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Problem Formulation
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Problem Formulation

nonlinear uncertain systems
z(t)=f(x(t),a), x(0)=ux
y () =h(z(t),B)

with f: R™ — R", h : R™ — RP? as real-analytic functions, = (t) € D, C R",
system uncertainties a € R* and € R®
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Basic Approach

Linearize the system Observability matrix Kalman rank condition
A = (%&z)) CCA If rank(Q (z0) ) = n then
r=m0 0 (20) A2 the system is observable in
Tg) =
ox :
)| |
CAn—l

Definition: local observability of autonomous systems

If rank(Q (z) ) = n for all z € Dy, then the system

i) = f@), z(0) =g
y(t) = hiz()

is locally observable.
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Measuring the Trajectory

Definition: distinguishability
Let 7' > 0. Two states z!, 22 € D, are called indistinguishable on an interval [0, 7], if the
corresponding trajectories of the outputs match, such that

veeo, T k(e (62)) = (0 (52)).

Otherwise the states are called distinguishable. [1]
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Observability of Nonlinear Systems

Definition: Global Observability with distinguishability

A system defined on D, C R" is globally observable if and only if all pairs z' and 22 are
distinguishable. That is the sets

1
1
- {(2)er

are identical. It holds M = D. [2]
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Distinguishability with Lie-Derivative

Observability function

Taylor series

[ee] tk Loh($)
t)=nh t,x)) = ~LEh (z {
v =R (6a) = 3 [ @) o= | HE
Lie-derivatives L;—l.h ()
L(J)”h(x) - ha(m) Distinguishability
() = o (I h@) f @) o) = af=)
o= 2P
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Example System

Nonlinear system Solution for L9h (2') = LYh (2*) and

fla) = < T3 ) Lih (1) = Lih (=)

1 2 2
27 B 27 —zl—l

h(x)

Lie-derivatives

Lih(z) = h(z)
d

Lih(z) = EH;(L?’lh(m)> f ()

The first two Lie-derivatives
L(}h () = 234+ x

L}h(w) = 2179 + T2
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Example System

Nonlinear system

fla) = (f;)

hz) = i+
Lie-derivatives
Lih(z) = h(z)
Dihe) = S (15 h@) 7@

The first two Lie-derivatives

L(}h () =
L}h (x) =

2
]+

2x179 + T2

Solution for L?h (z1) = L(J)ch (2?) and
L}h (z1) = L}h (2?)

()-10E) ()]

Calculating the next Lie-derivatives

L?:h () = 223223 — 1y
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Example System

Nonlinear system
_ x2
e
hz) = i+
Lie-derivatives

Lih(z) = h(z)

Lih(z) = é%;(L?’lh(m)> f ()

The first two Lie-derivatives

L(}h(az) = 23+
L}h(w) = 2179 + T2

Solution for L?h (z1) = L(J)ch (2?) and
L}h (z1) = L}h (2?)

(3)-1(2))

Calculating the next Lie-derivatives

L?:h () = 223223 — 1y
L?h (r) = —8xjwo— 29
Now it holds M = D. Therefore, the

system is distinguishable and therefore
globally observable.
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Lie Derivatives Symbolically

Example nonlinear system
B —z9 + x1 (1 — 2% — 23)
f(z) z1 + 22 (1 — 2% — 23)
h(z) = z1+

Lie derivative L;Lc

Lih(@) = (w2 +21(af + 23 — 1)) (w2 + 21(af + 23 — 1)) (622 — 221 + 2(221 + 222) (2122 — 1) + 2022212 + & + 373) + 621 (22122 + 327 + 25 — 2) + 2(621 + 222)(32F + 23 — 1)

+621 (23 + 23 — 1) + 222} + 23 — 1)) — (w1 — @2(2 + 23 = 1))(200 — 221 + (221 + 622) (20109 — 1) + (621 + 20) (22172 + 1) + 221 (22175 + 2% + 323) + 20520125 + 327 + 2 — 2)
+(221 + 22) (323 + 23 — 1) + (221 + 232)(aF + 323 — 1) + 221 (2 + 23 — 1) + 2z2(2} + 23 — 1)) + 22122 — 1)((221 + 222) (22 + 21 (2} + 23 — 1)) — (221 + 6a2) (21 — 22(2? + 23 — 1))
+(@? + 323 — 1)(2x122 + 2} + 323) + (2x122 + 1) (220122 + 32F + 23 — 2)) + (327 + 23 — 1)((621 + 222) (22 + 1 (2} + 23 — 1)) — (221 + 220) (21 — 22(2} + 23 — 1))

+(323 + 23 — 1)(2x122 + 323 + 23 — 2) + (22172 — 1)(2m122 + a3 + 323))) — (21 — 22(2} + 23 — 1)) (22 + z1(2? + 23 — 1)) (222 — 221 + (271 + 622) (22172 — 1) + (671 + 222) (22172 + 1)
+221 (22122 + 23 + 323) + 27222122 + 327 + 23 — 2) + (221 + 222) (323 + 23 — 1) + (221 + 222) (2} + 323 — 1) + 221 (aF + 23 — 1) + 2o (2} + 23 - 1))

— (1 — z2(a} + a3 — 1)) (222 — 621 + 2(271 + 272) (20173 + 1) + 6z2(2122 + 2F + 323) + 221 (22122 + 323 + 23 — 2) + 2(221 + 6w2) (2 + 323 — 1) + 221 (23 + 23 — 1) + 6xa(a? + 23 — 1))
+(2z122 + 1)((621 + 222) (w2 + 21 (23 + 23 — 1)) — (221 + 222) (21 — w2 (22 + 23 — 1)) + (323 + 23 — 1) (22122 + 323 + 23 — 2) + (2x122 — 1)(20122 + 23 + 323)) + (a2 + 323 — 1)((221 + Z:ri
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Global Observability
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Power Series to calculate the Lie-Derivatives

Base object It follows

:Zaktk ngtkandf katk
k=0

k=0
Calculation rules Calculation of the coefficients
o0
(atb)(t) = kz: ap £ b))t Le+1 = mfk
=0
i with fk::f(x()vxlw'wpk)-
(a-b)(t) = Z (Z ag - by l) t* Calculating the Lie-Derivatives
s 1 0 k
b) (+) — - -0 from y (¢ pi t" follows yi = —L h (z0)
(a/b) (1) 2(0 bzob ) kX% 7
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Example on Calculating the Lie-Derivatives with the Power Series

Nonlinear System
Calculation with power series

Z2
f(.'lf) = ( —r +CC2£U ) 1 T
P n=——Ff(r)=(414)
h(z) = Ty + 3 0+1
with the initial value z (0) = ro = (2 4)". h(toor1) = i1+ (ta.0r20) 821
The Lie-derivatives and solutions are +’(; . ' —1-7; x’ ¥
2,002,1 + 12,182,0) ¥2,0
LYh(z) = @1+ 3 = 66 — 676
L}h (z) = x9—3m23+ 32323 = 676
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Using Interval Arithmetics

Definition: Interval
I — ] _
=[x T|, withx<=T
) C ),
Distinguishability
()0 (1) = .
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Using Interval Arithmetics

Definition: Interval

el =[z 7, withz <z
Distinguishability
o (<)o (1) =9 .
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Using Interval Arithmetics

Definition: Interval

el =[z 7, withz <z
Distinguishability
o (<)o (1) =9 .
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Global Problem Broken Down to an Local Problem

Definition: local observability of autonomous systems

If rank(Q (z) ) = n for all z € D,, then the nonlinear autonomous system is locally observable.

Interval observability matrix
9q ()
I(=1\ _
—| (Q <a: ) - ox o=
~7E]
71— Local condition for observability
DS -

v Rang (Ql (x1)> =n
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Checking the Rank Condition

Theorem of Rohn [3]

A (@) < o (i (@7)) = (50 (1)) s i (€1) . (9 (@7

p : spectral radius

Matrix Q' (:il) of dimension (n x kp) It follows:
Kp>n
s ( 0 Q! (;EI> ) Therefore, it is necessary to prove that 2n of
V= T
I (s
Q' (a') 0 S EL
VT of dimension ((n + kp) x (n + kp)) fori=0,..., n+ Kp.

)| (mid (v1))] = (rad (v1)) > 0} = 22 )
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Deciding the Amount of Lie-Derivatives k

Calculate always one Lie-derivative more and test the global and local condition for
erx—1,if(k—1p=>n
oK

o k+1

Global condition

V) |3 (mid (V1))] = (rad (V7)) > 0} =20
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1

Nonlinear system 0.8

0,6

. T2 )

f(z) = <—a:1> 0,2 Bx=3
hz) = 2242 T2 0 Wx=14
Anal d _072 . kK=25
nalyzed on set —0,4 B:x=6

~1,5 1,5] —0,6
D, = ( [_1 1] > -0,8

-15 -1 —05 0 0,5 1 1.5
X1
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Example for an unobservable system [4] (second example)

Nonlinear system

—wy +ay (1 -2 —3)

f(z) = xy + 2y (1 — 2f — a3)
—a3 (47 + 23)
hz) = 2?2 + 23 + 23
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Example for an observable system [4] (first example)

Nonlinear system

—wy+y (1 —af —3)

flx) = 2y + 2y (1 - af — a3)
—x3 (] + 3)
h(z) = Ty + Ty + 23

Analyzed on set

1] 21

1
D,=| [-1
1
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Considering uncertainties with an example from [5]

nonlinear uncertain systems

z(t)=f(z(t),a), x(0)=mx
y(t) =h(z(t),B)

Nonlinear system With the uncertainty

f) = (””2”)) o' =[-1 1]
T2
h(z) = x1

All intervals for which observability has not
yet been demonstrated lie within the interval
Analyzed on set uncertainty of

5] ) a’ =[—0,0859375 0,0703125].

20 /22



Thank you for your attention
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