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Linear Parameter Varying 
(LPV) systems

Safety critical system



Linear Parameter-varying (LPV) Discrete-time 
Dynamic Model

𝑥𝑘+1 = 𝐴(𝜃𝑘)𝑥𝑘 + 𝐵(𝜃𝑘)𝑢𝑘 + 𝐸𝑤𝑘

𝑦𝑘 = 𝐶𝑥𝑘 + 𝐹𝑣𝑘
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Polytopic LPV Model
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Figure. 2-DOF bicycle vehicle model.

2

2 2

1

( ) , ( ) , .

1

f r r r f f f

k k k
k k

r r f f r r f f f f

z z k

c c c l c l c
T T T T

m m m
A B C I

c l c l c l c l c l
T T T

I I Iz

  
 



+ −   
− −   

   = = =
   − +
 −  

   



3/15

Fault Detection

– Improve safety and reliability

– Consistency check

• Estimated && observed behaviors

– Uncertainties 

• Modelling uncertainty

• Noise

• Disturbance

Robust Fault Detection

– Set-Membership

– Unknown but bounded uncertainties

– Zonotopic sets 1k+ =

State estimation

Parameter estimation

Passive Approach

– Direct test

– Inverse test

( ) k kk = −r y y

[ , ]k k k  − +y y y

( ) kkk = −r θ θ

ˆ ( , ) [ , ]k k k kk      − +y y y∣

 n T

k k k k kc   =  −   +y y∣

1k k k+ =  
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Set-Membership Approach for State Estimation (for LTI)

– Prediction Step:

Compute the uncertain state set 

– Measurement Step: 

Compute the measurement consistent state set       with the 
measured output 

– Correction Step: 

Compute an outer approximation of the  intersection 
between        and  

( )

( )

sm sm sm

x p p

sm sm

x p

c c y Cc

R I C R F



 

= + −

 = − − 

c

k

ky

2
* : min sm

x F
R

-1

e

k

p

k

k

c

k

e

k

1 ( ) ( )k k k k+ = + +x Α θ x B θ u w

k k k= +y Cx v

Direct Image

Inverse Image

Intersection

,

,

sm sm

p x

sm sm

p x

c Ac Bu

R AR E

− −

−

= +

 =  

p

k

e

k

c

k

p

k

,p sm sm

k p pc R=

,e sm sm

k x xc R=



5/15

( )

( )

1

1

1

1

( )

( )

N
lmi lmi lmi

x p i k i p

i

N
lmi lmi

x i k i p i

i

c c y Cc

R I C R F

  

   

−

=

−

=

= + −

 = − − 





1 ,

1

1 ,

1

( )( )

( )

N
lmi lmi

p i k i x i

i

N
lmi lmi

p i k i x

i

c Ac B u

R A R E

 

 

− − −

=

− −

=

= +

 =  





1 :i iW −= 

1

0

0 0
0

0 0

0 0

x x

x

n n

n

i i i

T T T

i i

T

T

i

I I

I

A W C E W

A C W

E I

W R



−

 
 

  

−  −  
 

 − −
  
  −
 

− 

LMI-based SMA for State Estimation (for LPV)
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Fault Detection by Direct Test
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LPV model for Parameter Estimation
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Set-Membership Approach for Parameter Estimation

min , . .,s t
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LMI-based Set-Membership Approach for Parameter Estimation
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SMA for State Estimation
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k k  =

Fault Detection by Inverse Test
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State Estimation
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Figure. State estimation using classical SMA and LMI-based 
SMA
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Figure. 2-DOF bicycle vehicle model.
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Parameter Estimation

Figure. Parameter estimation using classical SMA and LMI-
based SMA
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Consistency Test

– Additive faults

• Actuator fault

• Input sensor fault

• Output sensor fault

– Multiplicative faults

• 𝐶𝑓 fault

• 𝐼𝑧 fault
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Figure. Input fault detection by direct and inverse test

Figure. Output fault detection by direct and inverse test

Figure. Actuator fault detection by direct and inverse test
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Consistency Test for Additive Fault

– Direct test is effective for all additive 
faults,

– Inverse test is partially valid for additive 
faults.



Consistency Test for Multiplicative Fault

– Direct test is partially effective for 
multiplicative faults,

– Inverse test is valid for all multiplicative 
faults.
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K=1752

K=1602

Figure. 𝑓𝑐𝑓 fault detection by direct and inverse test

Figure. 𝑓𝐼𝑧 fault detection by direct and inverse test



Conclusions

➢ LMI-based state/parameter estimation methods for LPV systems,

➢ LMI-based SMA is a good alternative to the classical SMA,

➢ LMI-based SMA for parameter estimation has kind of low efficiency but high 
response with quick convergence,

➢ Direct test has better performance on additive faults, inverse test has better 
performance on multiplicative faults.

Perspective

➢ Find the minimum detectable fault to describe the detectability,

➢ Research on a switched LPV system to adapt the whole range of parameters.
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