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Spectrum of uncertainties

"Unavoidable” [ Aleatory
Uncertainties
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Spectrum of uncertainties

“Lack-of-knowledge" [ Epistemic
Uncertainties
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Spectrum of uncertainties
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Aleatory uncertainties
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e Random variables * Stochastic processes e Random fields
« Random parameters, * Random functions of * Spatially fluctuating
e.g., spring stiffness, time e.g. Excitation properties e.g.
dimension, static time history, Young's modulus,

load earthquake, dynamic Shell thickness

load
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Epistemic uncertainties

= Statistical information often
not available

" e.g. unique structure

= Lack of knowledge
= e.g. few or missing data

= Qualitative information
= e.g. expert judgements

F(X1.X2)
interval map Yz(ﬁ Xa)

X1 Y1(X1,%2)

X2 A
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Parameter Categories

"W _
Epistemic Uncertainty Aleatory Uncertainty
A —

Category | Category Il Categorylll Category IV

Constant, known

*

X
Constant, unknown

X € [ﬁ, E]
Random, known

] |
Interval variables Random,z
unknown
Probability boxes

(Interval on PDF parameters)
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" |ntroduction
= Bayesian Updating
= Likelihood with hybrid uncertainties
= Distribution-free model updating
= Numerical Examples
= DLR AIRMOD
= 2 DOF shear building
= NASA Challenge Problem
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Stochastic Model Updating

= Aleatory uncertainty makes the model output stochastic
= Hypothesis: the scatter shown in experiment is purely aleatory

= Epistemic uncertainty of the model causes discrepancy between
model outputs and observations

= How to increase the fidelity of the model?

= Reduce epistemic uncertainty as much as possible based on the knowledge
gained from observations

Multiple
observations 1 T

>+ Increasing model fidelity

—-
Stochastic /
madel outpl its }

Stochastic Model updating
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Bayesian Model Updating

Motivation

= Epistemic uncertainty as lack of knowledge in modelling physical
quantities
= Uncertain inputs
= Approximate models
= Limited information

= Real data (i.e., experiment) of the physical process available

= “Indirect measure" of the uncertain parameters (i.e., compare experiments
and model outputs)

= How to increase the fidelity of the model?

= How to include the knowledge gained from the experiment in the
Inputs and model?
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Bayesian Model Updating

The goal is to update some prior information about the adjustable parameters © using the
data D, obtaining a distribution for the optimal parameters:

Bayes' Theorem:
likelihood function  prior distribution

posterior PDF

@ ... adjustable parameters
p(@ | ®) 9‘/[) — p(® | e’ M)p(e | M) @ ... experimental data
p(D | M)
M ... model class

evidence (normalizing constant)

Prior PDF:
Expresses the initial knowledge about the ranges of the unknown epistemic parameters, e.qg.:
« uniform distribution (e.g., interval) if only some engineering limits are known

* Gaussian distribution in case information about the mean value with uncertainty is
available

« Other functions: triangular, trapezoidal, etc.
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Bayesian Model Updating

The goal is to update some prior information about the adjustable parameters © using the
data D, obtaining a distribution for the optimal parameters:

Bayes' Theorem:
likelihood function

D H’j‘/l @ | M @ ... adjustable parameters
p( | (@ |);Vl() | ) @ ... experimental data
P

p(0|D,M)=

M ... model class

Likelihood function (marginal distribution):

* Incorporates the information delivered by the data and updates the prior PDF.
* Needs to be adapted to deal with epistemic vs. hybrid uncertainties

« More details later in this talk
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Bayesian Model Updating

The goal is to update some prior information about the adjustable parameters © using the
data D, obtaining a distribution for the optimal parameters:

Bayes' Theorem:

posterior PDF
| p(6| D, M= 2

D | Ha m)p(e | M) j) adjust-able Salr:mteters
... experimental data
p(@| M)

M ... model class

Posterior PDF:

 Combines prior knowledge and data in order to obtain the posterior PDF of the adjustable
parameters.

e It provides the engineer with the information which parameter ranges are more probable
than others.

* Generally impossible to determine closed form solution
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Generation of samples of posterior PDF

p(D| M)

p@|D,M) = p(2]6,20)p(0] M) |:> How can samples of the posterior PDF be generated?

Markov Chains can be used for the generation of samples of a complex distribution.

Possible shapes of posterior PDF:
1. Flat, widespread PDF:
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© Samples from prior distribution
*x Samples from posterior distribution
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Generation of samples of posterior PDF

p(D| M)

p@|D,M) = p(2]6,20)p(0] M) |:> How can samples of the posterior PDF be generated?

Markov Chains can be used for the generation of samples of a complex distribution.

Possible shapes of posterior PDF:
1. Flat, widespread PDF:

2. Peaked PDF, concentrated over
a small parameter range:
Problems: starting point might
be far away (inefficient), region
with high probability mass
might not be identified
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Generation of samples of posterior PDF

p@|D,M) = p(2]6,20)p(0] M) |:> How can samples of the posterior PDF be generated?

p(D| M)

Matteo Broggi

Markov Chains can be used for the generation of samples of a complex distribution.

Possible shapes of posterior PDF:
1. Flat, widespread PDF:

2. Peaked PDF, concentrated over
a small parameter range:

3. Multi-modal PDF
Problems: Low probability that
algorithm identifies multiple
regions with high probability
mass.
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Generation of samples of posterior PDF
Sampling based algorithms

= Transitional Markov Chain Monte Carlo’
= Adaptively constructed Intermediate posteriors

= X-TMCMC?: TMCMC + adaptive meta-model

= Bayesian Updating using Structural Reliability3*

= Reformulation of the updating problem into a reliability problem (subset
simulation)

= BUS with adaptive meta-model for improved numerical efficiency

1. Transitional Markov Chain Monte Carlo method for Bayesian updating, model class selection, and model averaging.
J. Ching and Y.-C. Chen. Journal of Engineering Mechanics, 133:816-832, 2007.

2. X-TMCMC: Adaptive kriging for Bayesian inverse modelling, P. Angelikopoulos, C. Papadimitriou, P. Koumoutsakos,
CMAME, 2015

3. Bayesian Updating with Structural Reliability Method, (D. Straub and |. Papaioannou, Journal of Engineering
Mechanics, Trans. ASCE, 141(3), 2014.

4. Bayesian updating and model class selection with Subset Simulation, FA. DiazDelaO, A. Garbuno-Inigo, S.K. Au, .
Yoshida, CMAME, 2017
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Outline

" |ntroduction
= Bayesian Updating
= Likelihood with hybrid uncertainties
= Distribution-free model updating
= Numerical Examples
= DLR AIRMOD
= 2 DOF shear building
= NASA Challenge Problem
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Epistemic uncertainties only

* The model output is deterministic

 The likelihood incorporates the information delivered by the data
and updates the prior PDF.

* How to evaluate the PDF of experiments when the model is
deterministic?

> Assumption on discrepancies between model output and
experiments

* Source of discrepancies:
* Measurement errors

* Model errors
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Epistemic uncertainties only

 |If the discrepancies between test and analysis are assumed to be
normally distributed, the likelihood function is a Gaussian
distribution.

 Gaussian distribution gives the largest amount of uncertainty
(maximum entropy)

AL | 1 T -1 —
9’ = I | —_— 9 ——. Z_ 9 S
p(@| M) i=1 (Zﬂ)Nm/z‘z‘l/z exp( (y( ) yl) (y( ) yl)j
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Epistemic uncertainties only

 |If the discrepancies between test and analysis are assumed to be
normally distributed, the likelihood function is a Gaussian
distribution.

 Gaussian distribution gives the largest amount of uncertainty
(maximum entropy)

B 1 1 & —\2 No correlation
pD [0, M)= 2 ) )Nm/2 eXpL— 2572 JZ_l:(y(H) _yf) J between data

= |s Gaussian error a good assumption?

= Likelihood can assume different function with different
discrepancy models!
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Epistemic uncertainties only

= Deterministic model output

= (Good representation of experiments x Experiment
Model
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Epistemic uncertainties only

= Deterministic model output

= Poor representation of experiments x Experiment
O Model

e —-3—N—O
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Epistemic and aleatory uncertainties

= The model output Is stochastic
= The likelihood can be exactly evaluated as

Nop
p(@16,M) = | | Al (¥i;0)
=1

= Accurate knowledge of output PDF is required
= E.g.: Kernel density PDF from MC simulation
= Computationaly extermely intensive
= High number of samples for each set of model parameters
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Epistemic and aleatory uncertainties

= Changing the value of the epistemic
parameters changes the distribution
of the output of the model

x Experiment
Model

— f:6))

A

M === IEC- = IS 1) = I e —¢ >
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Epistemic and aleatory uncertainties

= Changing the value of the epistemic
parameters changes the distribution
of the output of the model

x Experiment
Model

— f:6))

A
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Epistemic and aleatory uncertainties

= Changing the value of the epistemic
parameters changes the distribution
of the output of the model

x Experiment
Model

— f:6))

A
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Epistemic and aleatory uncertainties

= Changing the value of the epistemic
parameters changes the distribution
of the output of the model

x Experiment
Model

— f:6))

A
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Approximate Bayesian Computation

= Approximate likelihood

= Synthetize information from both experimental observations and
Input
= Avoid the full estimation of the model output PDF
= Based on combination of the Gaussian likelihood function:

- PL (Yexple) X exp {_ d(Yi,YM(B))Z}

c2

» d -- distance metric, i.e., distance of mean, quantiles, stochastic

distance measures, etc.;

» € -- width factor, controlling the centralization of the resulting

posterior distributions of the inputs.

Matteo Broggi Distribution-Free Bayesian Updating with Hybrid Uncertainties Page 29




/it | Leibniz
SO s
Approximate Bayesian Computation
Stochastic distance metrics

Capture increasing level of uncertainties

R g ) 4 A Bhattachaxyyaﬂ )

Euclidian A distance

\iistance

> )

\ /| Mahalanobis
distance

/ !
>
" . BN Y \w/

Geometrical distance Variance-based Distributional overlap
distance distance
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Approximate Bayesian Computation
Bhattacharyya distance metric

A quantitative and comprehensive comparison metric, not only
focusing on single points but also capable for random samples, Is

required.
[ X11, X125 -, X1m | NgimXm
Ysim € R%sim
X21, X22, ---,XZm
Y = : . :
NexpXm
[ AN1» AN2» =) ANM

Bhattacharyya distance:

dg(Yaata Ysim) = —log [j \/deata (y)fYSim (y)dy
\
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Approximate Bayesian Computation
Bhattacharyya distance

A

Bhattacharyya distance )

jl> Overlap of the

distributions/samples

- /

= A binning algorithm? is utilized to evaluate the Bhattacharyya
distance between two discrete distributions, using their
Probability Mass Functions (PMFs).

Nbin (k) (k)
dB (Ydata ’ Ysim) - - log < =1 \/PMFdataPMFsim>

= Problem: when no overlap is present the distance is infinite
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= Likelihood with hybrid uncertainties
= Distribution-free model updating
= Numerical Examples
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= NASA Challenge Problem
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Distribution-free model updating

= Model updating under hybrid uncertainties
Challenge

= Hypotheses on the distribution families of aleatory inputs;
= Dependence structure among aleatory inputs;
= Updating dynamic systems: very high dimensional observations.

= Enhancement of subjective assumption-free framework

= How to calibrate the PDF of aleatory inputs whose distribution families are
unknown?

= How to calibrate the correlated joint PDF?

= How to incorporate the time dependent observations to update the
dynamic systems?
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Staircase Random Variable (SRV)

= Univariate random variable x, having:
= Bounded support set: Q, = [x,X|;

= First four moments: @ = [u, m,, M3, M,].

» Mg — skewness (= m3/m§/2), fii, - kurtosis (= my/m3)

= Staircase density function

= Piecewise constant function: f,(x) = {li Vx € (x;,xi41), for1 <i <,

0 otherwise
» ny - number of bins

= eg.,Q, =[-1,1],0 = [0.2,0.3,—0.61, 2.0]

fxljlnb =25 . Jilnb = 100 . J "flnb = 200 . J

- 0.5 0 05 1 -1 05 0 03 1 8| .5 i 0.5 1
X X X
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Staircase Density Function
Optimization problem

= Optimization problem on moment matching constraints:
I = argmin{J(I): A(6,n,)l = b(0),0 € 0}

[0
» J(1) - cost function, e.g., maximum entropy;

» © - 0 feasible domain, g;(0) <0,i =1,---,14.

Moment constraints Moment constraints
Mean y; g1 =X — Wi Kurtosis my; Ji0 = —7714im§i
_ = _ 4
= — X 1o 2
92 = Hi — X 911 = 12myyms; — (xi —Ei)
Variance my; | g3 = —my; e ~ 32 ~3/2 z
g12 = \MyMy; — UiMy; — U;jM3ziMmy; (vi —my) + MmziMy;  — UMy

g4 =My — V;
Skewnessiig; | go = m3; — my (; — &i)z — gy, *(u; — x;) Gz = ME;m3; + m3; — fgms;
g6 = T7l3imgi/2(§i — ) — My (%; — p)* + m3;
g7 = 4mj; + msms3; — my;(x; — Ei)z
gs = 6\/§ﬁi3im3i/2 — (% — Ei)3

~3/2  (— 3
9o = _6\/§m3im2i/ - (% —x;)
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Staircase Density Function
lllustrations

2

= Q. =10,2], 8 =[1.0,0.33,0,1.8]

15} - » Uniform distribution
o = O, =1[0,2],0 =1[0.57,0.10,0.59, 2.86]
» Beta distribution (left skewed)
=l = O, =1[0,2],0 =[1.0,0.42 0.42,1.37]
; | | | » Bi-modal distribution
0 0.5 1 1.5 2

= Approximates a wide range of density shapes
= e.g., very skewed orfand multi-modal distributions

= Allows to characterize aleatory inputs whose distribution families
are unknown
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Distribution-free Model Updating

= Given a support set ()., the initial knowledge of 0 is expressed by
Intervals satisfying the moment constraints:

ue€|x x|, m; € [0' (E_f)zl, ms € [— (f_f)s,(f"ff], m, € [0,_@3)4

= eg., Q, =]|-5,5]
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Distribution-free Model Updating

= Given a support set ()., the initial knowledge of 0 is expressed by
Intervals satisfying the moment constraints:

m, € [_ E2)' ) ] s € [0, =)

(F-—x)°
4

U € [K,E], m, € [O,

= eg. Q, =[-55] Bayesian updating
xobs"’N(OJ 1)

0.4
0.35

0.25
0.2

0.4 0.15

05 0.1
0.05
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Distribution-free Model Updating

= Given a support set ()., the initial knowledge of 0 is expressed by
Intervals satisfying the moment constraints:

m, € [_ E2)' ) ] s € [0, =)

(F-—x)°
4

U € [K,E], m, € [O,

= eg. Q, =[-55] Bayesian updating
xobs"’N(OJ 1)

1
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= Bayesian Updating
= Likelihood with hybrid uncertainties
= Distribution-free model updating
= Numerical Examples
= DLR AIRMOD
= 2 DOF shear building
= NASA Challenge Problem
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Numerical Example

DLR-AIRMOD

- Replica of GARTEUR SM-AG19 benchmark
structure
* 2m wingspan, 1.5m length, 0.46m
height, 44kg weight
 Disassembled and reassembled 130
times (86 tests usable)
- Excited with random signal in the

frequency 0-400 Hz
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Numerical Example

DLR-AIRMOD

- Numerical model

Matteo Broggi

Modeled in MSC.NASTRAN

3136 grid points

1446 solid elements (CHEXA, CPENTA)
for the main aluminium structure

561 CELAS1 for joints modeling

73 concentrated mass for cables,
Instrumentation

Distribution-Free Bayesian Updating with Hybrid Uncertainties
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Numerical Example

Leibniz

Universitat
Hannover

Patran 2010.1.2 (MD Enabled) 20-May-16 14:63:13 \
dynitude. (NON-LAYERED)

Fringe: Untitled SC1. Mode b:Freq =0 82441. Eigenvectors, Translational. M
Deform: Untitied SC1. Mode 5:Freq.=0.82441, Eigenvectors, Translational,

-

Patran 2010.1.2 (MD Enabled) 20-May-16 14:64:04
Fringe: Untitled SC1. Mode 7:Freq =5 6548, Eigenvectors, Translational, Magfjitude, (NON-LAYERED)
Deform: Untitled SC1. Mode 7:Freq.=6 6548, Eigenvectors, Translational,

Patran 2010.1.2 (MD Enabled) 20-May-15 14:65:02
Fringe: Untitled SC1. Mode 9:Freq=33 376. Eigenvectors. Translational. Magfjitude. (NON-LAYERED)
Deform: Untitled SC1. Mode 9:Freq.=33 376, Eigenvectors, Translational,

=

Patran 2010.1 2 (MD Enabled) 20-May-16 14:68:28
Fringe: Untitled. SC1. Mode 16:Freq.=68.435, Eigenvectors, Translational, Magnitude, (NON-LAYERED)
Deform: Untitied SC1. Mode 16:Freq =68.436, Eigenvectors, Translational.

Matteo Broggi Distribution-Free Bayesian Updating with Hybrid Uncertainties
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Numerical Example

Uncertain inputs
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i 2
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toe: 4 [ Hannover

Type Location Description Init. val. Unit
fipr  Soffness Front bungee cord Support stiffness 1.80E+03 N/m?
flgz  Stffness Rear bungee cord Support stiffness 7.50E+03 N/m?
flnz  Stiffness VTP/HTP joint Sensor cable - y dir” 1.30E+ 02 N/m
e Stffness Wing/fuselage joint Sensor cable - y dir” (top) 7.00E+01 N/m
Bps  Stffness Wing/fuselage joint Sensor cable - y dir" (bott™) 7.00E+01 N/m
Bpe  Stffness VTP/HTP joint Joint stiffness - x, y dir™ 1.00E+07 N/m
fny  Soffness VTP/HTP joint Joint stiffness - z dir” 1.00E+09 N/m
flog  Mass VTPR/HTP joint Sensor cables 2.00E-01 ke
flag  Mass Wingtip right wing Screws and glue 1.86E-01 kg
fin  Mass Wingtip left wing Screws and glue 1.86E-01 kg
1 Mass Wingtip left/right Sensor cables on wings 1.50E-02 kg
fy  Mass Cut” wing left/right Sensor cables on wings 1.50E-02 kg
iy Mass Inn’ wing left/right Sensor cables on wings 1.50E-02 ke
tha  Sdffness Wing/fuselage joint Joint stiffness — x dir” 2.00E+07 N/m
ts  Sdffness Wing/fuselage joint Joint stiffness - y dir® 2.00E+07 N/m
the  Stffness Wing/fuselage joint Joint stiffness — z dir™ 7.00E+06 N/m
7 Stffness VTP/fuselage joint Joint stiffness — x dir” 5.00E+07 N/m
fe  Stffness VTP/fuselage joint Joint stiffness - y dir” 1.00E +07 N/m
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Numerical Example
Computational aspects

= Bayesian updating compared to interval

field updating . treq7: R’=0.992 (validation) _
= Full finite element analysis ~10s ) Bl oy '
= Optimization algorithm + NN for Interval gzl:j:
Field o ™ i O
= Particle swarm optimization in 32- RAELEE S A
dimensional space [ ieamods L
= TMCMC + NN for Bayesian Updating o [ I I
= TMCMC with 500 samples, 29 steps to - P |
convergence

Target
= Two analyses:

= Full experimental data set — 86
experiments

= Reduced experimental data set - 5
experiments
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102
tog 4

Numerical Example
Results = Full experimental data set

0.68
fo [Hz] 0.64

0'k8
f [H2] 0.84
0.8

Interval model
Bayesian model
Measurement data

fy [Hz] 22

[ 19

f:, [H;] 5.52

orgt

IR f=

¥

L

‘EII
: =

44
Jio [Hz] 439

47.2
f11 [HZ.] 46.8
46.4

fiz [Hz] 52

LS

3

J

IREIRERTEOE

U] 220
f.() [H"] 218
216

el
=
&
o Ll
o o o=
R bo
3 . = N ] * a1 e g . B . .
>' . ! i: ‘,'. : : Y 1 | 1 . <
4“" 7 o '/ ol B J 'f S 3 b e o & %o

Matteo Broggi

Al

0.88
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Numerical Example
Results = Full experimental data set

1
2.5 F 10.9
10.8
21 10.7
Sy 0.6
o)
2 15)
— 0.5
g
S 0.4
Z 1! :
0.3
0.5} 0.2
0.1
O L 1 1 1 1 1 L L
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18

(]
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Numerical Example
Results — Reduced data set

Matteo Broggi

0.64 | 3
0.6f 1
fs [H2) o g [ RS

f» [H2]

22| &
Ja[Hz] 2.1 | ML) &
o | T

.f:l [HZ] r e | "");“—'
Q.0 | 3 T

14.9 |
o l12] s | B

fr [Hz] 319 [ ] 9

Bayesian model
Interval model

+ Measurement data

-

;

< A K J B 1K 2 ) ‘N b
g |5 xR ol W ol e ; . o | T N
R S AT M e P 50 . SO o - ¥
A T g i i Josia. & 3 o™ " ]
B i AR - B > v i . =* 4 -
’ R -‘:‘;: ﬁé ‘Q ‘ i i : ‘*{; .
e o o g 3 5 O 5 e : <3 e, 28 UV ¢ 0
¢ . - : - - 3 ; . = -
g ! . T o & 2 . ¢

r e ¥ A U -ft’ o
: o . %l . 9
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e A o B

3
2
G
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Outline

ac~

" |ntroduction
= Bayesian Updating
= Likelihood with hybrid uncertainties
= Distribution-free model updating
= Numerical Examples
= DLR AIRMOD
= 2 DOF shear building
= NASA Challenge Problem
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2-DOF Shear Building Example

= A simple engineering application originally introduced by Beck
and Au (2002)

m2 = m,; = 16.531 x 103 kg, m, = 16.131 x 103 kg
k _ _
’—’3\'\NJ - kl = kxl, kz — sz
- > k —nominal value (= 29.7 x 10° N/m)
M > X1, X, — epistemic inputs to be updated

[I777777777777777777777

= First two natural frequencies f;, f» are the observed features used
In Bayesian updating.
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2-DOF Shear Building Example

Problem setting

Beck and Au (2002)

Epistemic
Inputs:
X1:X2

Prior PDF: Observed data:
Lognormal fi = 3.13 Hz,
MPVs: [1.3,0.8], £, = 9.83 Hz

Unit SDs

Matteo Broggi

K

f { | Leibniz
i 0] £ Universitat
toe: 4 [ Hannover

1.5
|
057
0 L L L 1
0 0.5 1.5 2 25 3
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2-DOF Shear Building Example

Problem setting

~ | Epistemic  Prior PDF: Observed data:

§ inputs: Lognormal fi = 3.13 Hz,

T [ xxe MPVs: [1.3,0.8], £, =9.83 Hz

< Unit SDs

©

-

©

=

o

(a'a]
Aleatory Prior PDF: Observed data:
inputs: x; € [0, 3.0], 100 pairs of

o | XXz x, € [0, 1.5] (f1, f>) obtained

S | Epistemic by assigning the

S |inputs: posterior PDF in

| g, my, Beck and Au
{ﬁl3i, TT’l4i} (2002) to X1, X9
i=1,2

Matteo Broggi

Z2

1.5

057

f { | Leibniz
i 0] £ Universitat
toe: 4 [ Hannover

Non-unique solutions

=

% Initial model outputs| |
* Observations

Distribution-Free Bayesian Updating with Hybrid Uncertainties
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2-DOF Shear Building Example

Two-step deterministic/stochastic approach

Support sets of the inputs
[xi,?c"i], i=1..n

Generate MC samples of the inputs x/, and
evaluate corresponding model output y/,j = 1... Nyc

|

|

|

|

| I

| - =

[ Compute dj; = {d,]s(Yobs,yJ),] = ...NMC}
|

l l
|

|

|

|

|

|

|

|

|

|

|
|
|
|
|
|
|
|
|
|
|
Update x by TMCMC using |
|
|
|
|
|
|
|
|

Euclidian distance-based likelihood

Identify possible solutions and divide the support sets
into appropriate sub-intervals
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2-DOF Shear Building Example

Two-step deterministic/stochastic approach

Support sets of the inputs A

7 . Euclidian
[ﬁ,xi], i=1..n

distance

Generate MC samples of the inputs x/, and
evaluate corresponding model output y/,j = 1 ... Ny

I
Compute d = {dé(\_(obs,yj),j =1l ...NMC}

I

|
|
|
|
|
|
|
|
|
|
|
Update x by TMCMC using | \ /
[
|
|
|
|
|
|
|

Euclidian distance-based likelihood

Identify possible solutions and divide the support sets
into appropriate sub-intervals
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2-DOF Shear Building Example

Two-step deterministic/stochastic approach

1.5

Support sets of the inputs A

_7 . Euclidian
[ﬁ,xi], i=1..n

distance

Generate MC samples of the inputs x/, and
evaluate corresponding model output y/,j = 1 ... Ny

I
Compute dp = {dé(\_(obs,yj),j =il ...NMC}

| |
| |
| |
| |
| |
| |
| |
| |
| |
| l :
: Update x by TMCMC using | \ / s
| |
| |
| |
| |
| |
| |
| |
| |

)

0.5

Euclidian distance-based likelihood

T
Identify possible solutions and divide the support sets

into appropriate sub-intervals
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2-DOF Shear Building Example

Two-step deterministic/stochastic approach

Support sets of the inputs /_ —
}fp _] 1 i A Euclidian
Xp Xt =211 distance
M : _""",""": \«
: Generate MC samples of the input.s x/, and |
I evaluate corresponding model output y/,j = 1 ... Nyc |
| |
. | |
| Compute dj; = {dE(YobS,y Wi i ...NMC} |
| |
| l |
|

| |
| Update x by TMCMC using | \ /
| Euclidian distance-based likelihood |
| |
| |
| |

|
: Identify possible solutions and divide the support sets |
| into appropriate sub-intervals |
| |
L |

Matteo Broggi Distribution-Free Bayesian Updating with Hybrid Uncertainties
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/Sub-interval I

Sub-interval Il
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2-DOF Shear Building Example

Two-step deterministic/stochastic approach

Support sets of the inputs
[xi,x_i], i=1..n

!

1.5

Z2

0.5

- I EE=———

Matteo Broggi

Identify possible solutions and divide the support sets
into appropriate sub-intervals

Generate MC samples of the moment parameters
6),.j = 1. Ny, satistying 8,, € ©

l

For each B,J;i, obtain the SDF fin (x1)

Compute dj = {dé;(vobs,vgim), il el

|

Update 8 by TMCMC using
Bhattacharyya distance-based likelihood

Gosterior distributions of D

Compute N, model outputs Ygim by propagating

the inputs x/ generated from the SDF

—

Distribution-Free Bayesian Updating with Hybrid Uncertainties
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/Sub-interval I

Sub-interval Il
/

v

0.5 1 1.5 2 2.5 3
Z1
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2-DOF Shear Building Example

Results — main step

|- Psterior histogram — — — - Target value Updated value
40 300 0.4
| 15 |
| I
| I
30 ! 0.3
200 | !
20 | 0.2 1.5
|
100 0.5 |
10 0.1
0 J 0 0 0 E0y
0 0.5 1 01 02 2 0 2 Ir -
151 may m3; R 3
o~ -
50 250 1 : 8 oy
|
40 200 0.8 0.3 |
I 0.5}
30 150 0.6 02
20 100 0.4 =
0.1
10 50 0.2
0 L 1 1 1
0 0 0 0 0 0.5 1.5 2 2.5
0.5 1 15 01 02 2 0 2 0 5 10 15 o
112 Mo M3z a2

Matteo Broggi
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2-DOF Shear Building Example

Results — main step

|- Psterior histogram — — — - Target value Updated value
20 60 1 03
s 0.8
40 oo 02
10 ’ 15
0.4
20 0.1
5 02
0 I 0 0 0 i
1 2 30 0.5 1 R
51 mag m31
™
80 1000 0.4 8]
15 ;
|
60 800 | 03 0.5+
600 1 l
40 | 02 i
a0 : S,
20 03 ‘ 0.1 e
200 : 0 .
0 il 0 0 o 0 05 1 15 2 25 3
0 05 0 0.05 2 0 2 0 5 10 15 o
2 2o m32 M2

Matteo Broggi Distribution-Free Bayesian Updating with Hybrid Uncertainties Page 60




/i || Leibniz
i 0i Z Universitit
Hannover

INsTITUTE FOR RISK

ano RELIABILITY

2-DOF Shear Building Example

Results — main step

|- Psterior histogram — — — - Target value Updated value
20 60 1 : 0.3
I
]
s 0.8 !
40 o6 02
10 ’ 1.5
0.4
20 0.1
5 02
0 (L 0 0 0 i
1 2 3 0 0.5 1 2 0 2
H1 ma m31
™
80 1000 , 04 8
: 1.5 :
Il I
60 | 800 ! 0.3 05+
i 600 1 i i « g& |
40 : 0.2 m § X;é:g( x Initial model outputs
0 05 | B o L Y *  Updated model outputs | |
. .. X X . .
20 200 0.1 Observations
l 0 L L L L L 0 1 1 1 L 1 1
0 0 0 0 0 0.5 1 L5 2 25 3 0 1 2 3 4 5 6 7
0 05 0 0.05 2 0 2 o f
- 1
Lo mao msz2
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7 -

DOF Shear Building Example

Results — main step

80

60

40

20

Matteo Broggi

||:| Psterior histogram — — — - Target value Updated value
60 1 0.3
0.8
40 0.2
0.6 15
0.4
20 0.1
0.2
| . o .
1 A
2 3 0 0.5 1 2 0 2 (w@\\
M1 ma1 m31 W I
1000 0.4 8 81 %
1.5 ! x X
800 X X
03 05| Ol %
600 1 4 i B
02 ) X:}Xxx L < Initial model outputs
400 05 oL o *  Updated model outputs | |
200 0.1 +  Observations
: 0 L B ' ' ' 0 | L | L L |
il 0 0 i ol 0 05 1 15 2 25 3 0 1 2 3 4 5 6
05 0 0.05 2 0 2 0 s 10 15 o I3
) Mo M3z M2

Proposed updating framework combining the Bhattacharyya distance and
staircase density functions is capable of calibrating aleatory inputs without
any assumptions on their distribution families.

Non-unique solutions can be avoid by the two-step Euclidian/Bhattacharyya
distances-based updating procedure.
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Gaussian Copula Function

= Joint CDF can be uniquely given as: Fy(x) =C (FXl(xl),FXZ(xz))

» C - copula function 2

> Fx, (x;) - marginal distribution

= (Gaussian copula

= Only needs the correlation matrix to ICEICE
determine the correlation structure

= Easily generalized to the multi-variate case 2
= eg.,Q,=10,2],06=1]0.570.10,0.59,2.86]

= Bayesian updating formulation

= Prior PDF: p € [-1,1]
= Constraint condition: P = {p: chol(p) # @}
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2-DOF Shear Building Example

Problem setting

1.5
~ | Epistemic  Prior PDF: Observed data:
§ inputs: Lognormal fi = 4.31 Hz,
A Iy
T [ xxe MEVs: [1.3,0.8], £, =9.83Hz ]
: Unit SDs -
- 0.5¢
©
=
O
(a'a] 0 ,
0 0.5 1 1.5 2 2.5 3
Aleatory Prior PDF: Observed data: ; .
inputs: x; € [0,3.0], 100 pairs of bl
X1,X7 x, € [0,1.5] (f1, f>) obtained al
§ Epistemic by assigning the ol
S | . posterior PDF in <
S | Inputs: ?
a Ui, My, Beck and Au ol
{fﬁSi; ﬁlzl.l} (2002) to xl, xz U : l(r)lti,tsi:,l-vn;ggﬁlsompms 1
! L= 1’2' 625X 3 3s 4 13 5 5.5
p | s |
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2-DOF Shear Building Example

Results

|- Psterior histogram — — — - Target value Updated value
3 8 ;
|
5 6 0.6 |
4 04
! 2 02
0 0 0
0 1 2 3 0 112 225 -5 0 5 20
1 M1 ms31
6 0.6 ;
30
4 04
20
2 10 02 0.1
0 0 0 0
0 05 1 15 0 02 05 -5 0 5 0 10 20
42 M2 m32 M2
4
2
0
a0 1
p
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2-DOF Shear Building Example

Results

|- Psterior histogram — — — - Target value Updated value
3 8 ;
|
5 6 0.6 |
4 04
! 2 02
0 0 0
0o 1 2 3 112 225 -5 0 20
1 M1 ms31
6 0.6 ;
30
4 04
20
2 10 02 0.1
0 0 0 0
0 05 1 15 028 056 -5 0 0 10 20
12 M2 Mg Mg
4
2
0
a0 1
p

Matteo Broggi

Distribution-Free Bayesian Updating with Hybrid Uncertainties

T2

0.5¢

f2

i ¢; 2 Universitst

Leibniz

it

Hannover

% Initial model outputs
*  Updated model outputs | |

Observations
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2-DOF Shear Building Example

Results

|- Psterior histogram — — — - Target value Updated value
3 8 ; 03
6 0.6 | 1.5 " ; i i 13
2 | 0.2 Updated samples with correlation
4 0.4 Updated samples without correlation 12+ J
! 2 02 01
11+ 1
0 0 0 0 1F
o 1 2 3 0 1.12 225 -5 0 5 20 \
I mop m3y - R . . 10 K 1
6 0.6 ; 0.3 ’ 97 § &g ]
30 0.5 22N ] g
4 20 0.4 0.2 87 | x Initial simulated samples ’
*  Updated simulated samples with correlation
2 10 0.2 0.1 7r - Updated simulated samples without correlation |
+  observed samples
0 0 0 0 0 L L L L 6 I I I I I
0 05 1 15 0 028 056 -5 0 5 0 10 20 0 0.5 1 1.5 2 2.5 3 2.5 3 3.5 4 4.5 5 55
42 M2 m32 M2 T fi
4
2
0
-1 0 1

p
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2-DOF Shear Building Example

Results

|- Psterior histogram — — — - Target value Updated value
3 8 ;
6 0.6 | 1.5 " " ‘ i i 13
2 | - Updated samples with correlation
4 0.4 - Updated samples without correlation 12+
! 2 0.2
11+
0 0 0 1F
o 1 2 3 0 1.12 225 -5 0 5 20
M1 ma1 Th31 - 10 F
) =
6 0.6 ; 97
30 0.5r
4 20 0.4 87 | x Initial simulated samples
*  Updated simulated samples with correlation
2 10 0.2 0.1 7r - Updated simulated samples without correlation |
+  observed samples
0 0 0 0 0 L L L L 6 I I I I I
0 05 1 15 0 028 056 -5 0 5 0 10 20 0 0.5 1 1.5 2 2.5 3 2.5 3 3.5 4 4.5 5 55
42 M2 m32 M2 T fi
4
2
0
-1 0 1
p

= Proposed updating framework combining the Gaussian copula function and
staircase density functions is capable of calibrating the joint distribution of
correlated aleatory inputs.
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Outline

ac~

" |ntroduction
= Bayesian Updating
= Likelihood with hybrid uncertainties
= Distribution-free model updating
= Numerical Examples
= DLR AIRMOD
= 2 DOF shear building
= NASA Challenge Problem
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NASA UQ challenge 2019

Problem statement

3

< E) Model updating
A) Model calibration
B) Uncertainty reduction |

Observations D Observations D,

a=[a;,,as]": ! |

Aleatory inputs — : : e Y

Model parameters

(Characterized by p-boxes)
Black-box model
e =[e;,-,es]”:
E.El. ! 5]t | y=y(aet): :
DLLENc DS Sub-system Performance function

(Characterized by intervals)

g = gi(av e, 9)

z=z(a,e,0,t): C) Reliability analysis

8 = [6;,,0,]":
T e Integrated system max g, , €,

D) Reliability-based design | Failure probability bounds
E) Design tuning R(6) = [minP[w(a, e, ) = 0], maxP[w(a, e, 8) = 0]]
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NASA UQ challenge 2019
Model updating subproblems

= 5 aleatory inputs a ~ f,
= Distribution family is unknown a priori
= Support domain is given: a € [0, 2]°
= 4 epistemic inputse ~ E
= Support domain is given: e € [0, 2]*
= 100 sets of observations y = y(a,e, t), z = z(a,e, 6,t)

Our solution:

= f,isassumed to be staircase density functions.

= Totally 4 + 5 X 4 = 24 epistemic parameters are updated by the

Bhattacharyya distance-based ABC, comparing the time series through a
moving window procedure.
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Model Calibration (Subproblem A)

Prior model outputs
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Model Calibration (Subproblem A)

Posterior distributions

Matteo Broggi
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Model Calibration (Subproblem A)
Calibrated inputs/outputs
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Model Updating (Subproblem E)

Posterior distributions
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Model Updating (Subproblem E)
Calibrated inputs/outputs
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Conclusions

= TMCMC provides high flexibility for model updating of complex
problems

= Multiple likelthood can capture different level of information from
the experiments

= (Classic MU likelihood assumptions cannot be used with hybrid
uncertainties

= Stochastic metric + ABC provide numerically efficient methods

= Staircase distributions frees from the assumption of a distribution
family

= Epistemic and aleatory uncertainties must be treated separately
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