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€5 @« Context - Set propagation

Principe: Interest:
Set of initial states Sp C Ir[f" ] e guaranteed prediction algorithm
Nonlinear mapping g : R” — R ® a tool for mathematical proofs

Enclosing Set Sout C R” such that

9 (So) C Sout Limitations:

* wrapping effect

e computational complexity
Common shapes of sets

® boxes

® zonotopes
Figure 1: Set representation e ellipsoids

tion of the ellipsoidal image, in t!

May 12, 2023



€@ 5se ¢« Context - Ellipsoids

Definition

A non-degenerated ellipsoid is a subset of R" described by the
quadratic form

EwT)={xeR(x-p) I T (x-p)<1} (1)

with I' € R™" the center u € R" and the positive definite matrix
rr’.

An ellipsoid is an affine transformation
of the unit sphere:

\ e piT e

Ep, N ={xeR"FecR" x=pu+TI- e e, <1} < >
=p+I-£(0,1) (2)
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€8s @« Existing method - Linearisation
Propagation by extended Kalman filter

. Xk = g (X) (6)
—’ Gii1 = Ac- Ge- Al +Go  (7)

- 0
£(g(p),AT) A = ag (Xk) (8)
Figure 3: Estimation by linearisation
Resemblance
Propagation by linearisation at the point e Xy (9)

H: rr’ o Gk (10)
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€95t @ Existing method - Theorem

Theorem - Rauh et al. 2022 [1]

Consider the ellipsoid & (i, I') and the nonlinear mapping g. The
matrix A = g—g (p) is supposed invertible. A set enclosing g (€ (u, I'))
and written & (g, Iout) IS given by

Fout:(1+p)'A'F (11)
Mo = g (1) (12)

where
S [p 1)

bx)=r"- A (g@ X+p)—gp)-Xx (14)
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€5 @« Existing method - lllustration

y=g(@ =N € (o0t Tour)

€ (Kour, AT)

Y = Hou + AT'Y

T
S O

Figure 4: Theorem illustration
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@asn g Singularity

When AT is not invertible:

e The ellipsoid & (g, AI')
is degenerated

e |nflating the ellipsoid
won'’t guaranty the
enclosure g (€ (i, I'))

Common Examples:

® Projections
¢ Fluid damping (quadratic) Figure 5: Singularity example
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€ 5sa @ Singularity - Degenerated ellipsoid

No quadratic form, I'" not
invertible but there is an affine
transformation:
£(0,1,)
E(pu,I)=p+I-£(0,1,) &
(135) 1

Figure 6: Degenerated example
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€5 @« Singularity - Investigated solution

Start from & (., AI') to find an Particular case, planar projection:
ellipsoid & (g, I's) similar to one can keep the degenerated
g(&(p.T)) ellipsoid € (fs,, AT")

Figure 7: Find lost dimensions

Figure 8: Projection example
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€5 @ Singularity - Singular Value Decomposition
Singular value decomposition

Ar=u.x.-vT ’}
with U € R™" and V € R™" >
orthonormals and X € R™"

diagonal.
lVT T A
r=uv.»x.v

U

()T

Figure 9: Example in 2 dimensions

The diagonal elements of X
are the singular values o; > 0.
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<@« Singularity - Adding singular values
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Figure 10: Meet the shape of the set
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€5 @« Singularity - Proposed solution

g (“outa Fout) iS given by

Lowe = (1+4p)-Is (17)

Bou = 9 (1) (18)
where
= e, B 1)

b(x)=W(g(I' e+p)-g(n) - 2ZX

(20)

May 12, 2023

and where the matrices I's, W and Z
from R™" are given by:

¢ (General case), if AI' is invertible,

then
I's=Ar (21)
w=ry! (22)
Z=1, (23)



€5 @ Singularity - Proposed solution

e (Singular case), if AT is not where
invertible, then o ifo; >0
r's=US @) %7\, max |eTUT(g(x) - g ()] ifo;=0
w=suT (25) o
z _ S*SVT (26) S;k _ 1/3[ lf SI ;é 0 (29)
0 else

with the diagonal matrices

S = diag(s1,82,...,81) (27)
S* = diag (s, S5,...,5,) (28)
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€5 @ Singularity - Proposed Solution

g (€ (n,I))

y=g(x) € (Kout> Tout)
& (Mones I's)
€ (Hou: AT
Y=W(y— tou) Y = pow + sy

Figure 11: New theorem illustration
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€5 @ Application - Consensus

Continuous system with three robots and
periodic position measurement:

Xi = Vj,

= (30)
Vi = uj, (31)
Yik = Xi(t), (32)
Equidistant robots t = k-0 (33)
Q@
. WithiEI3,IgZ{1,2,3},kGN,XiGR,

Vi € R, uj € R and the period between the

Figure 12: Example of formation
9 P measurements 6; > 0

control by consensus
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€5 @ Application - Consensus

The robots must find a Consensus protocol [Zheng et al.] [2]:
consensus
Ui(t) =" (Vi — xi(1)) — ¢ vi(1), t € (t, tx + 1]
fim [xi(t) = x(0)]| =0, (34) #i

Jim [[vi(t) = ()] =0 (35) (36)

with the feedback gain ¢ > 0.
foralli,j € I3
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@ase ¢« Application - Propagation

State at time £
Integration of z; and v; Measurement y;

(Dynamical system) (Discrete system)

— — >

Initial state

Figure 13: Propagation process

May 12, 2023 Morgan Louédec Encompassing computation of the ellipsoidal image, in the singular case 17



€5 @ Application - Conditioning

State vector Initial set of state
Z = (Z]|icpr.97 (37) 12(0)]| < e, (47)
z1(t) = xo(t) — x1(t), (38) Zgjo0 = Z(0), forje [1:3]  (48)
Zo(t) = vo(t) = va(D), (39 with e > 0, equivalent to z(0) € £ (0, I'g) with
z3(t) = x3(t) — x1(t), (40) the singular matrix
z4(t) = va(t) — v4(t), (41)
t) = x3(t) — xo(t 42 ls Os.5
z5(t) = x3(t) — xo(t), (42)
o 100000
zg(t) = v5(t) — vo(t), (43) °=€ 1 9001000 033
Z7k = Yok — Y1 ko (44) 000O0T10
Zgk = Y3k — Y1k (45) (49)
Z9k = Y3k — Vok- (46)
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5 @« Application - Singuliarity

BRETACNE

One can then verify that the system is

Cause of the singularity:
contracting

e The initial state is a
degenerated ellipsoid
tend > 07 & (O)Ffend) C & (07F0) (51)
e The measurements are
linear projections

By the propagation of the
degenerated ellipsoid, on can
find a matrix I'y, such that

Z(tend) cé& (0, Ffend) (50)

with t.,q > 0
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@ @« Conclusion

The proposed solution in the singular case can be used to
e consider degenerated ellipsoids
¢ study systems with projections or other singular mappings

This tool is being tested for the stability analysis of n-dimensional non-linear
hybrid systems
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