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|. Problem statement

Data analysis and data processing

under interval uncertatinty



Observation and measurement errors

Data obtained from measurements and observations are almost always
inexact . ..

What uncertainty model do we accept?

A traditional choice is probabilistic error model
(C.F. Gauss, P.-S.Laplace, and so on):

errors of observations and measurements
are random variables of probability theory

with (more or less) known characteristics




Observation and measurement errors

Often, they are not modeled satisfactorily
by the methods of probability theory.

An alternative approach to errors analysis

is to specify two-sided bounds for the values of interest:
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or, which is equivalent,
£ € [a.al.
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C.WN. Cnueak, A.M. Bowutun, H.M. Ockopbun, C.. Xunuu, me, ...
J.P. Norton, M. Milanese, G. Belforte, L. Pronzato, E. Walter ...



The pioneering works in Interval Data Analysis

Kantorovich, L.V. (1962)

On some new approaches to numerical methods and processing
observation data. Siberian Mathematical Journal, vol. 3, No. 5,
pp. 701-709

Schweppe, F.S. (1968)

Recursive state estimation: unknown but bounded errors

and system inputs. /EEE Transactions on Automatic Control,
vol. 13 (1), pp. 22-28.



Leonid Kantorovich (1912-1986)

Outstanding mathematician,
Nobel prize winner
in economics (1975)
for linear programming, etc.




CHBHPCKHA MATEMATHYECKHHA )XYPHAJI
Tom 111, Me 5 Centa6ps — OKTA6pPL 1962 r.

J1. B. KAHTOPOBHY

O HEKOTOPBIX HOBbIX MOAXOAAX K BbIYHUCJHUTEJbHBIM
METOJAM U OBPABOTKE HABJIIOJAEHHWHA *.

Beenenue

ViMeBiune MeCTO C/IBHIM B Pa3BHTHH MAaTEMaTHKH H BBIYHCIHTENbHBIX
CPeACTB JOJKHB MMeTb CJIeJICTBHEM KOpeHHBIC W3MeHeHHsi B TeXHHKe, @
BO3MOXKHO H TEOPHH YHCJEHHBIX METOJOB H 06paGoTKH HabGmojenud. B Toi
41 HHOH (opMe OTHeJbHble BhICKAa3biBaeMble HHXKe cOOOpaKeHHsi BCTpeya-
JIACh B JIKTEPAType, HO He pa3paGaThiBaJMCh CHCTeMaTHYeCKH. B uactnoct,
Mbl CUHTaeM, YTO CYyUIeCTBEHHOe 3HAUEHHE HMEIOT CJIeJylOllHe MOMEHTBI:

1. BOnblasi OTBETCTBEHHOCTh 33 Pe3yJbTATHl PACUETOB, Ha KOTOPBIX
cefiuac HepenKo Ga3HpPYIOTCsi.pelieHHsi, KacalolHecsi CJIOXKHBIX JA0POrocTosi-
WHX 06BEKTOB COBPEMEHHOH (M3HKH M TeXHHKH, HaJHuHe GOJBIIHX He Ha-
GniojaeMBIX 3TAnoOB NMPH MAUIHHHBIX BBIYHCJEHHSX NOBHIIAIOT TPeGOBAHHA
K HaJeXKHOCTH OKOHYATENbHBIX H NPOMEKYTOUHbIX HAHHBIX, TMOJNYYaeMbIX B
apolecce MPHMEHEHHS] YHCJEHHBIX METOJOB M MPH 06paGoTKe AAHHBIX Ha-
Gmonenuit. 1o 06ycNaBNHBACT CHCTEMAaTHYECKHH{ MEPEXO] OT NOCTPOEHHS
APUGIHIKEHHBIX 3HAYEHHH W Pe3yJNbTAaTOB, K MOJYYEHHIO TOYHBIX ABYXCTO-
POHHHX TPAaHHIl AJIsi HCKOMBIX BeJHYHH HJIH, €CJIH TOBOPHTH O HEYHCJIOBBIX
BEJIMUHHAX, 06JacTeli PacrnoJOXKeHHs] MCKOMBIX H HaGJII0/laeMbIX BeJHUHH;
MHaye TroOBOPS BO3HHMKAeT 3ajlaya BO3MOXKHO GoJiee TOYHOTO OMHUCAHHS
PacroNoKenHsi 3THX BEJHUMH B COOTBETCTBYIOUIHX NPOCTPAHCTBAX HX 3HA-

- vy



O HOBBIX MOAXOAAX K. BHIYHCJHTEJLHHIM METOAAM 707

HCTIO/Tb30BAHHEM BBOJIMBIIMXCS HAMH B CBOE BPeMd MAXKODaHTHOroO onepatopa
1015 JaHHOrO HeJsiuHeiiHoro. Mel ;He GyjeM 3/iech MOAPOGHO OCTaHABIHBATHCH
Ha 3TOM. h

OrmeruM eute, yTo B CJAyyasX, KOrja OOpalleHHe ONepaTopa HEeBO3MOXKHO
ud OOpaTHELl OMepaTop OueHb BEJHK, HANpHMEp B oxpeci‘ﬂocm COOCTBEHHOr0
3HAYeHHs!, 11e/1eco0GPa3HO He CTPOATh FPaHHIbI 05/acTeil, CoxepKauMX pellle-
HUS, @ OUEHWBATb OOJACTb PACMOJOKEHHs PELIeHHs, HCMOJb3Ys TeXHUKY
JIMHEHHOTO TPOrpaMMHPOBAHHSL.

3ameuanue. Bo Bcex Qopmysax AJs IPaHHU NPEINONAranoch, uTo fed-
CTBHsl HaJl HCXOJHBIMH "PAHHUAMH TPOM3BOAATCA TOuHO. Ecmi sti_ peiicTsus
NPOU3BOASATCS NPHO/HKEHHO, HANpHMeP HA MauidHe, TO (OPMyJbl BUZOH3Me-
HSIOTCAA 38 CYET JIOMOJHHTEJLHOrO BBEJEHHS TOTPELIHOCTe, STHX ; /ieficTBHi.
He Gyzxem npuBoauTh 3amucu (GopMyJ st STOrO CJiyyas.

§ 8. Hekoropbie 3ajauM NPHKJIAJLHON ‘MaTeMaTHKH

1. 3agaua o6pa6oTku HaGuawaeHUui OGbyHO TIOJIyYEHHYIO B pe-
3yJbTaTe H3MepeHHil H3OBLITOYHYIO CHCTEMY YpaBHEHHiI 06paGaTHIBAIOT MO Me-
Toay HammembuMx ksajparoB Ilaycca. TlpH sTom npomcxoaur; sHaunTesbHas
notepsa uadopmanuu. ITo-pugumomy, B 3

v
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Data fitting problem
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Interval data fitting problem by L. Kantorovich
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Interval data fitting problem — general
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The first Western article on the subject

22 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. AC-13, NO. 1, FEBRUARY 1968

Recursive State Estimation: Unknown but Bounded
Errors and System Inputs

FRED C. SCHWEPPE, MEMBER, IEEE

Abstract—A method is discussed for estimating the state of a
linear dynamic system using noisy observations, when the input to
the dynamic system and the observation errors are completely un-
known except for bounds on their magnitude or energy. The state
estimate is actually a set in state space rather than a single vector.
‘The optimum estimate is the smallest calculable set which contains
the unknown system state, but it is usually impractical to calculate
this set. A recursive algorithm is developed which calculates a time-
varying ellipsoid in state space that always contains the system’s
true state. Unfortunately the algorithm is still unproven in the sense
that its performance has not yet been evaluated. The algorithm is
closely related in structure but not in performance to the algorithm
obtained when the system inputs and observation errors are white
Gaussian processes. The algorithm development is motivated by the
problem of tracking an evasive target, but the results have wider
applications.

1. INTRODUCTION
ROCESSING noisy observations of some function
Pof a dynamic system’s state is often necessary to
provide an estimate of the system’s current state.

The nature of the algorithm to be used depends on the
acenmad etrnctirec of the dvnamic svstem. the nheerva-

other situations. An assumption of unknown but
bounded input to a dynamic system can be used simply
as a way to reflect uncertainty about nature. Unknown
but bounded observation errors are common; quantiza-
tion errors are one example.

The basic idea of the estimation procedure is to com-
bine knowledge of the system dynamics and bounds
with the observations to specify a time-varying set in
state space which always contains the true state of the
system. Thus the actual estimate is a set in state space
rather than a single vector. Specification of the smallest
estimate set is conceptually straightforward but compu-
tationally impractical for most real problems. Therefore,
an algorithm for calculating a bounding ellipsoid which
always contains the state is developed. This ellipsoid
is not the smallest possible estimate set, but it can be
calculated recursively in real time.

The algorithm for the bounding ellipsoid estimate is
computationally similar to the estimation algorithm
(Kalman-Bucy) obtained when the input to the dv-
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Where to publish results on Interval Data Analysis?

Volume 7 Number 3 September 2013

. Advances
in Data Analysis

and_
Classification

@ Springer

Advances in Data Analysis and Classification

Theory, Methods, and Applications in Data Science
Editors: M. Vichi; H.-H. Bock; W. Gaul; A. Okada; C. Weihs

» Presents research and applications on the extraction of knowable
aspects from many types of data

» Topics include structural, quantitative, or statistical approaches
for the analysis of data; advances in classification, clustering, and
pattern recognition methods; strategies for modeling complex data
and mining large data sets

» Shows how new domain-specific knowledge can be made available
from data by skillful use of data analysis methods

The international journal Advances in Data Analysis and Classification (ADAC) is designed
as a forum for high standard publications on research and applications concerning

the extraction of knowable aspects from many types of data. It publishes articles on
such topics as structural, quantitative, or statistical approaches for the analysis of data;



A response to my submission

Ref.: Ms. No. ADAC-D-18-00095
Weak and Strong Compatibility in Data Fitting Problems
under Interval Uncertainty

Dear Prof. Shary,

Reviewers’ comments on your work have now been received.
They have advised against publication of your work.

Maurizio Vichi
Coordinating Editor
Advances in Data Analysis and Classification



A response to my submission

Reviewer #1:

This paper faces the problem of uncertain, imprecision and
variability, from a strictly numerical point of view,
confuting the statistical theory of the regression model.

Moreover, the author ignores papers on regression
of interval data, for instance:

- Billard L., Diday E. (2000) Regression analysis for
interval-valued data. 1In: Kiers, Rasson, Groenen,
Schader (eds) Data Analysis, Classification, and Related
Methods. Springer, Berlin, Heidelberg, pp. 369-374



WILEY SERIES IN COMPUTATIONAL STATISTICS
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but the questions remained . ..
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Overview Stats Comments (2) Citations (378) L

Comments (2)

Sergey Shary pi v

added a comment
One of the main particular types of 'symbolic data’ studied in this book is interval-valued
data. But the processing of interval data has been considered long before L.Billard and
E.Diday, since the 60s of the last century, and a large number of studies have been
devoted to it. They are based, as a rule, on the technique of interval analysis and
supported by good computational methods. By the time L.Billard and E.Diday published
their first works, these interval methods were summarized, for example, in the book

M.Milanese, J.Norton, H.Piet-Lahanier, E.Walter (Eds.), Bounding Approaches to System
Identification, Plenum Press, New York, 1996. DOI: 10.1007/978-1-4757-9545-5

What is the relationship between the approaches and results of the Symbolic Data
Analysis by Billard & Diday (and their followers) and the results outlined in the book cited
above? What methods are preferable to apply in various practical situations?

Reply  Share
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M.Milanese, J.Norton, H.Piet-Lahanier, E.Walter (Eds.), Bounding Approaches to System
Identification, Plenum Press, New York, 1996. DOI: 10.1007/978-1-4757-9545-5

What is the i ip between the app and results of the Symbolic Data
Analysis by Billard & Diday (and their followers) and the results outlined in the book cited
above? What methods are preferable to apply in various practical situations?
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Sergey Shary Apr25,2020 v
| added a comment

In 2001, the book
L.Jaulin, M.Kieffer, 0.Didrit, E.Walter, Applied Interval Analysis, Springer, London, 2001,

was published, devoted to applications of interval analysis methods in various practical
disciplines. Chapter 6 of this book is called "Estimation” and describes parameter
estimation and state estimation in technical systems, which is, essentially, the same data
fitting problem that the regression analysis deals with, although called somewhat
differently.

Again, a question similar to that from my previous comment:

How do the methods of Symbolic Data Analysis elaborated by L.Billard and E.Diday relate
to the methods from the book L.Jaulin, M Kieffer, O.Didrit, and ?

Reply  Share

Request full-text Share v More v



Since my above posts with natural questions
have remained unanswered at ResearchGate for almost two years,

let us answer these questions ourselves . ..



[1l. A short survey

of Symbolic Data Analysis
in interval data fitting



Symbolic Data Analysis

From Wikipedia, the free encyclopedia

Symbolic data analysis (SDA) is an extension of standard data analysis
where symbolic data tables are used as input and symbolic objects are
made output as a result.

The data units are called symbolic since they are more complex than
standard ones, as they not only contain values or categories, but also
include internal variation and structure.



Symbolic Data Analysis

From Wikipedia, the free encyclopedia

Symbolic data analysis (SDA) is an extension of standard data analysis
where symbolic data tables are used as input and symbolic objects are
made output as a result.

The data units are called symbolic since they are more complex than
standard ones, as they not only contain values or categories, but also
include internal variation and structure.

SDA is based on four spaces: the space of individuals, the space of
concepts, the space of descriptions, and the space of symbolic objects.

The space of descriptions models individuals, while the space of
symbolic objects models concepts.



BILLARD L., DipAY E.

Symbolic regression analysis. In: Jajuga K., Sokotowski A., Bock H.
(eds) Classification, Clustering, and Data Analysis. Studies in
Classification, Data Analysis, and Knowledge Organization.
Springer, Berlin, Heidelberg, 2002, pp. 281-288.

EUurrASIO DE A.LIMA NETO, FRANCISCO DE A.T.DE CARVALHO
Constrained linear regression models for symbolic interval-valued
variables // Computational Statistics & Data Analysis, vol. 54 (2010),
issue 2, pp. 333-347.

YAN SUN, CHUNYANG LI
Linear regression for interval-valued data: a new and comprehensive
model. — 2015, arXiv paper No. 1401.1831.

SHAILY KABIR, CHRISTIAN WAGNER, ZACK ELLERBY
Towards handling uncertainty-at-source in Al — a review and next
steps for interval regression. — 2021, arXiv paper No. 2104.07245.
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Symbolic Data Analysis: Taking Variability in Data into Account

Methods for the Analysis of Symbolic Data

Regression

Linear Regression for interval-valued variables

Linear Regression for histogram-valued variables




Linear Regression for interval-valued variables

State-of-the-art

- METHODS BASED IN SYMBOLIC COVARIANCE DEFINITIONS (Billard and Diday, 2000;2006; Xu,
2010)

- MINMAX METHOD (Billard and Diday, 2002)
- CENTER AND RANGE METHOD (Lima Neto and De Carvalho,2008)

- CENTER AND RANGE LEAST ABSOLUTE DEVIATION REGRESSION METHOD (Maia and
Carvalho, 2008)

- CONSTRAINED CENTER AND RANGE METHOD (Lima Neto and De Carvalho, 2010)
- LAssO IR METHOD (Giordani, 2014)
- BIVARIANTE SYMBOLIC REGRESSION MODELS (Lima Neto et a/,2011)

-LINEAR REGRESSION MODELS FOR SYMBOLIC INTERVAL DATA USING PSO ALGORITHM (Yang
etal, 2011)

- MIONTE CARLO METHOD (Ahn et a/,2012)

- RADIAL BAsIS FUNCTION NETWORKS (Su et al, 2012)

- COPULA INTERVAL REGRESSION METHOD (Neto et al, 2012)
- INTERVAL DISTRIBUTIONAL MODEL (Dias and Brito, in study)



Linear Regression for interval-valued variables

The Center Method (CM)

valued data. Proceedings of IFCS’00, pp.369-374. Springer.

Linear regression relation: ¢, =b, +bc, +...+bpcA.r(]) +e (/)
— P P
Prediction of the intervals: 1, = I:!,'(J),[)‘U)] with Iy, = min{bo + Db Ay )b+ Zbklm,)}
k=1 k=1

- P P -
Iy = max{bo +Zbklx,(,):bo +Zbk 1*;(/)}
k=1 k=1
= The coefficients of the model are estimated by applying the classical model to the mid-point of the
intervals;
= Estimates separately the bounds of the interval;

= To write the estimated interval we have to consider the lower value for the lower bound and higher
for the upper bound of the interval;

= The estimation of the parameters may be obtained by an adaptation of the solution obtained by
the Least Square estimation method for the classical linear model, where symbolic definitions of
variance and covariance are used;

= Descriptive linear regression model;

= Available in R Package: iRegression 1.2. 7




Interval data fitting problem
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Interval data fitting problem — an SDA approach

\




Linear Regression for interval-valued variables

Min Max Method (MinMax)

ymbolic regression analy: roceedings of IFCS'02 281-288. Springer.

b +b! L+ +b +
Linear regression relation : Lo ) Ly +e()

Ir(,) :b,,’ +b/ I_\’,(,) +.,,+bp' Ix,,m +e(/)

_ P
Prediction of the intervals: /, | :1:1,,(,),1,.(/)] with 1}, >7mln{b +Zb b+ b ka(,)}
N k=1

— P
() =max{b; +Zb{1m,),bg +Y b lm,)}
k=1

k=1
= Requires the adjustment of two linear regression models, for the lower and upper bounds of
the interval;

= The coefficients of the model are estimated by applying the classical model to the lower and
upper bounds of the interval;

= The estimated value for the upper bound of the interval may be smaller than the lower. This
can happen if there are negative coefficients in the model;

= Descriptive linear regression model;
= Available in R Package: iRegression 1.2. 8




Linear Regression for interval-valued variables

The Center and Range Method (CRM)

Lima Neto and de Carvalho, 2008. Center and Range method for fitting a linear regression model to symbolic interval
data. Computational Statistics & Data Analysis 52 (3), 1500-1515.

Linear regression relation : r(j) =bn +h “x0) +"'+bPCXn(/) te (j)

oy = B+ b1y o4 B ) +e ()
Prediction of the intervals: I, :[g;(,),l,ﬂm] with 7, = min{ci(/) ~Fiy S0 ).,(/)}
ho = ’”"x{‘f(f) Ty o) +’m>}
= Requires the adjustment of two linear regression models, for the mid-point and half range of
the interval;

= The coefficients of the model are estimated by applying the classical model to the mid-point
and half range of the interval;

= The estimated value for the range of the interval may be negative. This can happen if there
are negative coefficients in the model that estimates the half range;

= Descriptive linear regression model;

= Available in R Package: iRegression 1.2.




Linear Regression for interval-valued variables

The Constrained Centre and Range Method (CCRM)

inear regression models for symbo terval-valued variables.

e, =b"+bfc, +..+bc +e(j
Linear regression relation : Y@ e THATNG) Px0) (I)
Ty =B 0Ty ) B ) e (/)
with b, >0

Prediction of the intervals: Ly, = [c,-,m =Ty i) +r)-m:|

= The mid-points and half ranges of the intervals are estimated independently;

= The coefficients of the centers model are estimated by applying the classical model to the
mid-points of the intervals;

= The coefficients of the half ranges model are estimated using the Lawson and Hanson’s
algorithm (Lawson and Hanson, 1995).

= Because of the restriction imposed, the linear relation between the half range of the intervals
has to be always positive;

= Descriptive linear regression model;

= Available in R Package: iRegression 1.2.
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Symbolic Data Analysis

— its approach to processing interval data is “perpendicular”

to that of the classical Interval Data Analysis.

Does this even make sense? . ..



Symbolic Data Analysis

— its approach to processing interval data is “perpendicular”

to that of the classical Interval Data Analysis.

Does this even make sense? . ..

My answer is “YES" ...

[t makes, to some extent



Correspondence principle

The correspondence principle in the methodology of science

is the statement that any new scientific theory must include

the old theory and its results as a particular limiting case.

The conclusions of the new theories in the area
where the old “classical’ theory was valid,

pass into the conclusions of the classical theory.



The correspondence principle was proposed by N. Bohr in 1913-1918
to explain the mutual relationship between the emerging quantum
mechanics and the traditional physics of macroobjects.

Niels Bohr (1885-1962)



Correspondence principle

A new theory

An old theory

The correspondence principle can serve as a means of constructing
and correcting new theoretical systems, new systems of concepts.



Correspondence principle

In the XX century, it was necessary to ensure the “continuous gluing”
of the new physics of micro-objects with classical physics.

The latter perfectly describes and explains a huge number of phenomena
around us and cannot be simply rejected on the grounds that it is just
“old”, “unfashionable”, etc.



Correspondence principle

In the XX century, it was necessary to ensure the “continuous gluing”
of the new physics of micro-objects with classical physics.

The latter perfectly describes and explains a huge number of phenomena
around us and cannot be simply rejected on the grounds that it is just
“old”, “unfashionable”, etc.

Another popular example

In the special theory of relativity for small velocities, we obtain the same
equations of motion as in Newton's classical mechanics.



Correspondence principle

in Data Analysis for interval data

The correspondence principle has a broader methodological meaning,
being applicable not only to physics and natural sciences, but also
to mathematics, computer science, etc.

As applied to our situation, when processing interval data,
the correspondence principle requires that

good and reasonable interval methods in the limit,

when the width of the data intervals tends to zero,
switch to some methods for processing point data,

since real numbers are the limiting case of intervals.



Correspondence principle

in Data Analysis for interval data

We can use the correspondence principle as a tool for checking
the adequacy of the concepts and methods of interval data analysis,
which allows us to cut off the “unreasonable” methods.



Correspondence principle

in Data Analysis for interval data

We can use the correspondence principle as a tool for checking
the adequacy of the concepts and methods of interval data analysis,
which allows us to cut off the “unreasonable” methods.

@ “Symbolic data analysis” for interval data processing is
in agreement with Correspondence principle.

@ Not all interval data processing methods proposed so far
are consistent with Correspondence principle.



IVV. A comparison

Symbolic Data Analysis
versus

Interval Data Analysis



What is the difference between

Symbolic Data Analysis applied to intervals

and classical Interval Data Analysis ?




Symboloc Data Analysis vs. Interval Data Analysis

The basis of symbolic data analysis applied to intervals is
the traditional techniques of probabilistic mathematical statistics,

the least squares method, etc.

The basis of the classical interval approach is
the idea of approximating interval data

taking into account specific nature of intervals.

Usually, no probability at all.
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the traditional techniques of probabilistic mathematical statistics,

the least squares method, etc.

The basis of the classical interval approach is
the idea of approximating interval data

taking into account specific nature of intervals.

Usually, no probability at all.

But this is not the characteristic distinction!
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Symboloc Data Analysis vs. Interval Data Analysis

In Symbolic Data Analysis, the main assumption

a < ¢ < a,

or, which is equivalent,

— is not valid

Do data intervals make sense then?

Yes, of course, if nothing else is given to us.
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Symboloc Data Analysis vs. Interval Data Analysis

If true values are not included in measurement uncertainty boxes,
then what is left for us?

The only criterion remains to determine how good or bad our result is.

This is its distance to these boxes,
deviation from the uncertainty boxes,

which we perceive as some kind of integral objects.



Enclosing vs. non-enclosing interval measurements

Definition

The true value of a physical quantity is the value that ideally reflects
the considered quantity or phenomenon within the framework of
the model (theory) we have adopted to describe it.




Enclosing vs. non-enclosing interval measurements

Definition

The true value of a physical quantity is the value that ideally reflects
the considered quantity or phenomenon within the framework of
the model (theory) we have adopted to describe it.

Definition
Enclosing measurement (covering measurement) is an interval

measurement result that is guaranteed to contain the true value
of the measured quantity.

A measurement for which it cannot be claimed that it contains the true
value of the measured quantity will be called non-enclosing (non-covering)

v




Enclosing vs. non-enclosing interval measurements
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Enclosing (left) and non-enclosing (right) measurements

of a point true value for a physical quantity.
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Enclosing (left) and non-enclosing (right) measurements

of an interval true value for a physical quantity.



Enclosing vs. non-enclosing interval samples

Definition
A sample of interval measurements will be called enclosing sample

(covering sample) if the dominant part (majority, etc.) of its
measurements are enclosing (covering). A sample, is called

non-enclosing (non-covering) if the dominant
portion of its measurements are non-enclosing (non-covering).




Enclosing vs. non-enclosing interval samples

Definition

A sample of interval measurements will be called enclosing sample
(covering sample) if the dominant part (majority, etc.) of its
measurements are enclosing (covering). A sample, is called

non-enclosing (non-covering) if the dominant
portion of its measurements are non-enclosing (non-covering).

The simplest way:

@ a set of enclosing measurement is an “enclosing sample”,

@ a “non-enclosing sample” has at least one non-enclosing measurement.

That would be purely theoretical, not taking into account the actual
practice of measurements, where errors and outliers are inherent in data.



Conclusion

Interval Data Analysis

is the analysis of enclosing (covering) interval data.

Symbolic Data Analysis

is the analysis of non-enclosing (non-covering) interval data.

They complement each other.



V. Further development

of Symbolic Data Analysis for intervals

(jointly with Maxim Zvyagin)



Our contribution to Symbolic Data Analysis

Ay

1) Assign a distance between the uncertainty boxes and the line.
2) Aggregate the individual distances into a total one.

3) Minimize the total distance.
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Assign a distance from the uncertainty box to the regression line
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Our contribution to Symbolic Data Analysis

Deviation of the regression line from interval data

= a norm of the vector made up
of separate deviations for uncertainty boxes

We take Chebyshev norm (maximum norm) in R™

il = max

Then we minimize the total deviation

by developed non-smooth optimization methods . ..

We call the technique described above Simple Interval Approximation (SIA)



An example

Let us construct a linear function

y = prx1 + Bo

from the data

X

|
y | [1,25] | 2,3 | [1.5,2]



An example




An example: the case of enclosing data

Substituting the data
into the expression of the function,

we get the interval equation system

BO + 51 = [1725]a
ﬁD + 2/61 == [273])
Bo + 361 = [1.5,2]



An example: the case of enclosing data

0.2
Information set

ot of the problem

-0.6 -

Plotted by IntLinInc2D package



An example: the case of enclosing data

Using e. g. the Maximum Compatibility Method,

we get “the best fit" linear function

y=—-025z+2.625

Sergey P. Shary, Maximum consistency method for data fitting
under interval uncertainty // Journal of Global Optimization,
vol. 66 (2016), pp. 111-126

Sergey P. Shary, Weak and strong compatibility in data fitting
problems under interval uncertainty // Advances in Data Science
and Adaptive Analysis, vol. 12 (2020), No. 1, 2050002



An example: the case of non-enclosing data

But the SIA method with the Chebyshev norm gives as the best,

from his point of view, the linear function

y =025z +1.625

This differs sharply from the result of the Maximum Compatibility Method.

Its parameters do not lie in the information set . ..



An example

Maximum Compatibility estimate




An example

Center Method from SDA
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