
Set-based State Estimation of Nonlinear
Discrete-time Systems Using Constrained

Zonotopes

Brenner Santana Rego

Graduate Program in Electrical Engineering - PPGEE
Federal University of Minas Gerais - UFMG, Brazil

International Online Seminar on Interval Methods in Control Engineering - Feb 25th, 2022

Supervisor: Prof. Guilherme Vianna Raffo (UFMG, Brazil)

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 1



Outline

1 Introduction

2 State estimation of systems with nonlinear dynamics

3 Systems with nonlinear measurement and invariants

4 Overview and future work

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 2



Introduction

Outline

1 Introduction

2 State estimation of systems with nonlinear dynamics

3 Systems with nonlinear measurement and invariants

4 Overview and future work

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 3



Introduction

Set-based state estimation [Alamo et al., 2005]
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Introduction

Zonotopes [Kühn, 1998]

Zonotope

Z , {c + Gξ : ‖ξ‖∞ ≤ 1}
= {G, c}

c→ center
G→ generators

‖ξ‖∞ ≤ 1

c + Gξ

Operations
Linear mapping

RZ , {Rz : z ∈ Z} = {RGz , Rcz}

Minkowski sum
Z ⊕W , {z + w : z ∈ Z , w ∈W} = {[Gz Gw ], cz + cw}

Intersection: not a zonotope!
Conservative intersection with strips [Alamo et al., 2005, Bravo et al., 2006,
Alamo et al., 2008]
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Introduction

Constrained zonotopes [Scott et al., 2016]

Constrained zonotope

Z , {c + Gξ : ‖ξ‖∞ ≤ 1, Aξ = b}
= {G, c, A, b}

c→ center G→ generators
Aξ = b→ constraints

c + Gξ

‖ξ‖∞ ≤ 1
Aξ = b

Operations
Linear mapping

RZ , {Rz : z ∈ Z} = {RGz , Rcz , Az , bz}

Minkowski sum

Z ⊕W , {z + w : z ∈ Z , w ∈W} =
{[

Gz Gw
]

, cz + cw ,

[
Az 0
0 Aw

]
,

[
bz
bw

]}
Generalized intersection

Z ∩R Y , {z ∈ Z : Rz ∈ Y } =

{[
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]
, cz ,

[
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0 Ay

RGz −Gy

]
,

[
bz
by

cy − Rcz
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Introduction

Linear state estimation [Scott et al., 2016]

xk = Axk−1 + Buuk−1 + Bw wk−1, yk = Cxk + Duuk + Dv vk

wk−1 ∈W , vk ∈ V

Prediction step

X̄k = AX̂k−1 ⊕ Buuk−1 ⊕ Bw W

Linear mapping
Minkowski sum

X̂k−1
X̄k

W

Update step

X̂k = X̄k ∩C ((yk −Duuk )⊕ (−Dv V ))

Generalized intersection

X̄k

V

X̂k

yk
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Introduction

Complexity reduction

Complexity increase
Set operations increase the number of generators (and constraints)
Enclose a zonotope (constrained zonotope) by another one with lower complexity

Zonotopes
Generator reduction (G)
Various methods [Combastel, 2003, Girard, 2005, Althoff et al., 2010, Yang and
Scott, 2018]
Relatively low cost

Constrained zonotopes
Generator reduction (G): requires lifting → higher dimensional set
Constraint elimination (Aξ = b) [Scott et al., 2016]
Relatively high cost
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Problem formulation and algorithm

Discrete-time Systems with Nonlinear Dynamics

xk = f(xk−1, uk−1, wk−1)
yk = Cxk + Duuk + Dv vk

Bounds (convex polytopic sets)
wk ∈Wk vk ∈ Vk x0 ∈ X̄0

Prediction-update algorithm

Prediction step: X̄k ⊇ {f(xk−1, uk−1, wk−1) : xk−1 ∈ X̂k−1, wk−1 ∈Wk−1}

Update step: X̂k ⊇ {xk ∈ X̄k : Cxk + Duuk + Dv vk = yk , vk ∈ Vk}

Published in
[Rego et al., 2020a] Rego, B. S., Raffo, G. V., Scott, J. K., & Raimondo, D. M. (2020a). Guaranteed methods
based on constrained zonotopes for set-valued state estimation of nonlinear discrete-time systems. Automatica,
111, 108614.
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Mean value extension (CZMV)

First proposal
Mean Value Theorem
Zonotopes [Alamo et al., 2005] → Constrained zonotopes

f : Rn × Rnw → Rn continuously differentiable
X ⊂ Rn and W ⊂ Rnw constrained zonotopes
Approximation point γx ∈ X
Interval matrix Jx ⊇ ∇T

x f(X , W )
For any (x, w) ∈ X ×W , there exist Ĵx ∈ Jx such that

f(x, w) = f(γx , w) + Ĵx (x− γx )

Implication

f(x, w) ∈ f(γx , w)⊕ Jx (X − γx )︸ ︷︷ ︸
How to calculate?
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Mean value extension (CZMV)

New operator
Zonotope inclusion [Alamo et al., 2005] → CZ-inclusion

CZ-inclusion
Constrained zonotope Z = {G, c, A, b}, interval matrix J
Zonotope Z̄ = {Ḡ, c̄} ⊇ Z

Then:
JX ⊆ /(J, X) , mid(J)X ⊕ PBn

∞

Pii =
1
2
diam(mi ) +

1
2

n̄g∑
j=1

n∑
k=1

diam(Jik )|M̄kj |, m ⊇ (J−mid(J))c̄

Proposal
Z̄ ⊇ Z obtained by eliminating the constraints in Z [Scott et al., 2016]
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Mean value extension (CZMV)

Prediction step (mean value extension, CZ)
Let f : Rn × Rnu × Rnw → Rn be of class C1

Constrained zonotopes X̂k−1 and W , choose a γx ∈ X̂k−1

Constrained zonotope Zw satisfying f(γx , uk−1, W ) ⊆ Zw

Interval matrix Jx satisfying ∇T
x f(X̂k−1, uk−1, W ) ⊆ Jx

Then:
f(X̂k−1, uk−1, W ) ⊆ Zw ⊕ /

(
Jx , X̂k−1 − γx

)
= X̄k

Enclosure X̄k is a constrained zonotope

Update step (linear)

X̂k = X̄k ∩C ((yk −Duuk )⊕ (−Dv V ))
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

First-order Taylor extension (CZFO)

Second proposal
First order Taylor expansion
Zonotopes [Combastel, 2005] → Constrained zonotopes

Prediction step (first-order Taylor extension, CZ)
Let f : Rn × Rnu × Rnw → Rn be of class C2

Constrained zonotope Z = X̂k−1 ×W = {G, c, A, b} ⊂ Rn+nw

Choose (γx , γw ) = γz ∈ Z
Interval matrices Q[q] ⊇ Hz fq(X̂k−1, uk−1, W ), Q̃[q] ⊇ GT Q[q]G, Lq,: ⊇ (c− γz )T Q[q]

c̃, G̃, G̃v, Ã, b̃
Then:

f(X̂k−1, uk−1, W ) ⊆ f(γx , uk−1, γw )⊕∇T
z f(γx , uk−1, γw )(Z − γz )⊕ R = X̄k

R = c̃⊕ [G̃ G̃v]B∞(Ã, b̃)⊕ /(L, (c− γz )⊕ 2GB∞(A, b))

Enclosure X̄k is a constrained zonotope, X̂k = X̄k ∩C ((yk −Duuk )⊕ (−Dv V ))

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 14



State estimation of systems with nonlinear dynamics Nonlinear state estimation

Selection of approximation point

Mean value extension
Zonotope {Ḡ, c̄} ⊇ X̂k−1 − γx in /(Jx , X̂k−1 − γx )

Optimal choice: min ‖diam(Jx − diam(Jx )c̄)‖1 (linear programming)

First-order Taylor extension

γz as close as possible to the center of Z
When cz /∈ Z : Move the center of Z to a γ̄z ∈ Z (equivalent
CG-rep, linear programming)

cz

Z

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 15



State estimation of systems with nonlinear dynamics Nonlinear state estimation

Example: Quadrotor UAV

System equations
ẋ = u0
ẏ = v0
ż = w0

u̇0 =
1
m

(cosψ sin θ cosφ + sinψ sinφ)U1 +
1
m

Dx

v̇0 =
1
m

(sinψ sin θ cosφ− cosψ sinφ)U1 +
1
m

Dy

ẇ0 = −g +
1
m

(cos θ cosφ)U1 +
1
m

Dz

φ̇ = p + q sinφ tan θ + r cosφ tan θ,

θ̇ = q cosφ− r sinφ

ψ̇ = q sinφ sec θ + r cosφ sec θ,

ṗ =
Iyy − Izz

Ixx
qr +

l
Ixx

U2

q̇ =
Izz − Ixx

Iyy
pr +

l
Iyy

U3

ṙ =
Ixx − Iyy

Izz
pq +

1
Izz

U4

Measurement
Sensor Variables Noise bounds
GPS {x, y} ±0.15m

Barometer {z} ±0.51m

IMU {φ, θ, ψ} ±2.618·10−3 rad
{p, q, r} ±16.558·10−3 rad/s

Bounds

X0 = {G0, 0}, ‖d‖∞ ≤ 1

G0 = diag
(
2, 2, 2, 1, 1, 1,

π

6
,
π

6
,
π

2
,
π

12
,
π

12
,
π

12

)
Complexity

40 generators
12 constraints
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State estimation of systems with nonlinear dynamics Nonlinear state estimation

Results: Quadrotor UAV
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Systems with nonlinear measurement and invariants

Outline

1 Introduction

2 State estimation of systems with nonlinear dynamics

3 Systems with nonlinear measurement and invariants

4 Overview and future work
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Systems with nonlinear measurement and invariants

Problem formulation

Discrete-time Systems with Nonlinear Measurement and Invariants

xk = f(xk−1, uk−1, wk−1)
yk = g(xk , uk , vk )

Bounds (convex polytopic sets)
x0 ∈ X0 wk ∈Wk vk ∈ Vk

Invariants

h(xk ) = 0, ∀k ≥ 0

Examples
Mechanical systems: holonomic and/or non-holonomic constraints
Attitude estimation: rotation matrices, quaternions

Published in
[Rego et al., 2021d] Rego, B. S., Scott, J. K., Raimondo, D. M., & Raffo, G. V. (2021a). Set-valued state
estimation of nonlinear discrete-time systems with nonlinear invariants based on constrained zonotopes.
Automatica, 129, 109638.
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Systems with nonlinear measurement and invariants

Proposed algorithm

Prediction-update-consistency algorithm

Prediction step: X̄k ⊇ {f(x, uk−1, w) : x ∈ X̂k−1, w ∈Wk−1}

Update step: X̂k ⊇ {x ∈ X̄k : g(x, uk , v) = yk , v ∈ Vk}
Consistency step: X̃k ⊇ {x ∈ X̂k : h(x) = 0}

Prediction step

Based on Rego et al. [2020a], but with (γx , γw ) ∈ �X̃k−1 × �W
Valid enclosures
Allows for more possible approximation points
Can lead to more accurate results

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 20
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Systems with nonlinear measurement and invariants

Update: Mean value extension

Update step (mean value extension, CZ)

Nonlinear mapping g : Rn × Rnu × Rnv → Rny is of class C1

Constrained zonotopes X̄k and V , choose one γx ∈ �X̄k

Constrained zonotope Zv ⊂ Rny satisfying −g(γx , uk , V ) ⊆ Zv

Real matrix J̃ ∈ Rny×n

Then:

{x ∈ X̄k : g(x, uk , v) = y, v ∈ V } ⊆ X̂k = X̄k ∩C Y , C , J̃

Y = (y + J̃γx )⊕ Zv ⊕ /(J̃− J, X̄ − γx )

Generalized intersection: less conservative

Selection of J̃

J̃ = mid(J)

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 21



Systems with nonlinear measurement and invariants

Update: First-order Taylor extension

Update step (first-order Taylor extension, CZ)

Nonlinear mapping g : Rn × Rnu × Rnv → Rny is of class C2

Constrained zonotopes X̄k , V , choose one γz = (γx , γv ) ∈ �X̄k × �V , �Z
Interval matrices Q[q] ⊇ Hz gq(�X̄k , uk ,�V ), Q̃[q] ⊇ GT Q[q]G, Lq,: ⊇ (cz − γz )T Q[q]

c̃, G̃, G̃v, Ã, b̃

Then:

{x ∈ X̄k : g(x, uk , v) = y, v ∈ V } ⊆ X̂k = X̄k ∩C Y , C , ∇T
x g(γx , uk , γv )

Y = (y− g(γx , uk , γv ) +∇T
x g(γx , uk , γv )γx +∇T

v g(γx , uk , γv )γv )

⊕ (−∇T
v g(γx , uk , γv )V )⊕ (−R)

R = c̃⊕ [G̃ G̃v]B∞(Ã, b̃)⊕ /(L, (cz − γz )⊕ 2Gz B∞(Az , bz ))

Generalized intersection: less conservative

Brenner S. Rego Interval Methods in Control Feb 25th, 2022 22



Systems with nonlinear measurement and invariants

Consistency step

Consistency step (mean value extension, CZ)

Nonlinear mapping h : Rn → Rnh is of class C1

Constrained zonotope X̂k , choose one γx ∈ �X̂k

Real matrix J̃ ∈ Rnh×n

Then: {x ∈ X̂k : h(x) = 0} ⊆ X̃k = X̂k ∩D H, D , J̃
H = (J̃γx − h(γx ))⊕ /(J̃− J, X̂ − γx )

Consistency step (first-order Taylor extension, CZ)

Nonlinear mapping h : Rn → Rnh is of class C2

Constrained zonotope X̂k , choose one γx ∈ �X̂k

Interval matrices Q[q] ⊇ Hx hq(�X̄k ), Q̃[q] ⊇ GT
x Q[q]Gx , Lq,: ⊇ (cx − γx )T Q[q]

c̃, G̃, G̃v, Ã, b̃

Then: {x ∈ X̂k : h(x) = 0} ⊆ X̃k = X̂k ∩D H, D = ∇T
x h(γx )

H = (∇T
x h(γx )γx − h(γx ))⊕ (−R)

R = c̃⊕ [G̃ G̃v]B∞(Ã, b̃)⊕ /(L, (cx − γx )⊕ 2Gx B∞(Ax , bx ))
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Systems with nonlinear measurement and invariants Numerical examples

Example 1: nonlinear measurement

System equations: nonlinear dynamics and measurement

x1,k = 3x1,k−1 −
x2
1,k−1

7
−

4x1,k−1x2,k−1
4 + x1,k−1

+ w1,k−1

x2,k = −2x2,k−1 +
3x1,k−1x2,k−1
4 + x1,k−1

+ w2,k−1

y1,k = x1,k − sin
( x2,k

2

)
+ v1,k

y2,k = −x1,kx2,k + x2,k + v2,k

Known bounds

X̄0 =
{[

0.5 1 −0.5
0.5 0.5 0

]
,

[
5
0.5

]}
‖wk‖∞ ≤ 0.4, ‖vk‖∞ ≤ 0.4

Set complexity
8 generators
3 constraints
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Example 1: nonlinear measurement
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Example 2: nonlinear measurement and invariants

Attitude estimation using quaternions [Teixeira et al., 2009, Lefferts et al., 1982]

xk =
(

cos(p(uk , wk ))I4 −
Ts

2
sin(p(uk , wk ))

p(uk , wk )
Ω(uk , wk )

)
xk−1, ‖xk‖2 = 1

yk = (C(xk )r[1], C(xk )r[2]) + vk

p(uk ,wk ) ,
Ts

2
‖ǔk‖2, Ω(uk ,wk ) ,

[
0 ǔ3,k −ǔ2,k ǔ1,k
−ǔ3,k 0 ǔ1,k ǔ2,k
ǔ2,k −ǔ1,k 0 ǔ3,k
−ǔ1,k −ǔ2,k −ǔ3,k 0

]
, ǔk , uk − wk

C(xk ) =

[
x21,k − x22,k − x23,k + x24,k 2(x1,k x2,k + x3,k x4,k ) 2(x1,k x3,k − x2,k x4,k )
2(x1,k x2,k − x3,k x4,k ) −x21,k + x22,k − x23,k + x24,k 2(x1,k x4,k + x2,k x3,k )
2(x1,k x3,k + x2,k x4,k ) 2(−x1,k x4,k + x2,k x3,k ) −x21,k − x22,k + x23,k + x24,k

]
,

r[1] = [1 0 0]T , r[2] = [0 1 0]T

Known bounds

X̄0 =
{
0.18I4, [0 1 0 0]T

}
, XF = {I4, 0}

‖wk‖∞ ≤ 3·10−3, ‖vk‖∞ ≤ 0.15

Set complexity
12 generators
5 constraints
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Example 2: nonlinear measurement and invariants
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Average radius ratio Average execution time
CZMV+C/ZMV+F 6.71% 122.2%
CZFO+C/ZFO+F 5.12% 110.5%
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Overview and future work

Overview
State estimation of systems with nonlinear dynamics

Nonlinear prediction step usinc CZs
Mean value extension (CZMV)
First-order Taylor extension (CZFO)

State estimation of systems with nonlinear measurement and invariants
Nonlinear update step using CZs
Consistency step using CZs

Mean value extension (CZMV+C)
First-order Taylor extension (CZFO+C)

More accurate bounds in comparison to zonotopes

Future work
Reduce computational times
Alternatives to mean value theorem and first-order Taylor expansion
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