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Introduction

Set-based state estimation [Alamo et al., 2005]

Previous states Xk = f(xkfl’ Uk—1, Wk*l)
Yk = 8(Xk; Uk, Vk)
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Introduction

Set-based state estimation [Alamo et al., 2005]
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Introduction

Zonotopes [Kiihn, 1998]

Zonotope
Z2{c+GE: €]l <1} c+G¢

:{G,C} @/\
ﬁ

@ c — center
[€lloo <1

@ G — generators
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Zonotopes [Kiihn, 1998]

Zonotope
Z2{c+GE: €]l <1} c+G¢
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@ G — generators
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Introduction

Zonotopes [Kiihn, 1998]

Zonotope
Z2{c+GE: €]l <1} c+G¢

:{G,C} @/\
ﬁ

@ c — center
[€lloo <1

@ G — generators

Operations
@ Linear mapping
RZ%2{Rz:z<c Z} = {RG.,Rc.}

@ Minkowski sum
Z@Wé{z—i-w:zeZ,we W} ={[G. G,],c. +cu}

@ Intersection: not a zonotope!

@ Conservative intersection with strips [Alamo et al., 2005, Bravo et al., 2006,
Alamo et al., 2008]
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Introduction

Constrained zonotopes [Scott et al., 2016]

Constrained zonotope c+GE

Z2{c+GE: ||€lloo < 1,AL = b} I
- {G,C,A, b}

@ c — center G — generators
. [€lloo <1
@ Af{ = b — constraints At =b
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Introduction

Constrained zonotopes [Scott et al., 2016]

Constrained zonotope

Z2{c+GE: ||€lloo < 1,AL = b} I
:{G?C)A1b} @

@ c — center G — generators
. [€lloo <1
@ Af{ = b — constraints At =b

Operations
@ Linear mapping
RZ2{Rz:z¢€ Z} = {RG,,Rc,, A, b.}
@ Minkowski sum

Z@Wé{Z+W:ZEZ7W€W}:{ G; Gw|,cz 4 CW[AOZ AO}[bz}}

@ Generalized intersection

ZMrY2{z€Z:RzeY}=1[G. 0/ .c.,| 0 A | | b
RG, -G, ¢, — Rc;

V.
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Introduction

Linear state estimation [Scott et al., 2016]

@ x4 = Axy—1 + Byug_1 + Buwwi_1, yx = Cxx + Dyuy + Dyvy
@ wy 1 €W, vpeV

Prediction step
X = AX_1 @ Byu,_1 ©® B, W
@ Linear mapping @‘—/

® Minkowski sum

Update step

X = Xk e ((yx — Duug) @ (—D, V) —

@ Generalized intersection @ -//'

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 7



Introduction

Complexity reduction

Complexity increase

@ Set operations increase the number of generators (and constraints)

@ Enclose a zonotope (constrained zonotope) by another one with lower complexity
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Introduction

Complexity reduction

Complexity increase

@ Set operations increase the number of generators (and constraints)

@ Enclose a zonotope (constrained zonotope) by another one with lower complexity

Zonotopes

@ Generator reduction (G)

@ Various methods [Combastel, 2003, Girard, 2005, Althoff et al., 2010, Yang and
Scott, 2018]

@ Relatively low cost

Constrained zonotopes

@ Generator reduction (G): requires lifting — higher dimensional set
@ Constraint elimination (A€ = b) [Scott et al., 2016]
@ Relatively high cost
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© State estimation of systems with nonlinear dynamics
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Problem formulation and algorithm

Discrete-time Systems with Nonlinear Dynamics

Xk = f(xp—1, up—1, Wi_1)

yk = Cxx + Dyug + Dyvyg

Bounds (convex polytopic sets)

@ wy € Wi @ vie Vi @ x € X
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Problem formulation and algorithm

Discrete-time Systems with Nonlinear Dynamics

Xk = f(xp—1, up—1, Wi_1)
Yk = Cxy; + Dyuyg + Dyvy

Bounds (convex polytopic sets)

@ wy € Wi @ vie Vi @ x € X

Prediction-update algorithm

@ Prediction step: X, O {f(xk—1,Uk—1,Wk_1) : Xk—1 € X—1, Wx—1 € Wi_1}

@ Update step: )A<k B) {Xk € )_(k : Cxg + Dyug + Dyvi =y, vk € Vk}

Published in
o [Rego et al., 2020a] Rego, B. S., Raffo, G. V., Scott, J. K., & Raimondo, D. M. (2020a). Guaranteed methods

based on constrained zonotopes for set-valued state estimation of nonlinear discrete-time systems. Automatica,
111, 108614.
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Mean value extension (CZMV)

First proposal
@® Mean Value Theorem

@ Zonotopes [Alamo et al., 2005] — Constrained zonotopes

f:R" x R"™ — R" continuously differentiable

X CR" and W C R" constrained zonotopes
Approximation point vx € X

Interval matrix Jx O VIf(X, W)

For any (x,w) € X x W, there exist J € Jy such that

F(x, w) = F(e, W) + I (x — %)
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Mean value extension (CZMV)

First proposal
@® Mean Value Theorem

@ Zonotopes [Alamo et al., 2005] — Constrained zonotopes

f:R" x R"™ — R" continuously differentiable

X CR" and W C R" constrained zonotopes
Approximation point vx € X

Interval matrix Jx O VIf(X, W)

For any (x,w) € X x W, there exist J € Jy such that

F(x, w) = F(e, W) + I (x — %)

Implication

f(x’ W) S f(')’x» W) D J\:(X - '7/\)
%/_/

How to calculate?

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 11



State estimation of systems with nonlinear dynamics

Nonlinear state estimation

Mean value extension (CZMV)

New operator

@ Zonotope inclusion [Alamo et al., 2005] — CZ-inclusion

CZ-inclusion

@ Constrained zonotope Z = {G,c, A b}, interval matrix J
@ Zonotope Z = {G,e} D Z

Then:

IX C<(d,X) & mid(J)X @ PBZ
n

g n
1 1 _
Pii = Ediam(m;) + > E E diam(Ji ) [My;], m D (J — mid(J))c
j=1 k=1
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State estimation of systems with nonlinear dynamics

Nonlinear state estimation

Mean value extension (CZMV)

New operator

@ Zonotope inclusion [Alamo et al., 2005] — CZ-inclusion

CZ-inclusion

@ Constrained zonotope Z = {G,c, A b}, interval matrix J
@ Zonotope Z = {G,e} D Z

Then:

IX C<(d,X) & mid(J)X @ PBZ
n

g n
1 1 _
Pii = Ediam(m;) + > E E diam(Ji ) [My;], m D (J — mid(J))c
j=1 k=1

Proposal

@ Z D Z obtained by eliminating the constraints in Z [Scott et al., 2016]
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Mean value extension (CZMV)

Prediction step (mean value extension, CZ)

@ Let f:R" x R x R — R" be of class C!
Constrained zonotopes X1 and W, choose a Ix € Xi_1
C Zy
Interval matrix Jx satisfying VIf()A(k,l,uk,l, W) C Jx

o
@ Constrained zonotope Z,, satisfying f(vx, ux—1, W)
()

Then:

f()?k,l,l]k,l, W) CZuo< (’JX-kal - A,’X) X

@ Enclosure Xy is a constrained zonotope

Update step (linear)

Xk = Xk Nc ((yx — Duuk) @ (=D, V))
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

First-order Taylor extension (CZFO)

Second proposal
@ First order Taylor expansion

@ Zonotopes [Combastel, 2005] — Constrained zonotopes

Prediction step (first-order Taylor extension, CZ)
@ Letf:R” x R x R™ — R" be of class C2
@ Constrained zonotope 7 = X, | x W = {G,c, A,b} C R"mw
@ Choose (v, vw) =7 € Z
@ Interval matrices Q9 D H,f;(Xi_1,ur_1, W), Q9 D GTQUIG, L, D (c —~,)7Ql
@ ¢G, G, A b
Then:
f(j(kflzukflv W) g f(?"\’» Ug—_1, “Hb) vjf(’\, Uy l«'“rw)(z - ",7) R = )_<l<

R=¢a[G Gy]Boo(A,b) ®<(L, (c —72) ® 2GBuo (A, b))

@ Enclosure X is a constrained zonotope,  Xx = Xx Nc ((yxk — Dyug) @ (—D, V)
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Selection of approximation point

Mean value extension
@ Zonotope {G,c} O Xi_1 — v in <(Jx,f(k_1 —Yx)

@ Optimal choice: min ||diam(J. — diam(J.)€)|1 (linear programming)

First-order Taylor extension

@ ~; as close as possible to the center of Z

@ When c; ¢ Z: Move the center of Z to a 7, € Z (equivalent
CG-rep, linear programming) Zz

-1

-2

-3

T2

4

-5 -4
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Brenner S. Rego

State estimation of systems with nonlinear dynamics

Example: Quadrotor UAV

System equations

X = up

y=w

z=w
1 1

g = — (cos ¢ sin O cos ¢ + sin P sin p)U; + — Dy
m m
1 1

Vo = —(sin 1 sin @ cos ¢ — cos ¢ sin p)Uy + — Dy,
m m

1 1
Wy = —g + —(cos 6 cos p)U; + — D,
m m

¢ =p+qsingtan + rcos ¢ tan 6,
0= qcos ¢ — rsin @
4 = gsin ¢ sec + rcos ¢ sech,

Iy — I, !
pow Ly,
IXX IXX

[— /
g=Z—Zpr+ —Us
lyy lyy
heo — 1
—7PQ+rU4

Izz 22

Nonlinear state estimation

Go = diag (2, 2,2,1,1,1,

Measurement

Sensor Variables Noise bounds

GPS {x,y} +0.15m

Barometer {z} 40.51m
MU {0,60,9} +2.618-10 3 rad
{p,q,r} +16.558-10 3 rad/s
Bounds
Xo ={Go, 0}, [ldfeo <1

N

)

o3

’

s iy s s
6 T127 127 12

v

Complexity
@ 40 generators

@ 12 constraints

v

Interval Methods in Control

Feb 25th, 2022
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

or UAV

@ ZMV (interval hull)

@ CZMV (interval hull)

\ 1= s

-06 -04 -0.2

ZMV: 53.3 ms ZFO: 174.2 ms ZFO
CZMV: 127.8 ms CZFO: 2.62 s

500 1000 1500
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Systems with nonlinear measurement and invariants

Outline

© Systems with nonlinear measurement and invariants
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Systems with nonlinear measurement and invariants

Problem formulation

Discrete-time Systems with Nonlinear Measurement and Invariants

Xk = F(Xk—1, Uk—1, Wk—_1)

Vi = 8(Xk, uk, Vi)

Bounds (convex polytopic sets) Invariants

@ x0 € Xp @ wy, € W @ v,V J h(Xk):O. Vk >0

Examples
@ Mechanical systems: holonomic and/or non-holonomic constraints

@ Attitude estimation: rotation matrices, quaternions

Published in

@ [Rego et al., 2021d] Rego, B. S., Scott, J. K., Raimondo, D. M., & Raffo, G. V. (2021a). Set-valued state
estimation of nonlinear discrete-time systems with nonlinear invariants based on constrained zonotopes.
Automatica, 129, 109638.
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Systems with nonlinear measurement and invariants

Proposed algorithm

Prediction-update-consistency algorithm
@ Prediction step: Xj D {f(x,up—1,w) : x € Xe_1,we Wi_1}
@ Update step: X, D {x € Xi : g(x,up,v) =yi, v € Vi }
@ Consistency step: X D {x € X : h(x) = 0}

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 20



Systems with nonlinear measurement and invariants

Proposed algorithm

Prediction-update-consistency algorithm
@ Prediction step: Xj D {f(x,up—1,w) : x € Xe_1,we Wi_1}
@ Update step: X, D {x € Xi : g(x,up,v) =yi, v € Vi }
@ Consistency step: X D {x € X : h(x) = 0}

Prediction step

@ Based on Rego et al. [2020a], but with (., vw) € OX,_, x OW
® Valid enclosures
@ Allows for more possible approximation points
@ Can lead to more accurate results

Brenner S. Rego Interval Methods in Control
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Systems with nonlinear measurement and invariants

Update: Mean value extension

Update step (mean value extension, CZ)

n,

@ Nonlinear mapping g : R” x R x R™ — R™ is of class C!

@ Constrained zonotopes X, and V/, choose one . & [1X,
@ Constrained zonotope Z, C R™ satisfying —g(vx, ux, V) C Z,
o

Real matrix J € R X7

Then:

x € Xe:g(x,up,v) =y, ve V CXe=X.NcY, C21]
{ g(x, ug, y ;

Y=+ ez o1l -I,X-v)

@ Generalized intersection: less conservative

Selection of J

@ J=mid(J)
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Systems with nonlinear measurement and invariants

Update: First-order Taylor extension

Update step (first-order Taylor extension, CZ)
@ Nonlinear mapping g : R” x R x R" — R is of class C2
@ Constrained zonotopes X, V/, choose one -, — (<, ) € OX, x OV 2027
@ Interval matrices QM4 D Hzgq(D)_(k,uk,DV), Qldl D GTQldg, Lg,: 2 (cz 77Z)TQ[‘7]
&G G, A Db
Then:

{xeXe:gxu,v)=y,ve V}IC X, = X, nc Y, C2V/g(veu,n)

Y = (y — g(¥ ux, W) + Vng(’Yx, Ui, Yo )7 + V\Tg(')’m U, M) W)
@ (—V g(v u, W)V) @ (—R)

R=¢a[G Gy]Boo(A,b) ®<(L, (c; —7z) & 2G,Boo (A, b))

@ Generalized intersection: less conservative

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 22



Systems with nonlinear measurement and invariants

Consistency step

Consistency step (mean value extension, CZ)

@ Nonlinear mapping h : R” — R is of class C1
@ Constrained zonotope )AQ, choose one ~, © ,X/\
@ Real matrix J € RXn
Then: {xe X :h(x)=0}C X, =X, pH, D2]
H = (Jyx —h(v)) @ <a(J — 3, X —v)

Consistency step (first-order Taylor extension, CZ)

@ Nonlinear mapping h : R” — R is of class C2

@ Constrained zonotope X, choose one Ix € X

@ Interval matrices Q9 D H,he(OX,), Q9 D GTQlAG,, Ly D (cx — vx)TQlY
0 &G, G, A b

Then: {x€ X, :h(x) =0} C X, =X, np H, D=V]h(7)
H = (VI h(7:)7x — h(x)) @ (—R)
R=€®[G Gy]Boo(A,b) ® a(L, (cx — ¥x) ® 2GxBoo(Ax, bx))

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 23




Systems with nonlinear measurement and invariants Numerical examples

Example 1: nonlinear measuremen

System equations: nonlinear dynamics and measurement
2
k= 3% 4 X{k—1  Ax1 k—1X2 k-1 gy
1,k = 3X1,k—1 — - 1,k—1
7 4 + X1,k—1
3X1,k—1X2,k—1
Xk = —2Xp k—1 + ———"—— + Wy k_1
44 X1 k—1
. X2, k
Y1,k = X1,k — SN 5 + vik
Y2,k = —X1,k%0 k + X0k + Vo k
Known bounds
- 05 1 —05 5 Set complexity
X — . 5]
0 { |:0.5 0.5 0 ] [0.5} } @ 8 generators

@ 3 constraints

[willoo < 0.4, |[villoc < 0.4
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Systems with nonlinear measurement and invariants

Numerical examples

Example 1: nonlinear measurement

COzmv  MzFO [@czmv [ CzFO
. k=0 . k=1 . k=2 . k=3
2 2 2 2
0 / ™
o - 0 0 0
-2 0 l -2 -2 -2
0.6
-4 3 S [} -4 -4
-40 0, 4 30 0, 40 0 0, 40 o 0, 40
10 0 ZMV 4 ZFO 0 CZMV o CZFO
8 6
0.52 ZMV: 30.5 ms
o 6 4 ZFO: 47.4 ms
El 0.48 A A CZMV: 65.3 ms
8 2 VAL VY CZFO: 72.2
c 4 . 0.44 \ s fe.ems
0 S
1 3 5 7
2q 80 \ 90 100
0 P, ; ; st )
0 10 20 30 40 50 60 70 80 90 100
K

Brenner S. Rego
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Systems with nonlinear measurement and invariants Numerical examples

Example 2: nonlinear measurement and invariants

Attitude estimation using quaternions [Teixeira et al., 2009, Lefferts et al., 1982]

Ts sin(p(uk, wg))
Xk = (COS(P(Uka))h — = Qug, W) | Xk, [Xkllo =1
2 p(uk, wy)
1 2
yi = (Cx)rM, Clxi)r?) + v
T 0 i3k —ly Ok
2 sy 2 | =ik 0 i k| ooa
Plui,wi) = —[likll2, (u, wi) = AP g gy | 0 T Uk~ W
—Ulk  —lx —l3k 0
> 2 _ .2 2 5 2 -
W R W W Y (x1, k%2, k + X3, kX4, k) (x1, k%3, — X2,k%a,k)
. 2 2 2 2
Clxg) = | 20a,k%2,k = X3,k%a,k) =X, T = X5, % & 206 kX k +22,k3,6) |
2(x1, kX3, k + X2, kX4, k) 2(—x1,kXa,k + X2,kX3,k) —Xik —X227k+><32,k+><f,k
Wepog”, =107

Known bounds

Set complexity

Xo=1{0.1815,[0100]" }, X = {I5,0}

@ 12 generators

IWilloo < 31073, |lvilloo < 0.15 @ 5 constraints
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Numerical examples

Systems with nonlinear measurement and invariants

Example 2: nonlinear measurement and invariants

081 . zFo o ZFO+F
4 CZFO  + CZFO4C
CZFO+F - CZFO+FC

o ZMV o ZMV+F
» CZMV v CZMV+C
CZMV+F « CZMV+FC

“Wﬁwﬁ

20 40 60 80 100 120 140 160 180 2
k

Average radius ratio  Average execution time

CZMV+C/ZMV+F 6.71% 122.2%
CZFO+C/ZFO+F 5.12% 110.5%

Feb 25th, 2022 27
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Overview and future work

Outline

@ Overview and future work
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Overview and future work

Overview and future work

Overview

@ State estimation of systems with nonlinear dynamics
@ Nonlinear prediction step usinc CZs

@ Mean value extension (CZMV)
@ First-order Taylor extension (CZFO)

@ State estimation of systems with nonlinear measurement and invariants
@ Nonlinear update step using CZs
@ Consistency step using CZs

@ Mean value extension (CZMV+-C)
o First-order Taylor extension (CZFO+C)

@ More accurate bounds in comparison to zonotopes

Future work
@ Reduce computational times

@ Alternatives to mean value theorem and first-order Taylor expansion

Brenner S. Rego Interval Methods in Control
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