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Why Global Optimization?

=» global optimum =) |ocal optimum

objective
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Spatial Branch-and-Bound (B&B) Algorithm

> Initialization "
» Branching 08f
» Finding upper bound = zj
» Finding lower bound o2
» Fathoming _O.Z:
» Convergence check -0.4¢

-0.61

-1.1 -1 -0.9 -0.8 -0.7 -0.6 -0.5

Initialization

Initialize region of interest R.




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps 14]

> Initialization il
» Branching 08f
» Finding upper bound = zj
» Finding lower bound o2
> Fathoming ol
» Convergence check -0.4f

-0.61

-1.1 -1 -0.9 -0.8 -0.7 -0.6 -0.5

Finding upper bound

Solve original problem — find upper bound (UB).




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps

> Initialization

» Branching

» Finding upper bound
» Finding lower bound
>
>

Fathoming
Convergence check

-1.1 -1 -0.9 -0.8 -0.7 -0.6 -0.5

Finding lower bound

Solve relaxed problem — find lower bound (LB).




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps

> Initialization

» Branching

» Finding upper bound
» Finding lower bound
>
>

Fathoming
Convergence check

-1.1 -1 -0.9 -0.8 07 -0.6 -0.5

Branching

Partition R to new subregions Ry and Ro.




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps 14]

> Initialization il
» Branching 08f
» Finding upper bound = zj
» Finding lower bound o2
> Fathoming ol
» Convergence check -0.4f

-0.61

-1.1 -1 -0.9

Finding upper bound

Solve original problem — find upper bound (UB).




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps o

l
> Initialization 05k
» Branching 0

» Finding upper bound 2 _osf
» Finding lower bound e
» Fathoming 15}
» Convergence check 2}

Finding lower bound

Solve relaxed problem — find lower bound (LB).




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps

> Initialization
» Branching
» Finding upper bound
» Finding lower bound
» Fathoming
» Convergence check

Branching

Partition R to new subregions Ry

and R..

1.5F
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Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps o

W
> Initialization 05k

» Branching 0\//

» Finding upper bound £ osf

» Finding lower bound a0 )
» Fathoming i8] /
» Convergence check 2}

Finding lower bound

Solve relaxed problem — find lower bound (LB).




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps e

.
» Initialization 05
» Branching 0
» Finding upper bound 2 o5
» Finding lower bound 4
» Fathoming 15
» Convergence check 2

Remove subregions where solution cannot lie.




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps 15

> Initialization !
» Branching
» Finding upper bound £

» Finding lower bound 0
>

>

Fathoming
Convergence check

Finding lower bound

Solve relaxed problem — find lower bound (LB).




Spatial Branch-and-Bound (B&B) Algorithm

B&B algorithm steps o

Initialization
» Branching
» Finding upper bound =

» Finding lower bound 05
>

>

v

Fathoming us
Convergence check e

Convergence check

Evaluate convergence criterion UB — LB < .
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Convex Relaxation of an Optimization Problem

UB: mxin f(x) LB: mXin fV(x)
s.t. g(x) <0 s.t. g% (x) <0
Lower bounding problem of spatial B&B consists of

» convex relaxation of objective function
» convex relaxation of the feasible set (constraint functions)

S R

f(x)




Convex Relaxation of the Feasible Set

Constraint:




Convex Relaxation of the Feasible Set

Constraint:

Convex relaxation:

g (x) <0




Convex Relaxation

Given a real-valued function f(x) and interval X = [xt, xY], identify f*V(x)
such that:

a. f%(x) underestimates f(x) (f<V(x) < f(x), Vx € X)

b. f<V(x) is convex (V2 (x) > 0, ¥x € X)
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Convex Relaxation

Given a real-valued function f(x) and interval X = [xt, xY], identify f*V(x)
such that:

a. f%(x) underestimates f(x) (f<V(x) < f(x), Vx € X)

b. f<V(x) is convex (V2 (x) > 0, ¥x € X)

Loy o &b &b b b o
f(x
Lo 4 &6 &b & b v L o o




Convex/Concave Relaxations of Factorable Functions

Given a function f, construct functions f<V,

f¢ such that: \/ fe
> fV(x) < f(x) < fe(x),V¥xe X
(x) < (x) < <(x) SN,

» V. X — R convex

» f<.:X—Rconcave | grmmmmmmemempeeteteten i




Convex/Concave Relaxations of Factorable Functions

Given a function f, construct functions f<V,
fe¢ such that:

> fV(x) < f(x) < f(x),V¥x e X
» V. X — R convex
» f<: X — R concave

What are the sources of nhonconvexity?

factored
—_— =

(x) = (exp(x1) = X§ ) x1xe
form

\

I 7
fev /\ f
-------------...........ifL
h |
1% 1
xt XU
vi(X)=x1
va(X)=xz
va(x)=exp(v1(x))

Vg (X)=—va(x)?

V5 (X)=v3(x)+va(X)
Ve (X)=vs(x)v1(X)
f(X)=ve(x)v2(x)



Convex/Concave Relaxations of Factorable Functions

Given a function f, construct functions f<V,
fe¢ such that:

> fV(x) < f(x) < f(x),V¥x e X
» V. X — R convex
» f<: X — R concave

What are the sources of nhonconvexity?

f(x) = (exp(X1) - x22> X1 Xp

form

factored
—_—=

\

fC\
......................... fL
X
xt xY
vi(X)=x1
Va(X)=X2

Vo (X)=exp(v1 (X))
Ve (X)=—va(x)?

Vs (X)=va (X)-+v4(x)
Ve (X)=va(x)v1 ()

f(x)=ve(x)va(x)



Interval Arithmetics
Set of simple rules:

[a,b] + [c,d] =[a+ ¢, b+ d]
—[a b] =[-b,-4]
[a, b][c, d] =[min{ac, ad, bc, bd},
max{ac, ad, bc, bd'}]

f([a, b]) —[{gg}f max f]

But...

1(x)

-0.51

-1.5¢

25F

1.5F
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-1.1 -1 -0.9



Interval Arithmetics
Set of simple rules:

[a,b] + [c,d] =[a+ ¢, b+ d]
—[a, b] =[-b, 4]
[a, b][c, d] =[min{ac, ad, bc, bd},
max{ac, ad, bc, bd}|

f([a, b]) —[{gg}f max f]

But...let’s consider the following example

x €X = [0,1]
F(X) =7

(%)
° =




Convex Relaxation using BB Method
Find f<V(x) by subtracting a ‘convex-enough’ function from f(x):

fV(x) = f(x) — a(x — xH)(x — xY)



Convex Relaxation using BB Method
Find f<V(x) by subtracting a ‘convex-enough’ function from f(x):
fV(x) = f(x) — a(x — xH)(x — xY)
if o > 0 then fV(x) < f(x), V¥x € X



Convex Relaxation using BB Method
Find f<V(x) by subtracting a ‘convex-enough’ function from f(x):
fV(x) = f(x) — a(x — xH)(x — xY)
if & > 0 then f(x) < f(x), Vx € X
if & = —min(0, (1/2)Amin([VZF(X)]))
then V2f<V(x) = V2f(x) +2la > 0, Vx € X



Convex Relaxation using BB Method
Find f<V(x) by subtracting a ‘convex-enough’ function from f(x):

fV(x) = f(x) — a(x — xH)(x — xY)
if o« > 0 then V(x) < f(x), Vx € X
if « = — min(0, (1/2))\min([V2f(X)]))
then V2f<V(x) = V2f(x) +2la > 0, Vx € X

lllustrative example: !

f(x) = xsin(x), Vx € [0, 27]
[V2f(X)] = 2cos(X) — Xsin(X) 2
(interval arithmetics) -3

Adjiman, et al. Computers & Chemical Engineering 22 (9), 1998.



Convex Relaxation using BB Method
Find f<V(x) by subtracting a ‘convex-enough’ function from f(x):
fV(x) = f(x) — a(x — xH)(x — xY)
if « > 0 then fV(x) < f(x), Vx € X
if & = —min(0, (1/2)Amin([VZF(X)]))
then V2f<V(x) = V2f(x) +2la > 0, Vx € X

lllustrative example:

f(x) = xsin(x), Vx € [0, 27]
[V2f(X)] = 2cos(X) — Xsin(X)
(interval arithmetics)

Adjiman, et al. Computers & Chemical Engineering 22 (9), 1998.



Convex Relaxation of Special Functions
McCormick relaxations for bilinear functions

(x—xHy -y =xy —xty —yx+xtyt >0



Convex Relaxation of Special Functions
McCormick relaxations for bilinear functions

x—xN(y = yh) =xy — xty — ytx + xtyt > 0
( y-y y
(x—x(y —yY)=xy —xYy —yUx+xYyY >0



Convex Relaxation of Special Functions
McCormick relaxations for bilinear functions

(x—xHy -y =xy —xty —yx+xtyt >0

(x —xNDy —yY)=xy —xYy —yUx+xYyY >0
(x —x(y -y =xy —xYy + ytx +xUyt <0
(x —xHy —yY) =xy —xty + yUx +xtyY <0



Convex Relaxation of Special Functions

McCormick relaxations for bilinear functions Relaxation:

(x=xy -y =xy—xty —ytx+xtyt >0 W= xy
(x=x)(y —yY) =xy = xYy —yUx+xYyY > 0 w > xby 4+ ylx — xbyt
w> xYy + yUx — xYy

(x —x(y -y =xy —xYy + ytx +xUyt <0

U

Dy — YUY =y — oL u LU
X=Xy —y)=xy —xy+y x+xy’ <0 w = xty + yUx — xLyU
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McCormick Relaxations. ..

..work similarly for bilinear, trilinear, fractional terms. Even...
Theorem '

> f,g: X — R, with X € R" convex

» [ft, fY] and [gt, gV] interval bounds for f and g on X

> [V, f<] and [, g°] cvx/ccve relaxations for f and g on X
Convex/concave bounds for h = f x g on X:

h%(x) = max{ min{g"f(x), - f(x)} + min{f-g=¥(x), fLg*(x)} — f-g*,
min{gUf"(x), gV (x)} + min{fYg%(x), fVg*(x)} — fU U}

() = min{ max{ G- (), gH<(x)} + max{ Vg™ (x), g (x)} —
max{gUf (x), gUF(x)} + max{ FLg™ (x). f£g=(x)} — . )

"McCormick, G.P., Mathematical Programming, 10:147-175, 1976



Relaxation of Special Univariate Terms

Univariate Terms: w = o(x), x- < x < xY



Relaxation of Special Univariate Terms
Univariate Terms: w = ¢(x), x- < x < xY

» Convex Case: €.g., o : vV — V2", o : v — exp(V)

— o(x) relax { w > p(x)

W < p(xt) + G (- xt

/‘ secant




Relaxation of Special Univariate Terms
Univariate Terms: w = o(x), x- < x < xY

» Convex Case: e.g., ¢ : V= V2", o : v i exp(V)

w = ¢(x) % W= p(x) u L
4 W < p(xb) + =00 (x by

» Concave Case: e.g., ¢ : ViV, ¢ : Vi log(v)

Uy_ L
W= ox) el W > p(xb) + 200 (x by
w < ()
/‘ secant /- ©
w| g w Q
: \ i g §

secan

U
X X xt x xY



Relaxation of Special Univariate Terms
Univariate Terms: w = ¢(x), x- < x < xY

» Concavoconvex Case: e.g., ¢ : v — v2M1

e(x), if x < vev
w > oy _
relax | e(xY) + %(X —xY), otherwise
W= el e(x), if x > vee
w < .
| e(xh)+ %(X — xb), otherwise
L cC
vy v € X xV] o (v) = £0E) and (i) = )=o)
@
secant ~ e

W K tl H
D \- secant
i i i i

xt vy oxo v xY



Taylor Model Estimators
Taylor Models:

> f(x) € Te(x) :=Ps(x) + Re,¥x € X el
Ps ponn.omlaI.of order q i)+ P \

R; remainder interval term

Use of recursive arithmetic rules

Pf+fij

4
>
4
4

Range: 1(X) C Py X) + R¢




Taylor Model Estimators
Taylor Models:

> f(x) € Te(x) :=Ps(x) + Re,¥x € X :‘m
P; polynomial of order g \

Pf+fij

Use of recursive arithmetic rules

>
. , Pr(x) + Ry
» R; remainder interval term
>
>

Range: 1(X) C Py X) + R¢

TM of algebraic function
of

T9 = f(mid(X)) +
f (mid(X)) ox mid(X)

(x —mid(X))+---+r]  VxeX



Taylor Model Estimators
Taylor Models:
> f(x) € Te(x) :=Ps(x) + Re,¥x € X el
P; polynomial of order g - \
R; remainder interval term

Use of recursive arithmetic rules

Pf+ffL/

4
>
4
4

Range: 1(X) C Py X) + R¢

TM of algebraic function

79 = f(mid(X)) + or

o (x —mid(X))+---+r]  VxeX

mid(X)

- remainder can be evaluated using interval arithmetics

oa+1)f

_ i 1
7= @] X - mid( X))@+

X




Outline

Spatial Branch-and-Bound (B&B) Algorithm

Convex Relaxation of Factorable Programs
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Bounding of Parametric ODEs

Problem Definition

Given a parameter box P = [pt, p¥] and a set of parametric ODEs x = f(x, p)
and x(t) = g(p), identify X(t) = [x-(t), xY(t)] such that

X(ta p) € X(t)v Vi e [th tN]> Vp € P

ODE
x=-x2-p
p € [-5,5]

I
» o

ODE Bounds
xY=—-(xY)?2+5

oL L\2 -
X~ = _(X ) -9 0 01 0z 03 04 05 o5 07 08 o8 1
t

oo

Lol
N S o 4N WA OO N ®©
T DD
ononon




Bounding of Parametric ODEs

X1 = Xq
Xo = 2xp + X2 + (1/8)x2

x1(0,p) = p1, x2(0,p) = po,

X2

AA N O N A O ©
.

p=(p1,p2)"




Techniques for Bounding of Parametric ODEs
1. interval methods (differential inequalities) (Walter, 1970)

XY > sup{f(x,p) : p € P,x € [x", x"]}
xt <inf{f(x,p): pe P,x e [xt, x"]}




Techniques for Bounding of Parametric ODEs
1. interval methods (differential inequalities) (Walter, 1970)

I exact solution
14F interval bounds

Lotka-Volterra system

X1 =pxi(1 = x2), x1(0)
X2 = pxa(x1 — 1), x2(0)
p € [2.95,3.05]

1.2,
1.1

A

Order of convergence is linear: AX = aAP



Techniques for Bounding of Parametric ODEs
1. interval methods (differential inequalities) (Walter, 1970)

X1

Wrapping effect =0 1,
. Xo F---
X1 = Xo \Q
)-(2 = —Xj e
X(O) c Xo;

_( cos(t) sin(?)
x(1) = (— sin(t) cos(l‘)> Xo

S




Techniques for Bounding of Parametric ODEs
1. interval methods (differential inequalities) (Walter, 1970)
2. Taylor models methods (Berz, 1997; Chachuat et al., 2012)

Idea: Enclose the image of solution
to ODE using

E%t)(p) = P)?(t) + r)?(t)

q
where P)‘(’(t) (p) is gth order Taylor 7i(p)
expansion of x(t) and

73;’(0 —x(t,p) € r)‘j(t), Vpe P

TM of ODE solution
ox(t)
P |mid(p)

Tety = X(O)(mid(P)) + (p—mid(P))+---+r] VpeP



Techniques for Bounding of Parametric ODEs
1. interval methods (differential inequalities) (Walter, 1970)
2. Taylor models methods (Berz, 1997; Chachuat et al., 2012)

Idea: Enclose the image of solution to
ODE using

E?r)(p) = P)?(t) rf(,)

where Px(t (p) is gth order Taylor
expansion of x(t) and

Py — X(t.p) € riy. Vo€ P

Enclosure of solution to parametric ODE found by:

» coefficients of Pq — parametric sensitivities ( apg’)|mi d(P))



Techniques for Bounding of Parametric ODEs
1. interval methods (differential inequalities) (Walter, 1970)
2. Taylor models methods (Berz, 1997; Chachuat et al., 2012)

x = f(x,p)
Td =Pl + e, 1o € b, nY]

7X(p)




Techniques for Bounding of Parametric ODEs
1. interval methods (differential inequalities) (Walter, 1970)
2. Taylor models methods (Berz, 1997; Chachuat et al., 2012)

x = f(x, p)
TI =PI +r, rcelnt Y
Y
T = {7, p)

7X(p)

=

,.’X - f(ﬁ(qap) - P)?




Techniques for Bounding of Parametric ODEs

1.

interval methods (differential inequalities) (Walter, 1970)

2. Taylor models methods (Berz, 1997; Chachuat et al., 2012)

7X(p)

1 > sup{f(Td,p) = P : p € P, rc € [, Y]}
k< inf{{(T{.p) — P{:pe P, rce [rt ]}

x = f(x, p)
TI =PI +r, rcelnt Y
Y
T = {7, p)

=

,.’X - f(ﬁ(qap) - P)?



Techniques for Bounding of Parametric ODEs
1. interval methods (differential inequalities) (Walter, 1970)
2. Taylor models methods (Berz, 1997; Chachuat et al., 2012)

I exact solution
interval bounds |]
—— TM2+IA
— TM4+IA

Lotka-Volterra system 12

X1 =pxi(1 —x2), x1(0)
).(2 = pXQ(X1 — 1), Xg(O)
p € [2.95,3.05]

X1

1.2, 1
1.1

A

1 2 3 4 5 6 7 8 9 10 11
t
Order of convergence is much higher than linear: AX = a(AP)(@+1)
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Classical Parameter Estimation

dynamic system:  x = f(x,p), x(0) = g(p)

model: y = F
Y (P) {output equation: y = h(x,p)



Classical Parameter Estimation

dynamic system:  x
output equation: y

f(x,p), x(0) = g(p)

model: y = F(p) { h(x. p)




Classical Parameter Estimation

dynamic system:  x
output equation: y

f(x,p), x(0) = g(p)

model: y = F(p) { h(x. p)

Y.y P2




Classical Parameter Estimation

min || — y|3
pePy

st. y = F(p)

P2

P4



Guaranteed Parameter Estimation

S 2
pﬁgl,g)l!y vl
st. y = F(p)

Y.y P2

y(e) ey + et eV]




Guaranteed Parameter Estimation

ec et eY]:

P2

min ||§ — y+ell
pePo

st. y=F(p)

P1



Guaranteed Parameter Estimation

ve € [e, €] : min |y — y+el}
pePy
st. y = F(p)
P2




Finding Solution to Guaranteed PE Problem

» Find a set

P. = {pe Py

.
PP | =tee Pl <0)

> Apply set inversion via interval analysis (Jaulin, 1993)
v,y p2

N €.




Finding Solution via Set Inversion

1. Apply branching on parameter space

Po L B

2. Employ exclusion tests on parameter space partitions

y(e).§ Pe

\Z
% % % out PPy




Finding Solution via Set Inversion

1. Apply branching on parameter space

P Py

Py

2. Employ exclusion tests on parameter space partitions

y(e).y P2 Pe Py
% % % out <—+ P € Poyt
@ Yint ¢




Finding Solution via Set Inversion

1. Apply branching on parameter space

P Py

Py

2. Employ exclusion tests on parameter space partitions

y(e).y P2 Pe Py
Y,
out i Pe Py

\\::\ \:“ N s

’ :\‘Yint €
Wond ‘ !
P
Pe and 0

t P4




Finding Solution via Set Inversion

1. Apply branching on parameter space

P Py

Py

2. Employ exclusion tests on parameter space partitions

y(e).y P2 P € P
S % out ? P € Pout
N o
:\‘Yint ¢
N
bnd P E‘and O
t P4




Case Study
X1 = — (p1 + P3)X1 + pa2Xxe, X1 1,
Xo =P1X1 — PaXe, Xx2(0) = 0.

(1,2, Pp3) = (0.6,0.15,0.35) — y = xo + [~0.05,0.05]

05 05
045 045
04 R ; ; 04
0.35 ﬂ 0.35 \
& o3 [ : : & o3
025 : 025
02 02
015 m 015 \
0355 056 057 058 059 0.6 061 062 0.63 0.64 065 %1 o015 02 025 03 03 04 045 05
P1 P2

Vbng = 5 x 1078 (2nd-order TM, >70,000 boxes, 900s CPU time)



Case Study

X1 = — (P1 + P3)X1 + poXo,

Xq (0) = 1,
Xo =P1 X1 — PaXa, x2(0) =0
(p1,p2,p3) =(0.6,0.15,0.35) — y = x> + [—0.05,0.05]
™2 ¢ ™ |
®=TM3 | ®=TM3 |
5 ™4 | T™M4 |
5 SN
2 z s
@ 4 < .,
. g o
” log1o \Znnd K N

)
logg Vbnd

[=

g

3

[=
Iﬁ% Implementation in C++ libraries MC++ and CRONOS (Chachuat et al.)



Optimization-based Domain Reduction

Constraint:




Optimization-based Domain Reduction

Constraint:

Convex relaxation:

)

g“(p

L,new / U ,new
p~""/p

min / maxp
st g(p) <0

pU,newpU



Domain Reduction for Guaranteed PE

pL,neW/pU,”eW = min / maxp

peP’ peP
cv
s.t. (Pﬁ(p)) +rpt<y+é

(70 521"




Domain Reduction for Guaranteed PE

Y,

pL,neW/pU,new = min / max p
peP’ peP

s.t. (Pg(p))cv +rt<y+et

(70 521"

Convex relaxation of P}f,’ (p) by polyhedral relaxation = LP



Polyhedral Relaxation of Polynomial Functions

1. Decomposition P(p) = a1ps + apP2 + a3p3 + asp1Pa

P(v)=aivi + axVeo + asva + asvy

2
Vi=PpP1, Vo =pP2, V3 =Vy, Vu =WV3



Polyhedral Relaxation of Polynomial Functions

1. Decomposition P(p) = a1ps + apP2 + a3p3 + asp1Pa

P(v)=aivi + axVeo + asva + asvy

2
Vi=PpP1, Vo =pP2, V3 =Vy, Vu =WV3

2. Affine relaxation of bilinear terms (McCormick, 1976)



Polyhedral Relaxation of Polynomial Functions

1. Decomposition P(p) = a1ps + apP2 + a3p3 + asp1Pa
P(v)=aivi + axVeo + asva + asvy
Vi =Py, Vo= P2, V3 = V22, Va = ViV3

2. Affine relaxation of bilinear terms (McCormick, 1976)
3. Outer-approximation

V3

Vo



Case Study (Continued)
X1 =—(P1+ P3)Xi + P2Xa, x1(0) =1,
Xo =P1Xy — PaXz, x2(0) = 0.
(b1, P2, P3) = (0.6,0.15,0.35) = y — x, + [~0.05, 0.05]
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Case Study (Continued)
X1 =— (p1 + P3)x1 + paXe, x1(0) =1,
Xo =P1Xy — PaXz, x2(0) = 0.
(b1, P2, P3) = (0.6,0.15,0.35) = y — x, + [~0.05, 0.05]

o104
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) g}
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Vond = 5 x 1078 (2nd-order TM, 11,250 boxes, 350s CPU time)
Vond = 5 x 10~° (2nd-order TM, 34 boxes, 5s CPU time)



Conclusions

» effective convexification techniques are vital for solution of static/dynamic
optimization and set-based problems

» efficient bounding techniques for parametric ODEs are essential ingredients

> optimization-based domain-reduction techniques can further enhance the
convergence and properties of the obtained solutions
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