
Interval	Impulsive	Observers:	 
A	Framework	for	Robust	Estimation	 

with	Aperiodic	or	Event-Triggered	Sampling


Nacim	RAMDANI	(University	of	Orléans,	at	Bourges)

nacim.ramdani@univ-orleans.fr


in	collaboration	with	Djahid	RABEHI	and	Nacim	MESLEM


1

mailto:nacim.ramdani@univ-orleans.fr


Cyber-Physical Systems

2

Critical Infrastructures 
Network Control Systems 
Distributed Systems

Gupta, et al. IEEE ACCESS 2020)



Cyber-Physical Systems

2

Critical Infrastructures 
Network Control Systems 
Distributed Systems

Gupta, et al. IEEE ACCESS 2020)



Cyber-Physical Systems  

nNetworked controlled systems
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+

Networked Feedback Control
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Cyber-Physical Systems  

nNetworked controlled systems

lJitter, packet loss, …     > Aperiodic sampling

lReduce network usage > Controlled sampling
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Problem Statement
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k ∈ ℕ, y(tk) = Cx(tk) + ϵ(tk)

t ∈ ℝ, ·x(t) = Ax(t) + Bu(t) + ω(t)

Aperiodic sampling: tk+1 − tk ∈ [τmin, τmax]

Controlled sampling: tk+1 − tk = min{τ | ϕ(tk, τ) ≤ 0}



Talk Objective & Outline

nOutline

lRobust state estimation 

lInterval Impulsive Observers

lRobust state estimation with event-triggered sampling

lRobust state estimation with sporadic measurements
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nRobust state estimation
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Robust State Estimation

nState estimation the bounded-error framework


lInterval observers 


lSet membership predictor-corrector algorithms
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nInterval estimation with continuous-time data

n Luenberger-like observers: (Gouzé et al, 00),(Mazenc & Bernard, 10), 

(Meslem & Ramdani, 11), (Raïssi, et al., 12) …


n Tune observer gain to ensure 
Input-to-State Stability  
(practical stability) 


n Build framers         and        

10

Interval Observers

x(t) ≤ x(t) ≤ x(t)

x(t)

x(t)

x(t) x(t)

·x(t) = Ax(t) + Bu(t) + ω(t)
y(t) = Cx(t) + ϵ(t)

· ̂x = A ̂x + Bu + L(y − C ̂x)



nSet membership estimation with sampled data

n (Schweppe, 68) (Bertsekas & Rhodes, 71) (Kurzhanski & Vályi, 96), 

(Kieffer, et al., 02) (Jaulin, 02) (Raïssi et al., 04, 05) (Meslem, et al, 10),  
(Milanese & Novara, 11), (Kieffer & Walter, 11), (Combastel, 15) …


n Reachability + Set inversion + Forward backward consistency

11

Predictor-Corrector Algorithms

x(tk−1 | tk−1)

x(tk | tk−1)

x(tk | tk)

y(tk)
·x(t) = Ax(t) + Bu(t) + ω(t)
y(t) = Cx(t) + ϵ(t)



nSet membership estimation with sampled data

n (Schweppe, 68) (Bertsekas & Rhodes, 71) (Kurzhanski & Vályi, 96), 

(Kieffer, et al., 02) (Jaulin, 02) (Raïssi et al., 04, 05) (Meslem, et al, 10),  
(Milanese & Novara, 11), (Kieffer & Walter, 11), (Combastel, 15) …


n Reachability + Set inversion + Forward backward consistency
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Predictor-Corrector Algorithms

x(tk−1 | tk−1)

x(tk | tk−1)

x(tk | tk)

y(tk)
·x(t) = Ax(t) + Bu(t) + ω(t)
y(t) = Cx(t) + ϵ(t)

 
No proof of convergence! 


No tuning parameters!  



nInterval Impulsive Observers
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Interval Impulsive Observer

nImpulsive observer: hybrid system
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t ∈ [tk−1, tk],
· ̂x(t) = A ̂x(t) + Bu(t)

t = tk, ̂x(t+
k ) = ̂x(tk) + L (C ̂x(tk) + ϵ(tk) − y(tk))

̂x(t+
k ) = (I + LC) ̂x(tk) + Lϵ(tk) − Ly(tk)

̂x(t)

ttk

(Postoyan & Nesic, 2012), (Ferrante et al., 2016)

tk+1tk−1



Interval Impulsive Observer

nInterval bounds
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A = AM − AN, AM Metzler, AN ≥ 0

I − LC = (I − LC)+ − (I − LC)−



Interval Impulsive Observer
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t ∈ [tk−1, tk], ·x(t) = Ax(t) + Bu(t)
x(t+

k ) = (I + LC)x(tk) + Lϵ(tk) − Ly(tk)

(Djahid et al., 2021)
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Interval Impulsive Observer

15

open-loop estimatorx(t+
k−1)

x(t+
k−1)
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x(tk)

Interval Impulsive Observer
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open-loop estimatorx(t+
k−1)

x(t+
k−1)

x(t+
k )

x(t+
k )

impulsive correction

when measurement

is available

·x(t) = AM x(t) − ANx(t) + Bu(t)
·x(t) = AMx(t) − AN x(t) + Bu(t)

t ∈ [tk−1, tk]

x(t+
k ) = (I + LC)+x(tk) − (I + LC)−x(tk) + |L |ϵ(tk) − Ly(tk)

x(t+
k ) = (I + LC)+x(tk) − (I + LC)−x(tk) + |L |ϵ(tk) − Ly(tk)

A = AM − AN,
AM Metzler,
AN > 0

(Djahid et al., 2021)



Interval Impulsive Observer
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Open-loop predictor

Impulsive correction when measurement is available

t ∈ [tk, tk+1], ·x(t, k) = AM x(t, k) − ANx(t, k) + Bu(t)

x(tk+1, k + 1) = (I + LC)+x(tk+1, k) − (I + LC)−x(tk+1, k) + |L |ϵ(tk+1) − Ly(tk+1)

·x(t, k) = AMx(t, k) − AN x(t, k) + Bu(t)

x(tk+1, k + 1) = (I + LC)+x(tk+1, k) − (I + LC)−x(tk+1, k) + |L |ϵ(tk+1) − Ly(tk+1)

([tk, tk+1], k)
([tk+1, tk+2], k + 1)

tk+1tk tk+2

Hybrid time domain



Interval Impulsive Observer
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Open-loop predictor

Impulsive correction when measurement is available

t ∈ [tk, tk+1], ·x(t, k) = AM x(t, k) − ANx(t, k) + Bu(t)

x(tk+1, k + 1) = (I + LC)+x(tk+1, k) − (I + LC)−x(tk+1, k) + |L |ϵ(tk+1) − Ly(tk+1)

·x(t, k) = AMx(t, k) − AN x(t, k) + Bu(t)

x(tk+1, k + 1) = (I + LC)+x(tk+1, k) − (I + LC)−x(tk+1, k) + |L |ϵ(tk+1) − Ly(tk+1)

x(t0) ≤ x(t) ≤ x(t0) ⇒ ∀t ≥ t0, x(t) ≤ x(t) ≤ x(t)

Framing property



Interval Impulsive Observer
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Dynamics of the bounds of the estimation error
e = x − x, e = x − x

Stability property ? 



nFinite-gain Lp Stability
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Lp Stability 

20

Lp norm for hybrid signals (Nesic, et al, 2013)



Lp Stability 
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Definition: Finite-gain Lp stable (Nesic, et al, 2013)



Lp Stability 
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Definition: Finite-gain Lp storage function (Nesic, et al, 2013)



Lp Stability 

23

Proposition: Finite-gain Lp stability (Nesic, et al, 2013)



nEvent-triggered  
Interval Impulsive Observers

24



Event-triggered Interval Observer
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Self-triggered mechanism

ξ = (e, e)
ψ = (ω − ω, ω − ω)

How to tune  and  to ensure stability ? L β

(Rabehi, et al, IJRNC 2021)



Event-triggered Interval Observer
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Verification theorem : Algebraic inequalities

S-procedure

Copositive Lyapunov function V(ξ) = x⊤λ

Positive systems

Lp stability with p=1



Event-triggered Interval Observer

Verification theorem : Algebraic inequalities

(Rabehi, et al, IJRNC 2021)



Event-triggered Interval Observer
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Dynamic self-triggered mechanism DETM

ξ = (e, e)
ψ = (ω − ω, ω − ω)

W(ξ, η) = ξ⊤λ + η
Storage function:

(Rabehi, et al, IJRNC 2021)



Event-triggered Interval Observer

Corollary 
DETM

(Rabehi, et al, IJRNC 2021)



Event-triggered Interval Observer
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Minimal Inter-Event Time MIET (Rabehi, et al, IJRNC 2021)



Event-triggered Interval Observer

Co-design of ETM and gains

31

(Rabehi, et al, IJRNC 2021)

Positive realisation



Event-triggered Interval Observer

Co-design of ETM and gains
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(Rabehi, et al, IJRNC 2021)

Positive realisation
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Event-triggered Interval Observer

Evaluation: double spring-mass-damper system

33(Rabehi, et al, IJRNC 2021)
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Event-triggered Interval Observer

Evaluation: the dynamic triggering conditions
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Event-triggered Interval Observer

Evaluation: comparison with other approaches

35(Rabehi, et al, IJRNC 2021)



Event-triggered Interval Observer

Evaluation: comparison with other approaches

36(Rabehi, et al, IJRNC 2021)



nInterval Impulsive Observers  
with Sporadic Sampling
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Sporadic/Aperiodic Sampling
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k ∈ ℕ, y(tk) = Cx(tk) + ϵ(tk)

t ∈ ℝ, ·x(t) = Ax(t) + Bu(t) + ω(t)

Aperiodic sampling: tk+1 − tk = τ ∈ [τmin, τmax]

t ∈ [tk−1, tk], ·x(t) = Ax(t) + Bu(t)
x(t+

k ) = x(tk) + L (Cx(tk) + ϵ(tk) − y(tk))

Interval impulsive observer: 

(Rabehi, et al, IEEE TAC 2021)



Aperiodic Sampling
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Dynamics of the bounds of the estimation error

Lyapunov function

(Rabehi, et al, IEEE TAC 2021)



Aperiodic Sampling

Verification theorem : SDP & NLMI (Rabehi, et al, IEEE TAC 2021)

ISS & Hybrid Systems (Cai & Teel, 2009)



Aperiodic Sampling

(Rabehi, et al, IEEE TAC 2021)

Design procedure : SDP/NLMI relaxed to set of BMI.

nPositive realisation


nProjection Lemma (Pipeleers, et al., 2009)

nPolytopic over approximation using Taylor series 
 (L. Hetel, et al., 2007) 



Aperiodic Sampling

42 (Rabehi, et al, IEEE TAC 2021)

Evaluation: unstable system



Aperiodic Sampling

Evaluation: unstable system

43 (Rabehi, et al, IEEE TAC 2021)



n Concluding remarks

44



Concluding remarks

nInterval Impulsive Observer Framework


lDynamic Event-triggered sampling

lAperiodic/Sporadic sampling


nL1-gain synthesis 

nSDP/NLMI  
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n Thank you ! 
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