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O Set representation for uncertainty in position domain
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Background: GNSS range-based positioning

Receiver receiving and tracking satellite signals

Position is estimated using range measurements %
under certain satellite geometry

Different error sources
Techniques are developed to cancel, correct, or
reduce the errors -> remaining errors persist
Imperfect correction models
Economical reasons
Special purposes
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Background: GNSS range-based positioning

Receiver receiving and tracking satellite signals

Position is estimated using range measurements % %
under certain satellite geometry * ! %
1
Different error sources H
. 1
Techniques are developed to cancel, correct, or !
reduce the errors -> remaining errors persist !
1
1

Imperfect correction models
Economical reasons
Special purposes

How the interval works: \
Interval to represent uncertainty (bounded error) ->

linear propagation -> bounding state error
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Background: GNSS range-based positioning

Receiver receiving and tracking satellite signals

Position is estimated using range measurements % %
under certain satellite geometry | %
1
Different error sources i
1
Techniques are developed to cancel, correct, or |
reduce the errors -> remaining errors persist !
1
1

Imperfect correction models
Economical reasons
Special purposes

Critical question:

How to assess the uncertainty for remaining systematic
errors as intervals?

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 4
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Background: Error bounding for GNSS integrity monitoring

o Statistics of Mised Distribution (sigma inflation factor = 7.0}
HPL - Horizontal Protection Level t e
VPL - Vertical Protection Level // | R—
Bad Solution o L i
Detected sl 1 7 == i
SAFE FAILURE / N\
" \
\ True Position \\._
VPL \
w \.
O 8 \
3 \
2, l\.
ot / 1
Good Solutioy' x " f [ [ ]
Confirmed I |
SAFE \ Bad Solution wrl P N S \
OPERATION Declared Good R e S SR -
HAZARD! o e

Source: hexagonpositioning.com/autonomous-x/our-approach/integrity

InsideGNSS (2020). Why is bounding GNSS errors under rare or anomalous
conditions important, and what makes it difficult?

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 5
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GNSS error sources and uncertainty budget

Satellite specific effects:

% orbit errors, satellite clock error )

Signal propagation specific effects:

ionospheric error: forming differences, correction models

tropospheric error: correction models

multipath effect: code tracking error, difficult to model in a probabilistic manner
Non-line-of-sight (NLOS): extra path delay due to indirect signal path

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 7
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GNSS error sources and uncertainty budget

Satellite specific effects: J

% orbit errors, satellite clock error

Signal propagation specific effects:

ionospheric error: forming differences, correction models

tropospheric error: correction models
multipath effect: code tracking error, difficult to model in a probabilistic manner

Non-line-of-sight (NLOS): extra path delay due to indirect signal path
v

Clanil) Receiver specific effects:

receiver clock error, hardware delays, antenna effects

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Method of sensitivity analysis for remaining systematic errors
Concept: A forward modeling

empirical correction models are built based on:
corrected by
empirical models

GNSS measurements —— —_— assumptions deviating from reality

approximations with uncertainty

imprecisely known and associated with a range:

constants
parameters
Influence factors:
the overall uncertainty has contributions from all influence factors J

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 8
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Example of remaining tropospheric errors

Tropospheric delay and its correction model

Signal delays caused by the neutral
atmosphere Temperature T[K]

The Saastamoinen correction model

Pressure P[mbar /hPa]

,\ Partial Water Vapor
dzemth Pressure e[mbar /hPa]

lirection

P (Saastamoinen

looking
direction

Height H[km]

Satellite
Elevation

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Example of remaining tropospheric errors

Tropospheric delay and its correction model

Signal delays caused by the neutral
atmosphere Temperature T[K]

The Saastamoinen correction model

Pressure P[mbar /hPa]

,\ Partial Water Vapor
dzemth Pressure e[mbar /hPa]

lirection

P (Saastamoinen

looking
direction

Height H[km]

Satellite
Elevation
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Example of remaining tropospheric errors

. Temperature T}
long-term statistics \

K
)\ Pressure Plmbar/hPa

Helght H[km]

satellte
Elevation
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Example of remaining tropospheric errors

Year of 2022,
climate and troposphere
data from IGS/GFZ

Rosiduals and bounds: Temperature (T), 1502533, POTS, 2020

T

Residuals and bounds: Surface pressure (P), IS02533, POTS, 2020

o B

PlmbarihPa]
[

por 1502533, POTS, 2020

s

 eimbarhPa)

Temperature T
long-term statistics

(residual w.r.t on-
measurements)

K
\
Pressure P[mbar /hPal

Helght H[km]

satellte
Elevation
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Example of remaining tropospheric errors

2, Residuals and bounds: Temperature (T), ISO2533, POTS, 2020 Year of 2022,
climate and troposphere

data from IGS/GFZ

TIKI

Residuals and bounds: Surface pressure (P), IS02533, POTS, 2020

P[mbar/hPa]
B o 03

 elmbarhPa)

Temperature T|K]

long-term statistics
(residual w.r.t on-site
measurements)

3
\

pressure Plmbar/hPal;

.

—_— Sensitivity Analysis for [zPD]
the Saastamoinen model ) remaining

tropo error

Helght Hlkm]

Satellte
Elevation

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 9
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Example of remaining tropospheric errors

y Year of 2022,
” Residuals and bounds: Temperature (), SO2533, POTS, 2020 clmate and troposphere ZPD error, POTS, 2020
2 o data from IGS/GFZ
| = 0.1
=
Rosiduas and bounds: Surtaco prossure (P), 1502533, POTS, 2020 g 0
g" 5]
50 o 01
Ex o
- N.p2
: Water vapor 1502533, POTS, 2020

.3
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
2020

 elmbarhPa)

Temperature T[K]

long-term statistics
(residual w.r.t on-site
measurements)

3
\

pressure Plmbar/hPal;

.

[zPD]

Sensitivity Analysis for e
—_— ; e remainin
the Saastamoinen model 9

tropo error

Helght Hlkm]

Satellte
Elevation

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Method of sensitivity analysis for remaining systematic errors

Influence factors:
model constants
model parameters

auxiliary information

Sources of influence factors:

construction process of the model
expert knowledge or experience
manufacturer’s specification
model’s accuracy evaluations

uncertainties assigned to reference data taken from
handbooks

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 10
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Method of sensitivity analysis for remaining systematic errors

Implementation:

Sensitivity w.r.t influence factors s by partial
differentiation:

dre =0k o = g OTE g Oy,

P T s T s BT Tas 0T s T
=Fds

LE=|F| s

implement via interval arithmetic:

m

[f1 £ [8,8] = D[]+ F(x")

[fi] = F(Pxllx) = £(x*)

with f([x;]|x*) the resulting variation due to [x;] around
f(x*)

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 10
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Envelope bounding models for GNSS multipath error

P e -

[ F—— i

Intervals sufficiently bound the multipath effect ! BeSK() !

. . 1 1

Upper and lower bounds derived from the multipath error ! Narow BPSK(1) !

1

envelope models : SSRD) S

1 delay (chips) :

. . 1

Tracking errors oscillate between the two curves due to ! !

changes in the phase H i

'\\ GPS multipath error envelopes ’,'

P
[
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
\
\N __________________________________________________

[1] Teking et al (2022). Multipath characterization using ray-tracing in urban trenches

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 11
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Envelope bounding models for GNSS multipath error

Trcking e i)
Intervals sufficiently bound the multipath effect Bk

Upper and lower bounds derived from the multipath error Namow BESK(D)

envelope models BPSK0) S

Tracking errors oscillate between the two curves due to
changes in the phase

o o
’
L S —

GPS multipath error envelopes

B e L P L e Pt

’

’

Envelope

model

o e e
T
r

[1] Icking et al (2022). Multipath characterization using ray-tracing in urban trenches

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 11
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Envelope bounding models for GNSS multipath error

Tracking error (chips)

Intervals sufficiently bound the multipath effect

BPSK(1)

Narrow BPSK(1)

Upper and lower bounds derived from the multipath error

Ay
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

o ———————

en\/elope models BPSK(10) R e
Tracking errors oscillate between the two curves due to
changes in the phase

GPS multipath error envelopes /

S R e P e

& (extra path delay from ray tracer)
T, Tonins Dimax

(autocorrelation sidelobe levels)
model d (correlator spacing)
a=f(0,G,R)

(M/D ratio, incidence angle,
antenna gains, reflection
coefficients)

Envelope

e —————————————
N
r

[1] Ieking et al (2022). Multipath characterization using ray-tracing in urban trenches

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 11
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Example result for multipath bounding

Computed multipath error Interval bounds

3 / C P ge error due to { effect by ray tracer and corresp ing interval bounds
I I

I I
| |=—e—PRN13 PRN17 ~—©&-—PRN23
b |—©—PRN14 —@—PRN19 —&-— PRN24

E

) - R G A

IRl Poen

3 H f |

£ : :

g H H

50 3 ]

o H H

e } i

g :

S H

] X H

3 H

3 i

o .
:

2 H
"
-3
A 100

Epochs

Su & Schén, Advances in deterministic approaches for bounding uncertainty
and integrity monitoring of autonomous navigation, ION GNSS+ 2022

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 12
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Error modeling via interval extension of the least-squares estimator

Classical least-squares estimator:

Solving the linearized GNSS observation equation: y = AAx + e, 2
with y being the observation residual, Ax the state of interest
(difference to an initial point xq)

the least-squares estimator: AX = (ATPA)~1ATPy

=0 1
the final estimate: & = xo + AX E.
2
The assumption of normal distribution is violated ->
Remaining systematics exist 4
The confidence interval / confidence ellipse does not reflect 4 2 E[m]o z
the realistic uncertainty.
true position
LSQ solution

Line-of-Sight(LOS)
*+ Stochastic confidence ellipse

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 14
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Error modeling via interval extension of the least-squares estimator

Classical least-squares estimator:

Solving the linearized GNSS observation equation: y = AAx + e,

3L0S
with y being the observation residual, Ax the state of interest 2
(difference to an initial point xg) H g
the least-squares estimator: AX = (ATPA)"1ATPy
the final estimate: X = xo + AX T 0 . 1
z 7
Intervals representing remaining systematic uncertainty [s]
Interval extension of least-squares estimator [1]: 2
X 2 {A%e € R"|A%e = (ATPA) IATP(y — [s])}
= {A%e € R"|ARXg = Ky + KAq - [-1, 1]} 4
with K = (ATPA)1ATP -4 -2 E[m]" 2
Zonotope Z(A%, Kdiag(s)) with center being the classical LS "’ frue positen e e maiing
estimator A% and generators Kdiag(s) ooLsa s‘:‘:‘“ﬁ“‘ws systematics (inerval extension of LS)
+ereees Line-of-Sight(LOS)
[1] Kutterer, H. (1994).Intervallmathematische Behandlung endlicher .
Unscharfen linearer Ausgleichungsmodelle. Beck.

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Satellite positioning as constraints satisfaction

Positioning as constraint satisfaction:

GNSS positioning problem is reformulated as
y = AAx + [e]

AAx<y-—e
—AAx < —y+e

Polytope Pay as the set solution

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 15
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Satellite positioning as constraints satisfaction

Positioning as constraint satisfaction:

GNSS positioning problem is reformulated as
y = AAx + [e]

Abx<y—e
—AAX < —y+ &

Polytope Pax as the set solution

Polytopic set solution as feasible
solution set? inconsistency area?

Ideal situation (noise-free) ->

a zonotope (conditioning symmetric
intervals)

Zonotopic nominal solution as
geometrical confidence.

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Fault detection via constraints satisfaction

Indicator of fault:

Existence of faults result in inconsistency of observations

Inconsistency of intervals (slabs) leads to no intersection
(empty set):

U()/l —le)=0

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 16
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Fault detection via constraints satisfaction

Indicator of fault:
Existence of faults result in inconsistency of observations %

Inconsistency of intervals (slabs) leads to no intersection

(empty set):
U()/l —le)=0

16
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Fault detection via constraints satisfaction

Indicator of fault:

Existence of faults result in inconsistency of observations

Inconsistency of intervals (slabs) leads to no intersection
(empty set):

U()/l —le)=0

FPrTTELLLL

;

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Fault detection via constraints satisfaction

Indicator of fault:

Existence of faults result in inconsistency of observations

Inconsistency of intervals (slabs) leads to no intersection
(empty set):

U()/l —le)=0
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Examples in real world

52°23'24"N

et

52°23'22"N

52°23'20"N

Latitude

52°23'18"N

52°23'16"N

An g

udo

+ dsa eS*lmatq{mngnede
Q Reference trajectory
—UPon(o#m bounding zone

| Conhdence ellipse

Communications

‘o0penSusaMap contibilors |

9°43'E

9°43'05"E
Longitude

9°4310"E

Schén et al (2022). Towards Integrity for GNSS-based urban navigation-challenges and lessons learned

Latitude

Leibniz
Universitat
Hannover

52°23'24"N

52°23'22"N

52°23'20"N

52°23'18"N

52°23'16"N

Communications é @@

Services

C-I Ancs

+ dsa estimates ;/ce
Q Reference trajectory

i —UPonm#m bounding zone
| Conhdence ellipse

Hotel Schlalgut

‘o0pensHdetiiap contmitors|

9°43'E

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Open questions: sensitivity of detection

How to define the sensitivity of detection?

Detection is established (empty set achieved) only when the bias is
sufficiently large
v
v
y

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 18
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Open questions: sensitivity of detection

How to define the sensitivity of detection?

Detection is established (empty set achieved) only when the bias is

sufficiently large

Minimal detectable bias indicates the threshold of achieving empty set )
v
y
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Open questions: sensitivity of detection

How to define the sensitivity of detection?

Detection is established (empty set achieved) only when the bias is
sufficiently large

Minimal detectable bias indicates the threshold of achieving empty set

How to evaluate the sensitivity of detection?

Equivalent to: how to determine Minimal detectable bias?

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022

Bias = 2.00
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Open questions: sensitivity of detection

How to define the sensitivity of detection?

Detection is established (empty set achieved) only when the bias is
sufficiently large
Minimal detectable bias indicates the threshold of achieving empty set

How to evaluate the sensitivity of detection?

Equivalent to: how to determine Minimal detectable bias?

E
=z
)
y
E
=z
y

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Bias = 6.00
-6 4 -2 0 2 4 6
E[m]
Bias = 6.00
-6 4 -2 0 2 4 6
E[m]
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Open questions: sensitivity of detection

Bias = 10.00
4
How to define the sensitivity of detection?
Detection is established (empty set achieved) only when the bias is 2
sufficiently large E
Z
Minimal detectable bias indicates the threshold of achieving empty set ) 0
2
How to evaluate the sensitivity of detection?
-6 4 -2 0 2 4
Equivalent to: how to determine Minimal detectable bias? E[m]
Bias =10.00
4
’ 2
E
=]
-2
-6 4 2 0 2 4 6
‘ E[m]

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 18
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Open questions: sensitivity of detection

Bias = 10.00
4
How to define the sensitivity of detection?
Detection is established (empty set achieved) only when the bias is 2
sufficiently large E
Z
Minimal detectable bias indicates the threshold of achieving empty set ) 0
2
How to evaluate the sensitivity of detection?
-6 4 -2 0 2 4
Equivalent to: how to determine Minimal detectable bias? E[m]
. L Bias = 10.00
Achievement of empty set is highly dependent on geometry 4
Achievement of empty set is associated with individual signals )
2
E
=]
-2
-6 4 2 0 2 4 6
’ E[m]

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 18



P
lfe Institut fiir Erdmessung

Open questions: sensitivity of detection

How to define the sensitivity of detection?

Detection is established (empty set achieved) only when the bias is
sufficiently large

Minimal detectable bias indicates the threshold of achieving empty set

How to evaluate the sensitivity of detection?

Equivalent to: how to determine Minimal detectable bias?
Achievement of empty set is highly dependent on geometry

Achievement of empty set is associated with individual signals

How to enhance the sensitivity of detection?

Equivalent to: how to reduce Minimal detectable bias?
By adjusting interval size? polytope reshaped

Modeling based on physical feature? weighting model established

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022
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Bias = 10.00
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Examples in real world: Enhancing sensitivity of detection

o % Groundtruth ¥ LS estimate Polytope
Examples of weighting models 12
IDEN (identical weighting)
EDM (Elevation-dependent model) £
z
SDM (Signal-strength-dependent model) B.c,
To observe: Can we detect all potential faults?
Su & Schon, Advances in deterministic approaches for bounding uncertainty w,.n's:m@mmm
and integrity monitoring of autonomous navigation, ION GNSS+ 2022 EDM East
14 % Groundtuth % LS estimate Polytope 14 - | % Groundtuth ¥ LS estimate Polytope|
21 *
14 14
* 5
< = As
R
Ry
rnstorche rnstorche
10m 10m
20 ft 201t
IDEN: East SDM: East

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 19
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Open questions: feasible solution set

feasible solution set

A set consisting of all the feasible solutions
of the system of linear inequalities.

Obvious with fault-free assumptions.

Slabs = polytope/zonotope

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 20
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Open questions: feasible solution set

feasible solution set

A set consisting of all the feasible solutions
of the system of linear inequalities.

Obvious with fault-free assumptions.

How to determine in the presence of faults?

The system of linear inequalities no longer
valid.

Slabs = polytope/zonotope
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Open questions: feasible solution set

feasible solution set

A set consisting of all the feasible solutions
of the system of linear inequalities.

Obvious with fault-free assumptions.

How to determine in the presence of faults?

The system of linear inequalities no longer
valid.

g-relaxed intersection - RSIVIA.

Drevelle & Bonnifait (2009). High integrity GNSS location zone
characterization using interval analysis.

Jingyao Su | International Online Seminar on Interval Methods in Control Engineering | 28. Oct. 2022 20
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Open questions: feasible solution set

feasible solution set

A set consisting of all the feasible solutions
of the system of linear inequalities.

Obvious with fault-free assumptions.

How to determine in the presence of faults?

The system of linear inequalities no longer
valid.

g-relaxed intersection - RSIVIA.
Impact of Minimal Detectable Bias?

Drevelle & Bonnifait (2009). High integrity GNSS location zone
characterization using interval analysis.
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Thank you very much for your attention!
Questions?

Jingyao Su [ ]
Institut fiir Erdmessung /
Schneiderberg 50

D-30167 Hannover, Germany
phone +49-511-7624542

fax +49-511-7624006
web http://www.ife.uni- hannover.de Leibniz Universitat Hannover
mail suj@ife.uni-hannover.de Institut fiir Erdmessung
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