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» Physical processes — continuous models
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@ Network : finite bandwidth,
@ Real-time computing : microprocessor latency

—> New challenges for Control Theory
~»  Sampling is not necessarily periodic Hetel et al., 17
~»  Event-based scheduling Tabuada et al., 07
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Introduction

Interval observers
The interval observer provides upper and lower bounds estimates (Gouzé et

al.,00)
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Introduction

Interval observers
The interval observer provides upper and lower bounds estimates (Gouzé et

al.,00)
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Examples of applications of interval observer
» Estimation of biological systems: Gouzé et al.,00; Moisan et al.,09 ...

» Fault detection and diagnosis: Raissi et al.,10; Efimov et al.,11; ...
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Introduction

Interval observer: previous works related to CPS

» Switched systems: Rabehi et al.,17; Briat et al.,17; Ethabet et
al.,18 ...

» Impulsive systems: Dugue et al.,16; Briat et al.,18 ...

» Sampled-data system: Mazenc et al.,15; Efimov et al.,16
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Introduction

Interval observer: previous works related to CPS

» Switched systems: Rabehi et al.,17; Briat et al.,17; Ethabet et
al.,18 ...

» Impulsive systems: Dugue et al.,16; Briat et al.,18 ...

» Sampled-data system: Mazenc et al.,15; Efimov et al.,16

» Interval observers with event-triggered sampling for linear
continuous-time systems

» Co-design of the interval observer gain and the event-triggered
conditions for linear systems
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Outline

0 Positive and hybrid systems

9 Finite L1-gain Event-Triggered Interval observer

e Co-design of the event-triggered mechanism and the
interval observer gain

@ Conclusions
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Problem statement

The system

S, . x(t) = Ax(t) + Bu(t) + Ed(t),
>\ y(t) = Cx(te) + Fd(t), k€N

d(t) € R": the disturbance.
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Problem statement

The system

S, . x(t) = Ax(t) + Bu(t) + Ed(t),
>\ y(t) = Cx(te) + Fd(t), k€N

d(t) € R": the disturbance.

Working assumption

» Assumption 1: Let d,d € R", be given s.t.

Ve >0 d(t) <d(t) < d(t),
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Problem statement

Interval observer

z

Upper -~
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U: input A’[ Plant ] Y. output _
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x Lower
'L bound estimator

X

Figure 1: Interval observer principle - scheme

The interval observer should satisfy

» Inclusion: x(t) < x(t) < X(t),Vt > 0 provided that
x(0) < x(0) <X(0) = Nonnegativity (Positive dynamics)

» Convergence of e = x — x and € = X — x = Stability (Hybrid
systems)
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Outline

0 Positive and hybrid systems
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Background
(o] lele]elele]

Positive (Nonnegative) dynamics

Definition: Monotonicity (Smith, 08)

x = f(x), Vx € D is monotone iif its solution ¢(x(to), t) verifies

Vx1,x0 € D : x1(ty) < xo(ty) = &(x1(tn), t) < d(x2(to), t), Vt > to,
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Background
(o] lele]elele]

Positive (Nonnegative) dynamics

Definition: Monotonicity (Smith, 08)

x = f(x), Vx € D is monotone iif its solution ¢(x(to), t) verifies

Vx1,x0 € D : x1(ty) < xo(ty) = &(x1(tn), t) < d(x2(to), t), Vt > to,

Definitions (Farina et al ,00)

» Metzler matrix M = {A€ R™" | A;; >0, Vi # j}
> Nonnegative matrix N'= {A € R"™*" | A; ; > 0, Vi, };

« + 4 + + +
+ x| EM; |+ + +|EN;

+ o+ = - -

e.g.;
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Background
(o] lele]elele]

Positive (Nonnegative) dynamics

Definition: Monotonicity (Smith, 08)

x = f(x), Vx € D is monotone iif its solution ¢(x(to), t) verifies
Vx1,x0 € D : x1(ty) < xo(ty) = &(x1(tn), t) < d(x2(to), t), Vt > to,

Definitions (Farina et al ,00)

» Metzler matrix M = {A€ R™" | A;; >0, Vi # j}
> Nonnegative matrix N'= {A € R"™*" | A; ; > 0, Vi, };

e.g.;
« + 4 + + +
+ x4+ eM; + 4+ 4| eN;
+ 4+ = + o+ +

Definition: Cooperativity (Hirsch’04)

Definition: Nonnegativity

@ A continuous-time linear system @ A discrete-time linear system
x(t) = Ax(t) is cooperative if x(k 4+ 1) = Ax(k) is nonnegative if
Aec M Ac N
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Background
(e]e] leJelele]

Positive (Nonnegative) dynamics

Change of coordinates: linear continuous-time system

If A¢ M — 3IP for z=Pxst. PAP ! c M.
— 2 = PAP~ 1z is cooperative

Change of coordinates: linear discrete-time system

fAEN — 3T forz=Txst. TAT e N.
— z(k + 1) = TAT ~'z(k) is nonnegative

Examples:

Diagonalization,

Jordan form,

Time-varying transformation (Mazenc et al., 11),
Time-invariant transformation (Raissi et al., 12) .
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Background
(e]e]e] Jelele]

Positive (Nonnegative) dynamics

Internal nonnegativity

@ Continuous case:?
If A¢ M — 3 nonnegative realisation AY = dj + (A — da)*
and AN = AM _ A with dj contains only the diagonal
elements of A.

@ Discrete case:
If A¢ N — 3 nonnegative realisation AT and A~ = AT — A
st. At—A- = A

AT = max{A, 0}

Bamplett: A= [ 2] war= [ 1 Oa = [0 2]

0.8 —0.2 0.8 0 0 0.2
a_ -t 2] w1 0] aw_ [0 2
Example#2: A = [0.8 —0.2} A= [0.8 —0.2}'A - [o o}
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Background
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Hybrid systems

2. x(t) = f(x(t)), x €C,
' x(t7) = g(x(tk)), x€D.
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Background
O0000e00

Hybrid systems

2. x(t) = f(x(t)), x €C,
' x(£7) = g(x(t)), x €D.

Exp: Bouncing ball

_XQ}, C={x:x >0}, @\

0= \
[0
g(x) = _)\XJ , D={x:x =0, x2x <0}.

April 22, 2022

Event-triggered interval observers design
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Background
0000080

Hybrid systems: finite £,-gain stability

x = f(x,d), V(x,d)eC,
x" =g(x,d), V(x,d)eD,
y = h(x, d).

Impulsive system H
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Background
0000080

Hybrid systems: finite £,-gain stability

x = f(x,d), V(x,d)eC,
Impulsive system Y - x" =g(x,d), V(x,d) €D,
y = h(x, d).

Defiition

Given p € [1,+00), system H is finite-gain L, stable from d to y with gain
(upper bounded by) v, > 0 if 38 € R s.t., any solution to H satisfies

[Iylle < BIx(0,0)] +lld]l, (1)

for all d € L;°.
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Background
O00000e

HS : £,-gain stability by using Storage function

Definition (Nesi¢ et al., 13)

Given p € [1,+00), a positive semi-definite continuously differentiable
V:R" — R, is:

@ A finite-gain L, storage function for H if 3 &, vy, vy € R>0, and
Ydg, Vdf € R>o, s.t.,

0 < V(x) < o|x]?, V(x,d) e CUD, (2a)
(VV(x), f(x,d)) < —elh(x, d)|" + var|d|", V(x,d) € C, (2b)
V(g(x,d)) = V(x) < —elh(x, d)|” + vag|d|”, V(x,d) € D. (2c)

@ Moreover, H is finite-gain L, stable, and the gain of the operator d — y
is upper bounded by

Yo = {/max{var, Yag }/ min{Vyr, Vye }-
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L; Event-Triggered Interval Observer
®0000000

Outline

e Finite L;-gain Event-Triggered Interval observer
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L; Event-Triggered Interval Observer
OCe000000

Finite £;-gain Event-Triggered interval observer

Interval observer structure

[ x(t) = Ax(t) + Bu(t) + Ed(t),
* ) y(t) = Cx(t) + Fd(t), k€N

Open-loop estimation:

10, {)'_((t) = A" x(t) — A"X(t) + Bu(t) + ETd(t) — E~d(t) vt e s, 8]

x(t) = AY%(t) — AVx(t) + Bu(t) + E*d(t) — E~d(t)

x(0) € [x(0),x(0)] (3)
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L; Event-Triggered Interval Observer
OCe000000

Finite £;-gain Event-Triggered interval observer

Interval observer structure

X (1)

z(ti—ﬂ

Open-loop estimation:

ZOZ.a .

{5_<(t) = AYx(t) — AX(t) + Bu(t) + E"d(t) — Ed(1) Vt € [tio1, t]

x(t) = AYx(t) — A¥x(t) + Bu(t) + E*d(t) — E~d(t)

where

x(0) € [x(0),x(0)] (3)
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L; Event-Triggered Interval Observer
OCe000000

Finite £;-gain Event-Triggered interval observer

Interval observer structure

-------
..........
....
. "y
*
»
.
.

.
*

[
"
......
"y .*
L »
'''''
------------

Open-loop estimation:

Vt € [tk—1, t]

TO24: {X(t) = AYx(t) — A"x(t) + Bu(t) + E"d(t) — E~d(t)
2.a - Y(t) = AM?(t) — AN&(t) + Bu(t) + E—G—E(t) o E_d(t)

x(0) € [x(0),x(0)] (3)
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L; Event-Triggered Interval Observer
00@00000

Finite £;-gain Event-Triggered interval observer

Interval observer structure

x(ty)
%(th_) *(t) r’-‘
,.le(ti)
[
x(ty_4) x(ty)
At correction:
(x(t7) =(In + LC)"x(tk) — (In + LC) ™ X(tx)
+ (LFY d(t) — (LF) d(te) — Ly(t
T R i U R i O R C R
R(67) =(n + LC)™R(te) — (In + LC) " x(8)
\ + (LF) " d(te) — (LF) " d(t) — Ly(tx)
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L; Event-Triggered Interval Observer
[e]e]e] Jelelele]

Finite £;-gain Event-Triggered interval observer

Interval observer errors (e = x —x, € =X — Xx)

| Egg =MA) Egg} + Eg (1), Vt € [ti-1, t], VK €N
| [ete) (4)
E%g =) Egiﬁﬂ + F(L)w(te), vk € N
where

=[5 e £l vo- (8]

(In—l—LC)jL (lh+LC) | - _ (LF)Jr (LF)~
(b= {(m L) (ot LC)J b= {(LF)— (LF)@ '
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L; Event-Triggered Interval Observer
[e]e]e]e] lelele]

Finite £;-gain Event-Triggered interval observer

The augmented error £ = (e, €).
{ §(t) = M(AE() + Ep(t)  VEECe
£) = M(DE() + F(Lw() Ve € D
With the flow and jump sets
Ce ={(§, ) e R" x RY : [(lp < BlYh}
De ={(&¥) eR" X R™ - [¢]1 = Blla}
where § € R-o.
w(t) = x(t) — x(t) = &(t) + e(t): the width of the estimate,
§(t) = d(t) — d(t) : the width of the feasible domain of uncertainties.
w(t)h = 1€(t)
0(t)[r = [¥(t)h

The L;-gain of the operator b — &, is equivalent to the £;-gain of operator
0 — w.

Djahid RABEHI Event-triggered interval observers design April 22, 2022 20



L; Event-Triggered Interval Observer
[e]e]e]e] lelele]

Finite £;-gain Event-Triggered interval observer

The augmented error £ = (e, €).

" { E(t) = M(A)E(t) + Ey(t)  VEeCe
6(6) = T(L)&(8) + F(L)$(t) V€ € D

With the flow and jump sets
Ce ={(§,¥) ER" xRY : [¢)1 <
De = {(§, %) eR" X R™ : {1 >

where 8 € Ryo.

w(t) = Xx(t) — x(t) = e(t) + e(t): the width of the estimate,

0(t) = d(t) — d(t) : the width of the feasible domain of uncertainties.
w(t)lr = [&(2)]x
6(8)l = |(t)

Ce = {(w,d) e R" xR™ : |w|y
De = {(w,d) e R" x R™ : |w|;
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L; Event-Triggered Interval Observer
00000800

Finite £;-gain Event-Triggered interval observer

Theorem: Event-Triggered Mechanism (ETM) design

Let Assumptions hold. For a given matrix L € R"*",
if IX € RYY, and (e, (D, Vuf, Twe € Rso, Vsr, Vs¢ € R>o and 3 satisfying

M (A + (Yor — Cc)12, <0 (6a)
ETX— (vsr — CcB)lan, <0 (6b)

T (DA =X+ (Yog + Cp)120 <0 (6¢)
FT (DX = (755 + ¢pf)1an, <0 (6d)

then,

@ the system Z(O; is a finite Li-gain interval observer for the system S,.

max{Ys5f,Vsg }

@ the £;-gain from 0 to w is upper bounded by vz, = = el
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L; Event-Triggered Interval Observer
00000800

Finite £;-gain Event-Triggered interval observer

Theorem: Event-Triggered Mechanism (ETM) design

Let Assumptions hold. For a given matrix L € R"*",
if IX € RYY, and (¢, (D, Yuf, Ywg € Rso, Vs, Vsg € R>o and 3 satisfying

M (A + (Yor — Cc)12, <0 (6a)
E" X — (v5r — CcB)lan, <0 (6b)

FT (DX =X+ (Yog + Cp)12, <0 (6¢)
FT (L)X = (vsg + ¢pB)l2n, <0 (6d)

then,

@ the system Z(Q, is a finite £i-gain interval observer for the system Ss.

max{vsf,Vsg }

@ the Li-gain from J to w is upper bounded by ., = T

Proof: Using Linear Copositive Lyapunov function V(&) = £7 .
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L; Event-Triggered Interval Observer
00000800

Finite £;-gain Event-Triggered interval observer

Theorem: Event-Triggered Mechanism (ETM) design

Let Assumptions hold. For a given matrix L € R"*",
if IX € Ry, and Ce, (s Yuf, Yws € R0, 57, 155 € R>0 and f satisfying

M (AN + (Yor — Ce)12n <0 (6a)
E" X\ — (vsr — (cB)Lan, <O (6b)

FT (DA = A+ (Ywg + Cp)12, <0 (6¢)
F' (L)X — (vsg + (pB)l2n, <0 (6d)

then,

@ the system Z(O; is a finite £1-gain interval observer for the system S.

max{vsf,Vsg }

@ the Li-gain from J to w is upper bounded by v., = e

y
This ETM cannot guarantee the existence of Minimum Inter-Event Time. J
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L; Event-Triggered Interval Observer
000000 e0

Finite £;-gain Event-Triggered interval observer

The new dynamic ETM that we propose is similar to Girard, 2015

Cyp = {(w,é, n) ER" xR™ : |w(t)]1 < Bo(t)]1 + ”(t)}
(7)
Dy, = {(%5,77) eR" xR™ |w(t)\1 > 5‘5(1‘)‘1 + (9)}

7 : the state of the following auxiliary scalar dynamical system

0(t) = —an(t) + Blo(t)l1 — |w(t)]x
1(0) = |w(0)lr — B16(0)[x

The initial condition of the auxiliary system is chosen in a way to initialize the

(8)

observer in the flow set C,,.
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L; Event-Triggered Interval Observer
0000000 e

Finite £;-gain Event-Triggered interval observer

Corollary: ETM design guarantees the existence of MIET

Let Assumptions hold. For a given L € R"*™ and 6 € R,
if I € RYY, (e, (D, Yo Ywg: @ B € Rso, Ysr, vsg € Rxo, satisfying

MT(AA+ (=1 + qor — Ce)l2n <0
ETX+ (8 = vsr + CeB)lan, <0 (9a)
—a+(c3 <0
FT(L)A_)‘"F(’ng‘FCD)]bn < 0}
FT(LX = (y5¢ + (pB)l2n, <0
Ysg — Bywe <0 (9c)

then, the system ZO> with the ETM (7)-(8) is a finite £1-gain interval
observer for the system &> guaranteeing the existence of positive MIET.

(9b)

Proof: Using the Lyapunov function W(&,n) = V(&) +1n =" X +n. Then

analyzing the variation of the ratio x(t) = — =0l

in between sampling.
B1o(t)]1+ 20 Ping

Djahid RABEHI
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Event-Triggered and Interval Observer Co-design
®0000000

Outline

e Co-design of the event-triggered mechanism and the
interval observer gain
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Event-Triggered and Interval Observer Co-design
(o] lelelelele]e]

ETM and Interval observer gain Co-design

Estimation error dynamics

{ £(t) = M(A)E(t) + Ey(t) VE € Ce
§(t0) = T(L)8(8) + F(L)w(t) V& € D

[+ LO) (h+LC) ] =, [(LF)* (LF)-
(L) = {(InJrLC)_ (In+LC)+} (L) = {(LF)_ (LF)J '
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Event-Triggered and Interval Observer Co-design
(e]e] lelelelele]

ETM and Interval observer gain Co-design

Nonnegative realization based synthesis

Let G = [I, + LC],
VG, >0,G, >03A > 0sit.

G=G,— G,
= (GT+A)— (G +A).

Example:

Djahid RABEHI Event-triggered interval observers design April 22, 2022 26



Event-Triggered and Interval Observer Co-design
(e]e]e] Jelelele]

ETM and Interval observer gain Co-design

[(Gp, Gn) =T(L) + 1252 ® A where I'(Gp, G,) = [G C
n Gp

Djahid RABEHI Event-triggered interval observers design April 22, 2022



Event-Triggered and Interval Observer Co-design
(e]e]e] Jelelele]

ETM and Interval observer gain Co-design

[(Gp, Gn) =T(L) + 122 ® A where I(G,, G,) = [

{ £(t) = M(A)E(t) + Exp(t) VE € Ce
E(t0) = T(L)E(t) + F(L)p(te) V€ € De

Proposition

xo(k +1) = Apxp(k) (10)

Ap € N and xp € R".
Assume Ap is Schur stable. If 3 Ay, E € N s.t. Ap = Ay + E, then the system

Xd(k +1) = Agxa(k)

satisfies x4(k) < xp(k) Yk € N provided that 0 < x4(0) < xp(0).

\.
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Event-Triggered and Interval Observer Co-design
(e]e]ele] lelele]

ETM and Interval observer gain Co-design

Theorem: Co-design

Let Assumption 1 hold,
if 3L e R™™, G,, G, € RYY", Ry, Ry € RIY™, A € Ry, Ce, (o, Yo,
Vg, O, B E R>o vst, Vs € R>o, satisfying inequalities (9a), (9¢), and the

following
[ (Go G)A = A+ (g + cp)llzn]
Ml <0, 11a
= o o) < (e
Go—G,=1,+LC, (11b)
Ry — R, = LF, (11c)

where F(G,,,G)—[g g] ﬁ(Rp,Rn):[g: g:]

then, the system ZO, with the ETM (7) is a finite £;i-gain interval observer for
the system &> guaranteeing the existence of positive MIET.

y
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Event-Triggered and Interval Observer Co-design
[e]e]ele]e] lele]

Double spring-mass-damper system

The LTI system

0 1 0 0 0 0
_ (katk2) (a+te) ko 2 1 0
A — mq mq mq mq B — mq
0 0 0 1 ’ 0 0|’
ki o _(kotks) _ (c2+c) o L
| my my my my | my
0.1 -0.2
—0.7 0.6 2 0 0 O 0.6 —-0.8
E=lo2 —o02['¢~ [0 0 2 0]  F= {—0.4 0.5}
—-0.5 0.6

Based on the FMINCON solver. For 6 = 2 :
The designed parameters of the ETM (7) are o = 1.3081 and 3 = 3.9244,
The observation gain matrix is

0.4535 0.0558

,_| o 0
~ |0.0528 0.5166
0 0
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Event-Triggered and Interval Observer Co-design
00000080

15 20
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Figure 2: Simulation results: the upper and the lower estimate bounds
for the masses position (x1,x3), and masses velocity (xz, xg).
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Event-Triggered and Interval Observer Co-design

O000000e

45 - T T T T T T T T T

Threshold: /6 + 53],
40 —_— |
width: |w|1

Figure 3: The evolution of the triggering mechanism : (blue) the width
of the state estimate, (black) the threshold for the width.

From the simulation: Vk txi1 — tx > Tmin = 0.0609.
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Conclusions

Conclusions

The following contributions have been proposed

» Design of event-triggered observer that can reduce the occupation
of network in CPS estimation.

» New co-design methodology for the interval observer gain and the
dynamic event-triggered mechanism for LTI systems.
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Conclusions

The following contributions have been proposed

» Design of event-triggered observer that can reduce the occupation
of network in CPS estimation.

» New co-design methodology for the interval observer gain and the
dynamic event-triggered mechanism for LTI systems.

v

» Extend this approaches to nonlinear system, e.g., systems that can
be over-approximated by linear system

» Design of an event-triggered output feedback stabilizing law using
interval observer approaches.
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Thank you !
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