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Introduction
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Switched systems

Introduction

A switched systems represent a class of hybrid systems:
@ a finite number of continuous subsystems (modes).

@ a logical rule operates switching between subsystems.
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Introduction
[ ]

Switched systems

Introduction

A switched systems represent a class of hybrid systems:
@ a finite number of continuous subsystems (modes).
@ a logical rule operates switching between subsystems.

Physical systems with switching features can be regarded as
switched systems:

@ power and electronics systems
@ automated highway systems
o flight control systems

@ network control systems,...
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Introduction
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Interval Observers

@ The problem of state vector estimation is very challenging and
can be encountered in many applications.
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Interval Observers

@ The problem of state vector estimation is very challenging and
can be encountered in many applications.

@ Several cases are encountred:

e Models without uncertainties.
e Models with uncertain parameters.
e Uncertain parameters and unknown inputs
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Introduction
000

Interval Observers

@ The problem of state vector estimation is very challenging and
can be encountered in many applications.

@ Several cases are encountred:
e Models without uncertainties.
e Models with uncertain parameters.
e Uncertain parameters and unknown inputs
@ Possible Solutions
o Adaptive approaches
o Robust approaches
e Set-membership estimation / Interval observers.
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Introduction
oeo

Interval Observers

Given a system described by:

Definition

The dynamical system

is an interval observer for (2) if:

x(0) < x(0) < x(0) = —oo < x(t) < x(t) < X(t) < +o0; Vt >0. (3)

v
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Introduction
ooe

Interval Observers

An interval observer:
@ compute the set of admissible values.

@ provide the lower and upper bounds of state vector.

Interval observer

Two conditions have to be verfied:
» Inclusion: x(t) < x(t) <Xx(t), Vtg >0

» Stability of estimation errors: e = x —x and € =X — x
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Problem Formulation
@000

Consider the following discrete-time linear switched system:

{ x(k+1) = Agx(k) + By u(k) + Dy, d(k) + w(k), @
ym(k) = Gy x(k) +v(k), ok €1,N, NN
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Problem Formulation
@000

Consider the following discrete-time linear switched system:

{ x(k+1) = Ay x(k)+ By, u(k)+ Dy, d(k) + w(k),

4
Ym(k) = Co x(k) +v(k), ok € 1,N, Ne N (4)
o x € R": the state. @ w € R": the disturbances.
e u € R™: the input. @ v € RP: the measurement noises.
® ym € RP: the output. o d € R: the unknown input.
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Problem Formulation
@000

Consider the following discrete-time linear switched system:

{ x(k+1) = Ag,x(k) + By u(k) + Dy d(K) + (k).

4
Ym(k) = Gy x(k) + v(k), ok € 1,N, Ne N (4)
@ x € R": the state. @ w € R™: the disturbances.
@ u € R™: the input. @ v € RP: the measurement noises.
® ym € RP: the output. e d € R: the unknown input.

The objective is to design an interval observer:
@ A potential candidates to cope with such uncertainties.
@ a joint estimation of the state and the unknown input.
© The given observer have to verify that:
x(k) < x(k) <X(k)
5 (5)
d(k) <d(k) <d(k)
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Problem Formulation
[o] le]e}

Two approaches are introduced:
°
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Problem Formulation
[o] le]e}

Two approaches are introduced:

@ Classical approach based on decoupling the unknown input
from the state vector:
e Two changes of coordinates are used.
e Estimate the bounds of the state vector x.
e Computing two bounds for the unknown input vector d.
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Problem Formulation
[o] le]e}

Two approaches are introduced:
@ Classical approach based on decoupling the unknown input
from the state vector:
e Two changes of coordinates are used.
e Estimate the bounds of the state vector x.
e Computing two bounds for the unknown input vector d.

@ New approach based on T-N-L method allowing the
estimation of the state vector and the unknown input
simultaneously.

@ new structure providing more design degrees of freedom.
o relaxes the design conditions.
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Problem Formulation
[e]e] e}

Some assumptions are introduced

o
2]
o

The state vector x € R” is bounded, i.e. x € L.
The switching signal o(k) is assumed to be known.

The state disturbance and the noise measurement are
assumed to be bounded such that

with w € R” and v € RP.

The matrices C;, and D,, verify:
rank(Cy, Dy, ) = rank(Dy,) = I,No, € 1,N, I <p
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Problem Formulation
[e]ele] ]

The stability is based on the following Lemma:

Consider the discrete-time switched system

x(k + 1) = fo()(&(k), n(k)), o(k) € 1, N. Suppose that there exists C*
functions Vg(k) :R" — R, class K functions a3, ap, v and constants
0<a<1, u>1suchthat V&€ € R", n € R/, we have

ar([l€ll) < Vo (&) < aa(llE])), (8)
Vo (§(k + 1)) = Vo (§(k)) < —aVou(&(k)) + e(llnl)),  (9)

and for each switching instant k;, / =0,12,3,.. .,
Vo) (§(K)) < Vo -1)(§(K))- (10)

Then the system x(k + 1) = £, (£(k), n(k)), o(k) € 1, N is
Input-to-State Stable (ISS) for any switching signal satisfying the average
dwell time.

MAROUANI Ghassen Ecole Nationale d'Ingénieurs de Monastir 10 / 35



Classical approach
©00

Step 1: Unknown input decoupling
Given the change of coordinates z = T, x, the system (4) becomes

z(k +1) = A, z(k) + By, u(k) + Dy, d(k) + Wy, (),
(11)
Ym(k) = C,, (k) + v(k), Yo, € 1,N, N €N,

where
D:;k
T, = (12)
(CU'k Da'k)@ Co'k

D} Dy, =0 and (C,,D,,)¥ is the left pseudo-inverse of (Cy, Dy, ).

Ay = T A0 Tt = [

Alak A2ak
ok 1ok A A

, 6, =C, Tt
A3(7k A40k :| .

Ok "o)

. By, - 0
BUk:TO'kBUk: [ élk :|7 Do'k:TO'kDUk: [ /l]y

20
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Classical approach
oeo

Step 1: Unknown input decoupling

B, (K) = Topo(k) = [ “152((7’() ] C2(k) = [ 2%8 } neR™ neR.

We get two subsystems:

z1(k +1) = A, 21(k) + Azo, 22(k) + Big, u(k) + @10, (K)

Z2(k —+ 1)v: A3Uk21(k) —+ A40k22(k) —+ Bzgk U(k) —+ d(k) =+ CIJQUk(k)
(k) = Coz1(k) + Urg, v(K) ’
V2(k) = za(k) + Uag, v(k)

(13)
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Classical approach
oeo

Step 1: Unknown input decoupling

d]lak(k)?

W2o

B, (K) = Topo(k) = [ ] C2(k) = [ Zgg } L neR™, neR.

We get two subsystems:

21(k 4 1) = Ao, 21(k) 4 Ass, 22(k) + Bio, u(k) + @14, (K) W)
. (13
)71(/() - éﬂkzl(k) =+ Ulﬂk V(k)

= Unknown input-free subsystem
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Classical approach
oeo

Step 1: Unknown input decoupling

oy (K) = Topw(k) = [ wg;(k)’ ] , 2(k) = [ Zgg } ,n R 7 eR.
Tk
We get two subsystems:

2(k 4 1) = Asg, z1(k) + Asg, 22(k) + Bao, u(k) + d(k) + @20, (K)

7(K) = 22(K) + Uso v(K) ’
(13)

= Unknown input-depending subsystem

_)7(/() = Uakym(k)v y= ) (14)
2
UlUk (CO'kDU'k)* .
Us, = = » Cop = (Cok Do'k)*CUk(D:k)@
U2Uk (CUkDGk)ea
12 /35
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Classical approach
ooe

Step 1: Unknown input decoupling

The unknown free-susbsystem can be written:

z(k+1) = NAlgkzl(k) + Azakyz(k) + Blaku(k) + (:Jlgk(k)
—Aggk Uzgkv(k)
)71(/() = Cakzl(k) + Ulgkv(k).
(16)
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Classical approach
ooe

Step 1: Unknown input decoupling

The unknown free-susbsystem can be written:

zl(k —|— 1) = Alakzl(k) + A2Jky2(k) + é]_o-ku(k) + (:Jlak(k)

—Aggk Uzgkv(k)
)71(/() = Cakzl(k) + Ulgkv(k).
(16)
To design an interval observer for (16), two properties have to be

satisfied:
o Framer property which is the notion of providing intervals in
which the state variables stay.
o Stability property which cares the length of estimated
intervals
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Classical approach
ooe

Step 1: Unknown input decoupling

= The observer gains L, need to be chosen such that:
Q Ay, — L, C,, are nonnegative.

@ The estimation errors are stable.
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Classical approach
ooe

Step 1: Unknown input decoupling

The solution:
@ A nonsingular transformation 51 = Pz such that the matrices
P(/Z\lgk — Ly, Cv},k)P*1 are nonnegative.
@ The existence of a common transformation P for all oy € 1, N
is not obvious, even impossible.
@ The design, in the original coordinates of two conventional
observers.
25 (k+1) = (Ao, — Lo, Co)21 (k) + Bio,u(k) + Pyt |Poy @10,
+P ! |:P0'k (Azakh /Z\Eak}72) - P, (’Z\;gk% - Az@jz)}
|P0'k||A20'k U2(7k‘v + Lﬂkyl + Pa |P<7kHLl7k Ulﬂk|v

21_(/( + 1) - (ANlO'k - LUk CUk)fl_(k) + élOku(k) + Pa_kl (_|P0'k|)510'k

+Po [P (A3, — A2, 50) = Poy (B o = A,

_PU_;<1|P01<||A201< U2Uk‘v + Lakyl - Pg_kllpa;(HLak ((jla;j|va
16
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Classical approach
©000

Step 2: Interval observer design for the unknown input-free subsystem

e Framer design

Let Assumptions 1-4 be satisfied and x(0) < x(0) < x(0). Given
the nonsingular transformation matrices P,, € R(=Dx(n=1) sych

that Pak(ﬂlgk Ly, Cgk)P are nonnegatlve and consider the
suitably selected initial conditions

[(0) = P52 (P22(0) — Prza(0).
{ 0y = A (P 0)— P a0} (17)

where
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Classical approach
oe00

Step 2: Interval observer design for the unknown input-free subsystem

Then, the bounds of the substate vector z; given by

{ 21(/8 = (Py )" Poy 21 (k) = (Pg.l) ™ Poy 2y (K),

z;(k) = (Po,})* P2 (k) = (P,}) ™ Py 21 (K),
satisfy
2,(k) < 21(k) < Z1(k), ¥ k > 0.
MAROUANI Ghassen Ecole Nationale d'Ingénieurs de Monastir
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Classical approach
ocoeo

Step 2: Interval observer design for the unknown input-free subsystem

e Stability conditions

Assume that the conditions of Theorem 1 are satisfied. If there
exist positive scalars a» > a; >0,v>0,0< a <1 and

0 < B <1, matrices W,,, S5, and diagonal positive definite
matrices M, such that for oy € 1, N with oy # 0y,

—(1—a)M,, 0o Al M, —ClS,,
0 -2, M,, =0 (21)
MO'kA].O'k - SO'k CO'k MO'k _MO'k
arly, < My, < azlp (22)

v
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Classical approach
ocooe

Step 2: Interval observer design for the unknown input-free subsystem

W, M,,
=0 (23)
My, My,

then, the lower and upper observer errors are ISS and the framer
(17)-(19) is an interval observer. In addition, the gains L,,, given
by Lo, = M55,
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Classical approach
[Ye)

Interval state estimation in the original coordinates

Based on the estimation of the state in the coordinates z;, the
bounds x and X are deduced in the following theorem.

Let the assumptions of Theorem 1 and Theorem 2 hold, then

x(k) < x(k) <%(k), V k>0 (24)
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Classical approach
oe

Interval state estimation in the original coordinates

where:

X1 = 1+gk71 — T,z + th—jz - T ¥,
+(_ T20k U20'k)+v + (_ T2Uk U20'k)_v

xg =T,z =T, 2+ 150 7, — T, 9o
*(* T20'k U20'k)+V - (7 TZUk U2‘7k)7V

X2 = T;(;kfl - T310';<Z1 + TZ(;';(72 - T4771<Z2
+(_ T40'k U2ak )+V + (_ T40'k U2<7k)_v

_ T+ i — + - - =
Xo = T30'k;1 - T3szl + T40'kX2 - T40'k-y2

7(7 T4U'k U2Uk)+v - (7 T40'k U2‘7k)7V

@ (2] w0-[3]

Xo X2
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Classical approach
®0

Unknown input estimation

23(k + 1) = Uso, Yim(k + 1) — Unp, v(k + 1) (26)
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Classical approach
®0

Unknown input estimation

23(k + 1) = Uso, Yim(k + 1) — Unp, v(k + 1) (26)

d(k) = 22(k + 1) — AN3Jk21(k) - A~4Jk22gk) - é2o'ku(k) — &2ak(k)
= Vg, [ym(k +1) ~ v(k +1)] = Asg, z1(k) — Asg, U2g, ym
+Asa, U2Ukv(k) - B20'ku(k) - ‘D20k(k)

(27)
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Unknown input estimation

Classical approach
oe

The upper and lower bounds of d:

(k) =

+ +

Q.

~—~
-

N
I

+
+

[U, X(k +1) = Uy, x(k + 1)] = Bygu(k)

(~As0, ) 21(k) = (~As0,) 22 (K)| + o,

(A, U ) Tin(K) = (—Aag, Uao )"y (K)] + | Ad, Uz 7,
[Ug, x(k+1) = Uy, X(k + 1)] — Bygu(k)

(~A30,)21(K) = (~As,)"Z1(K)| — B,

(= At Uz )Y, (K) = (Ao, Uz, ) Fn(K)] = At Use, |7,
(28)

with x(k) = ym(k) — v(k). Where X(k) and x(k) are respectively upper
and lower bound of x(k)

X(k) =ym(k)+Vv
(i oy )
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New approach based on T-N-L method
©0000000

By augmenting unknown input d(k) as a part of the state
vector X(k + 1), the structural conditions for decoupling
unknown input often used in litterature are relaxed.
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New approach based on T-N-L method
©0000000

By augmenting unknown input d(k) as a part of the state
vector X(k + 1), the structural conditions for decoupling
unknown input often used in litterature are relaxed

{ E, X(k +1)
y(k)

K(K) 4 By, u(k) + Tw(k),

i
Coo (k) + (k). (30)
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New approach based on T-N-L method
©0000000

By augmenting unknown input d(k) as a part of the state
vector X(k + 1), the structural conditions for decoupling
unknown input often used in litterature are relaxed

{ E, X(k +1)
y(k)

As K(k) + By, u(k) + Tw(k),
= G 5(K) + v(k). (30)
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New approach based on T-N-L method
0®000000

The goal: The interval observer of the augmented state X(k + 1) :
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New approach based on T-
0®000000

The goal: The interval observer of the augmented state X(k + 1) :
o %(K)
o %(k)
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New approach based on T-N-L method
0®000000

The goal: The interval observer of the augmented state X(k + 1) :

o %(K)

o %(k)

such that
(k) < %(k) < %(k),Vk € Z, (31)
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New approach based on T-N-L method
0®000000

The goal: The interval observer of the augmented state X(k + 1) :
o %(K)
o %(k)
such that
X(k) < x(k) < %(k),Yk € Z, (31)

The following framer candidate is considered

E(k +1) = Tak §( )+ TUkBO'ku(k)
+Lo, (y ( ) = G X(K) + A

)?(k) g( ) Uky(k) . (32)
&k +1) = Ty Ag&(k) + To, Bou(k)
+Loy (y(K) = Crk(K)) — A
. X(k) :§(k)+NakY(k)
A =T, 0| + | Loy [V + [N, [V (33)
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New approach based on T-
00®00000

@ L, : the observer gain associated to the o,-subsystem.

e The matrices T,,, Ny, are computed:

To.Es, + No, CN.<71<+1 =1
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New approach based on T-N-L method
00®00000

@ L, : the observer gain associated to the o,-subsystem.

e The matrices T,,, Ny, are computed:
Tok EO'/( + NO'/( CokJrl =1 (34)

The nonnegativity conditions: Framer design:

Theorem 4

Let Assumptions 1-4 hold, the lower bound X(k) and upper bound
X(k) for the state X(k) given by (32) satisfy (31), if (34) hold and
(To,Asy — L6, G5 ) > 0,V 0k € 1, N provided that
x(0) . = x(0)
= < <% =12
o [d<0) } S0 <X [ a() |

[X2
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New approach based on T-N-L method
000@0000

o (k) = R(k) — %(k)
o e(k) = %(k) - %(k)

The dynamic of the upper error follows

ek+1) =(T, Ay — Lo, Cop)e(k) +
— T Jw(k) + Loy v(K) + Ny, (k +1). (35)
A — Ty Jw(k) + Ly, v(k) + Ny v(k +1) >0 (36)

From the fact that €(0) = %(0) — %(0) > 0, it follows that, for all
k € Z4, €(k) > 0 and for the same reasons e(k) > 0.
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New approach based on T-N-L method
[ee]e]e] Telele]

Interval observer design using H,, performance

Let us define the estimation error as follows

e(k) =e(k) — e(k) (37)
Thus,

e(k+1) = (T, As, — Lo, G\ )e(k) + Dy, (k) (38)

with

— Ty Jw(k)
5(k) = v(k) (39)
v(k+1)
and
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New approach based on T-N-L method
00000800

Interval observer design using H,, performance

Assume that all assumptions of Theorem 4 hold. For given scalars
v > 0and 0 < a < 1, if there exist positive scalars ap > a7 > 0, a
diagonal matrix P,, € R"*" such that P, > 0, W, € R"™",

Gy, € R™P and H,, € R™("+P) such that

P, ©L MAs, + Hy 0o, MAg, — G5, Gy >0, Vo € 1N (41)

arl < Py, <apl, Vo, €1,N (42)
W,, P,,
—
[ b ] -0 (43)

v
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New approach based on T-N-L method
00000080

Interval observer design using H,, performance

—(1—-a)P,, * * * *
0 2 % * *
0 0 2 x * <0, (44)
0 0 0 2 %
Rloy 2ng 2ng 2/4320k —ng

with

WO'/ = ,U'Dau Go’;( = PO'kLO'ka Ho’;( = Poksok; VO'k, [S 17N

Rlo, = Pak eLkAlAak + Ho’;(wakAlAﬂok - Gcrk 50';(
R2g, = Pok e:ryk)\2 + Hcrk'l/)o'kAZa VO'k S 13 N
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New approach based on T-N-L method
O000000e

Interval observer design using H,, performance

Then, (32) is an interval observer for (4). Moreover, the optimal
observer gain matrix

Lo, = P;1Gy,, Vo, € 1,N (45)
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Numerical Example
[ Jelele]

Given the system (4) with 3 modes (N = 3) where

[ 055 0.5 0.7 0 010 1
A = 0O 08 05 ]|,B,=1|05 ,clz[l 0 1},01: 2
| 0 0 04 0.7 1
[ —0.44 —04 —0.56 0.4
A=| 0 —064 —04 |.B=]06]|,C= [ 1'{)1 (1) } } ,
|0 0 —0.32 0
1
D, = 0
4.73
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Numerical Example
[e] Tele]

01 1 1 0.1 Lo 1 1
As=| 0 2 —05|,Bs=] 00 ,C3—{0 1 1],D3— 0.5
0 0 02 0.1 1

We have as the following conditions | w(k) |< W with
w=/[006 006 006 ], and|v(k)|<Vwithv=]006 0.06 |
The unknown input is given as d(k) = 0.5sin(0.5k).
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Numerical Example
[e]e] o]

For the the state vector, we get:

[—=Statex, — ~Interval observers Cassial spprosch = =TInterval abserver using T-N-L method]
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Numerical Example
[e]e]e] )

For the unknown input, we have:

10 T T T
—— Unknown input d
N — =Interval observer: Cla pproach
\ — - Interval observer using T-N-L method|

&

5 10 15 20 25 30 35 40

Figure 2: The unknown input
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Conclusion
e0

@ Two methods to design interval observer for switched systems
in presence of unknown input are presented.

e Sufficient conditions for the stability of the interval observer
are derived in terms of LMls.

@ The effectiveness of the proposed approachs are shown on a
numerical example.
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Conclusion
oe

The End
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