x1x

2
2 + 3x2

1x
3
2 = 676

Calculation with power series

x1 = 1
0 + 1f (x0) = (4 14)T

h (x0, x1) = x1,1 + (x2,0x2,0) x2,1

+ (x2,0x2,1 + x2,1x2,0) x2,0

= 676
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Using Interval Arithmetics

Definition: Interval

xI = [x x] , with x ≤ x

Distinguishability

qI
(
xI
)
∩ qI

(
xIi

)
= ∅
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Global Problem Broken Down to an Local Problem

Definition: local observability of autonomous systems
If rank

(
Q (x)

)
= n for all x ∈ Dx, then the nonlinear autonomous system is locally observable.

Interval observability matrix

QI
(
x̃I
)

= ∂q (x)
∂x

∣∣∣∣
x=x̃I

Local condition for observability

Rang
(
QI
(
x̃I
))

= n
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Checking the Rank Condition
Theorem of Rohn [3]

λIi

(
QI
)
⊆
[
λi
(
mid

(
QI
))
− ρ

(
rad

(
QI
))
, λi

(
mid

(
QI
))

+ ρ
(
rad

(
QI
))]

ρ : spectral radius

Matrix QI
(
x̃I
)
of dimension (n× κp)

V I :=

 0 QI
(
x̃I
)

QI
(
x̃I
)T

0


V I of dimension ((n+ κp)× (n+ κp))

It follows:
κp ≥ n

Therefore, it is necessary to prove that 2n of

λIi

(
V I
)
63 0

for i = 0, . . . , n+ κp.
Adaptation of the theorem of Rohn{

λ
(
V I
) ∣∣∣∣ ∣∣∣λ (mid

(
V I
))∣∣∣− ρ (rad (V I

))
> 0

}
= 2n
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Deciding the Amount of Lie-Derivatives κ

Calculate always one Lie-derivative more and test the global and local condition for
κ− 1, if (κ− 1)p ≥ n
κ

κ+ 1

Global condition

qI
(
xI
)
∩ qI

(
xIi

)
= ∅

Local condition {
λ
(
V I
) ∣∣∣∣ ∣∣∣λ (mid

(
V I
))∣∣∣− ρ (rad (V I

))
> 0

}
= 2n
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Example for Lie-Derivatives

Nonlinear system

f (x) =
(

x2
−x1

)
h (x) = x2

1 + x1

Analyzed on set

Dx =
(

[−1,5 1,5]
[−1 1]

)
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Example for an unobservable system [4] (second example)

Nonlinear system

f (x) =

 −x2 + x1
(
1− x2

1 − x2
2
)

x1 + x2
(
1− x2

1 − x2
2
)

−x3
(
x2

1 + x2
2
)


h (x) = x2

1 + x2
2 + x2

3

Analyzed on set

Dx =

 [−1 1]
[−1 1]
[−1 1]


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Example for an observable system [4] (first example)

Nonlinear system

f (x) =

 −x2 + x1
(
1− x2

1 − x2
2
)

x1 + x2
(
1− x2

1 − x2
2
)

−x3
(
x2

1 + x2
2
)


h (x) = x1 + x2 + x3

Analyzed on set

Dx =

 [−1 1]
[−1 1]
[−1 1]


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Considering uncertainties with an example from [5]

nonlinear uncertain systems

ẋ (t) = f (x (t) , α) , x (0) = x0

y (t) = h (x (t) , β)
Nonlinear system

f (x) =
(
x2 (x2 + a)

x2

)
h (x) = x1

Analyzed on set

Dx =
(

[−5 5]
[−5 5]

)

With the uncertainty

aI = [−1 1]

All intervals for which observability has not
yet been demonstrated lie within the interval
uncertainty of

aI = [−0,0859375 0,0703125] .
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