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Introduction: Set-Based Methods in Control
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2) Set-Based Control1) Reachability-Based   
Verification & Planning

3) Set-Valued Estimation 4) Set-Membership 
Learning

Sets appear naturally in 
control systems design:
• Constraints
• Uncertainties
• Design/safety 

specifications 
Polytope Hyperrectan-

gle/Interval

Zonotope Ellipsoid
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Introduction: Safety via Control Barrier Function

Controlled Invariant Set (CIS)

<latexit sha1_base64="Ri1d3Dcxl0xi/a3Pbn+9HvZWYdU="></latexit>

ẋ = f(x) + g(x)u

<latexit sha1_base64="b9+3tUaP/Jsg3cmjQ3TasmaoxqY="></latexit>

sup
u2U

[Lfh(x) + Lgh(x)u+ ↵(h(x))] � 0

<latexit sha1_base64="SCsdJDRoeTY6j+4rOgH89R8OUxQ="></latexit>

S , {x 2 Rn : h(x) � 0}

Ames et al., TAC, 2016

Control Barrier Function      CIS 
<latexit sha1_base64="NHGrFnRfBngrdBUv5tEtU7C7nl8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvtpF262YTdiVBKf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVNVlokHrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFNMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj6V1Xv4bJSu83jKMIJnMI5+HANNbiHOjSAwwie4RXenNR5cd6dj0VrwclnjuEPnM8fjuCPtg==</latexit>⇢

• Known control affine system

• Find safe set 

such that

<latexit sha1_base64="Gtm56YU8rR/G2aKUtmxXXepz2C0="></latexit>

x(0) 2 C ) 9u(x(t)) s.t.x(t) 2 C, 8t � 0

<latexit sha1_base64="onS5vcgdj8rtL5tkiDUKpK8dMH0="></latexit>

u(x) = argmin
u2U

1

2
ku� k(x)k

s.t.
@h

@x
(x)(f(x) + g(x)u) � �↵(h(x))

Safety 
Filter
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Introduction: Safety via Control Barrier Function
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<latexit sha1_base64="b9+3tUaP/Jsg3cmjQ3TasmaoxqY="></latexit>

sup
u2U

[Lfh(x) + Lgh(x)u+ ↵(h(x))] � 0

<latexit sha1_base64="SCsdJDRoeTY6j+4rOgH89R8OUxQ="></latexit>

S , {x 2 Rn : h(x) � 0}

Ames et al., TAC, 2016

Control Barrier Function      CIS 
<latexit sha1_base64="NHGrFnRfBngrdBUv5tEtU7C7nl8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvtpF262YTdiVBKf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk0xwZPZKLbITMohcIGCZLYTjWyOJTYCkd3M7/1hNqIRD3SOMUgZgMlIsEZWanVNVlokHrlilf15nBXiZ+TCuSo98pf3X7CsxgVccmM6fheSsGEaRJc4rTUzQymjI/YADuWKhajCSbzc6fumVX6bpRoW4rcufp7YsJiY8ZxaDtjRkOz7M3E/7xORtFNMBEqzQgVXyyKMulS4s5+d/tCIyc5toRxLeytLh8yzTjZhEo2BH/55VXSvKj6V1Xv4bJSu83jKMIJnMI5+HANNbiHOjSAwwie4RXenNR5cd6dj0VrwclnjuEPnM8fjuCPtg==</latexit>⇢

• Known control affine system

• Find safe set 

such that

• Systems are uncertain
1) Uncertain, time-varying parameters

2) Mathematical model unavailable

<latexit sha1_base64="68SdvmCLBpzzOdhCIS/MyAAFXLA=">AAACH3icbVDLSgMxFM34rPU16tJNsAitSpkRqW6EohuXFewD2rFk0kwbmnmQ3JGWoX/ixl9x40IRcde/MW1noa0HkhzOuZebe9xIcAWWNTaWlldW19YzG9nNre2dXXNvv6bCWFJWpaEIZcMligkesCpwEKwRSUZ8V7C627+d+PUnJhUPgwcYRszxSTfgHqcEtNQ2S61OCMlglIfCtZcf6OesBT0G5PFE88Jpd1GL9dU2c1bRmgIvEjslOZSi0ja/9SAa+ywAKohSTduKwEmIBE4FG2VbsWIRoX3SZU1NA+Iz5STT/Ub4WCsd7IVSnwDwVP3dkRBfqaHv6kqfQE/NexPxP68Zg3flJDyIYmABnQ3yYoEhxJOwcIdLRkEMNSFUcv1XTHtEEgo60qwOwZ5feZHUzot2qWjfX+TKN2kcGXSIjlAe2egSldEdqqAqougZvaJ39GG8GG/Gp/E1K10y0p4D9AfG+AdXi6AG</latexit>

ẋ(t) = f(x(t), ✓⇤(t)) + g(x(t), ✓⇤(t))u(t)

• Given an (uncertain) safe set 

    how to guarantee controlled 
     invariance for 1) and 2)?

<latexit sha1_base64="CuxuldDxRQ2DEMyESdEfpwYf7XE="></latexit>

S✓ , {x 2 X | h(x, ✓) � 0}

Challenges

è Robust Control Barrier Function

<latexit sha1_base64="onS5vcgdj8rtL5tkiDUKpK8dMH0="></latexit>

u(x) = argmin
u2U

1

2
ku� k(x)k

s.t.
@h

@x
(x)(f(x) + g(x)u) � �↵(h(x))

Safety 
Filter

<latexit sha1_base64="wd57mSeGNZPHMty5THCi9IftDfA=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuiHoRgl48RjAPSGKYncwmQ2YfzPRqwpL/8OJBEa/+izf/xkmyB00saCiqume6y42k0Gjb31ZmaXlldS27ntvY3Nreye/u1XQYK8arLJSharhUcykCXkWBkjcixanvSl53BzcTv/7IlRZhcI+jiLd92guEJxhFIz20uiEmw/GVVxyexMedfMEu2VOQReKkpAApKp38l3mAxT4PkEmqddOxI2wnVKFgko9zrVjziLIB7fGmoQH1uW4n063H5MgoXeKFylSAZKr+nkior/XId02nT7Gv572J+J/XjNG7bCciiGLkAZt95MWSYEgmEZCuUJyhHBlCmRJmV8L6VFGGJqicCcGZP3mR1E5LznnJuTsrlK/TOLJwAIdQBAcuoAy3UIEqMFDwDK/wZj1ZL9a79TFrzVjpzD78gfX5A/vwkiw=</latexit>

ẋ = f(x, u)



Overview

A. Preliminaries on Mixed-Monotonicity

B. Robust Control Barrier Function
• Set-Membership Parameter 

Estimation

C. Robust Data-Driven Control Barrier 
Function
• Set-Membership Learning
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Overview
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A. Preliminaries on Mixed-Monotonicity

B. Robust Control Barrier Function
• Set-Membership Parameter 

Estimation

C. Robust Data-Driven Control Barrier 
Function
• Set-Membership Learning



Preliminaries on Mixed-Monotonicity
Yang, 
Mickelin & 
Ozay, 2019

Coogan & 
Arcak 2015
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<latexit sha1_base64="3a/LS7V3bPSxUMIktayp7TzG5ng="></latexit>

A mapping f : X ✓ Rn ! T ✓ Rm is (discrete-time) mixed monotone
if there exists a decomposition function fd : X ⇥ X ! T satisfying:

1. fd(x, x) = f(x),

2. x1 � x2 ) fd(x1, y) � fd(x2, y), and

3. y1 � y2 ) fd(x, y1)  fd(x, y2).
<latexit sha1_base64="kFKYs1dy+qd6vi1YX0eYizzoc4Q="></latexit>

Then, if x  x  x,

• fd(x, x)  f(x)  fd(x, x)

Enables interval bounding of nonlinear functions In
te

rv
al

s

• Decomposition functions are not unique!



<latexit sha1_base64="SRpAvtRu+YkS0E+nzOltZNVlmfg="></latexit>

Mc
i = {m 2 Rnz | mj = max((J

f
C)ij , 0) _ mj = min((Jf

C)ij , 0), 8j 2 Nnz}
<latexit sha1_base64="+8Iv69F6mD5M1FNnsqAS7rky0+Y="></latexit>

Mc
i = {m 2 Rnz | mj = max((J

f
C)ij , 0) _ mj = min((Jf

C)ij , 0), 8j 2 Nnz , j 6= i,mi = 0}

<latexit sha1_base64="ZO5Q8POeEkD9md2s05a57kpd36Y="></latexit>

fd,i(z, ẑ) = min
m2Mc

fi(⇣m(z, ẑ)) +m>(⇣m(ẑ, z)� ⇣m(z, ẑ)),

f
d,i
(ẑ, z) = max

m2Mc
fi(⇣m(ẑ, z)) +m>(⇣m(z, ẑ)� ⇣m(ẑ, z)),

<latexit sha1_base64="+Fm26EVhWYmr7g0Kxfx0m7JtFkk="></latexit>

⇣m,j(z, ẑ) =

(
ẑj , if mj � max((J

f
C)ij , 0),

zj , if mj  min((Jf
C)ij , 0),

DT:
CT:

• Tightest in the family (that includes Yang et al. 2019)
• Tractable/Computable in closed form
• Applicable to non-smooth, semi-continuous functions

Guarantees

8Khajenejad, M. and Yong, S.Z. IEEE TAC, 2023. 

Often outperforms all variations of natural inclusion in interval arithmetic

Remainder-Form Decomposition Function



Embedding Systems and Framer Property
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Provides interval framers for (CT and DT) systems by construction

<latexit sha1_base64="zzIVLYw7pmujlJWoUnCQbEYM/Lw="></latexit>
x+
t

x+
t

�
=

"
g
d
(
⇥
(xt)

> w>⇤>,
⇥
(xt)> w>⇤>)

gd(
⇥
(xt)> w>⇤>,

⇥
(xt)

> w>⇤>)

#
.

For a system
<latexit sha1_base64="sSm13nyjkmKBcwBsIjpo5IRJppA=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWoKGVGRN0IRTcuK9gHtOOQSdM2NJMZkjvVMvRP3LhQxK1/4s6/MW1nodUDl3s4515yc4JYcA2O82XlFhaXllfyq4W19Y3NLXt7p66jRFFWo5GIVDMgmgkuWQ04CNaMFSNhIFgjGFxP/MaQKc0jeQejmHkh6Une5ZSAkXzbfvTh/uiyVzL9+MGHQ98uOmVnCvyXuBkpogxV3/5sdyKahEwCFUTrluvE4KVEAaeCjQvtRLOY0AHpsZahkoRMe+n08jE+MEoHdyNlSgKeqj83UhJqPQoDMxkS6Ot5byL+57US6F54KZdxAkzS2UPdRGCI8CQG3OGKURAjQwhV3NyKaZ8oQsGEVTAhuPNf/kvqJ2X3rOzenhYrV1kcebSH9lEJuegcVdANqqIaomiIntALerVS69l6s95nozkr29lFv2B9fANkzZLb</latexit>

x+
t = g(xt, wt) with a pair of decomposition functions, 

its embedding system can be defined as:

Then, the solution has a framer property:

Khajenejad, M. and Yong, S.Z. IEEE TAC, 2023. 

<latexit sha1_base64="J7+0WC9ErgkdK5UdNiwHJKbid5Y="></latexit>

xt  xt  xt, 8t, 8wt 2 W.

<latexit sha1_base64="ZhiNo2NmfeBY+cT3wPL1wFlDL/8=">AAACF3icbVDLSgMxFM34rPU16tJNsAgVpMyIqMuiG5cV7AM6w5DJZNrQTDIkmUIZ+hdu/BU3LhRxqzv/xrSdhbY9EDiccw8394Qpo0o7zo+1srq2vrFZ2ipv7+zu7dsHhy0lMolJEwsmZCdEijDKSVNTzUgnlQQlISPtcHA38dtDIhUV/FGPUuInqMdpTDHSRgrsmpfxiMhJPO+Ng6jq4Ujos3PoieESObArTs2ZAi4StyAVUKAR2N9eJHCWEK4xQ0p1XSfVfo6kppiRcdnLFEkRHqAe6RrKUUKUn0/vGsNTo0QwFtI8ruFU/ZvIUaLUKAnNZIJ0X817E3GZ1810fOPnlKeZJhzPFsUZg1rASUkwopJgzUaGICyp+SvEfSQR1qbKsinBnT95kbQuau5VzX24rNRvizpK4BicgCpwwTWog3vQAE2AwRN4AW/g3Xq2Xq0P63M2umIVmSPwD9bXL/yjn8k=</latexit>

g
d
(·), gd(·),
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Continuous-time (CT) or discrete-time (DT) system with bounded noise: 

Interval Observer

<latexit sha1_base64="XmoMK7I2+eWoKOy1YEb9hKx7170="></latexit>

x+
t = f(xt) +Wwt,

yt = h(xt) + V vt.

<latexit sha1_base64="LMGv4s+GTBUWm4nHGrJXRHaeTXQ="></latexit>

• Interval uncertainties: w 2 [w, w], v 2 [v, v], x0 2 [x0, x0].

• f(x) and h(x) are di↵erentiable with known Jacobian bounds.
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Interval Observer
1. Find equivalent system

(adds additional degrees of 
freedom)

2. Write embedding system 
à Interval observer

3. Find linear comparison 
system

4. Apply stability/gain 
minimization results to 
obtain observer gains. 
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Pati, T., Yong, S.Z., et al. IEEE L-CSS, 2022. 

-Robust
<latexit sha1_base64="3upFwxL218QtWxlQN4/2WM1PrnQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDX83rlilt1ZyDLxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYslTRC7WezUyfkxCp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwVt8eZk0z6reRdW7P6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDypGNeg==</latexit>

L1

• Minimize       gain
• Positive framer error system
• Leads to a mixed-integer linear 

program (MILP)
• With additional constraints à LP

<latexit sha1_base64="3upFwxL218QtWxlQN4/2WM1PrnQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDX83rlilt1ZyDLxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYslTRC7WezUyfkxCp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwVt8eZk0z6reRdW7P6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDypGNeg==</latexit>

L1

Khajenejad, M. and Yong, S.Z. IEEE  L-CSS, 2022. 

-Optimal
<latexit sha1_base64="N/plF6bhr5/hIH36Os1F+fPI1SM=">AAAB+3icbVBNS8NAFNzUr1q/Yj16CRbBU0lE1GPRS48VbC00IWy2m3bpZhN2X8QQ8le8eFDEq3/Em//GTZuDtg4sDDPv8WYnSDhTYNvfRm1tfWNzq77d2Nnd2z8wD5sDFaeS0D6JeSyHAVaUM0H7wIDTYSIpjgJOH4LZbek/PFKpWCzuIUuoF+GJYCEjGLTkm003wjAlmOfdwneZCCHzzZbdtuewVolTkRaq0PPNL3cckzSiAgjHSo0cOwEvxxIY4bRouKmiCSYzPKEjTQWOqPLyefbCOtXK2ApjqZ8Aa67+3shxpFQWBXqyTKqWvVL8zxulEF57ORNJClSQxaEw5RbEVlmENWaSEuCZJphIprNaZIolJqDraugSnOUvr5LBedu5bDt3F63OTVVHHR2jE3SGHHSFOqiLeqiPCHpCz+gVvRmF8WK8Gx+L0ZpR7RyhPzA+fwCCyZTA</latexit>

H1

• Minimize        gain
• Leads to a mixed-integer nonconvex 

program 
• With additional constraints à SDP or 

MISDP

<latexit sha1_base64="N/plF6bhr5/hIH36Os1F+fPI1SM=">AAAB+3icbVBNS8NAFNzUr1q/Yj16CRbBU0lE1GPRS48VbC00IWy2m3bpZhN2X8QQ8le8eFDEq3/Em//GTZuDtg4sDDPv8WYnSDhTYNvfRm1tfWNzq77d2Nnd2z8wD5sDFaeS0D6JeSyHAVaUM0H7wIDTYSIpjgJOH4LZbek/PFKpWCzuIUuoF+GJYCEjGLTkm003wjAlmOfdwneZCCHzzZbdtuewVolTkRaq0PPNL3cckzSiAgjHSo0cOwEvxxIY4bRouKmiCSYzPKEjTQWOqPLyefbCOtXK2ApjqZ8Aa67+3shxpFQWBXqyTKqWvVL8zxulEF57ORNJClSQxaEw5RbEVlmENWaSEuCZJphIprNaZIolJqDraugSnOUvr5LBedu5bDt3F63OTVVHHR2jE3SGHHSFOqiLeqiPCHpCz+gVvRmF8WK8Gx+L0ZpR7RyhPzA+fwCCyZTA</latexit>

H1

Interval Observer

Extensions:
• State and input interval observers
• Hybrid interval observers



Simulation: DT Example
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<latexit sha1_base64="3quV34gGo8vousxIvwt2HTFoDdY="></latexit>

xt+1 =


0 1
0.3 0

�
xt +


0.05
0

�
[1� x2

t,1] + wt,

yt = xt,1 + vt.



Simulation: CT Example

14

<latexit sha1_base64="2KvqJdYj6Nz0JZzIykI/xs3tx8s="></latexit>

ẋ1 = x2 + w1, ẋ2 = b1x3 � a1 sin(x1)� a2x2 + w2,

ẋ3 = �a3(a2x1 + x2) +
a1
b1

(a4 sin(x1) + cos(x1)x2)� a4x3 + w3.
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A. Preliminaries on Mixed-Monotonicity

B. Robust Control Barrier Function
• Set-Membership Parameter 

Estimation

C. Robust Data-Driven Control Barrier 
Function
• Set-Membership Learning
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Motivation and Literature Review

Challenge: Extend control barrier function [Ames et al., 2016] to guarantee 
safety under parametric uncertainties

• The degradation of safety [Kolathaya & Ames, 2018], analysis on robustness 
[Xu et al., 2015].

• Additive Uncertainty: [Jankovic, 2018; Breeden & Panagou, 2021]
• Parametric Uncertainty: Adaptive CBF [Taylor & Ames, 2020]; Robust 

adaptive CBF [Lopez et al., 2020]; Unmatched CBF [Lopez & Slotine, 2023]; 
Adaptive CBF with persistence of excitation [Black, Arabi & Panagou, 2021]

è Do not apply for time-varying and nonlinear parametric uncertainties!
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Motivation and Literature Review

Challenge: Reduce conservatism of robust CBFs via set-membership 
parameter estimation, i.e., to find

• Set-membership identification at sampled times [Lopez et al., 2020]
• Disturbance observer + robust CBFs [Das & Murray, 2022; Wang & Xu, 2023]
• Adaptive CBF with persistence of excitation [Black, Arabi & Panagou, 2021]

è Do not apply for time-varying and nonlinear parametric uncertainties!

<latexit sha1_base64="yr/CGG3ACQAI6jgwUm5UVX1lYkA="></latexit>

⇥̂(t) such that ✓⇤(t) 2 ⇥̂(t) ✓ ⇥
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Problem Statement: Uncertain System Dynamics
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Problem Statement: Uncertainty-Dependent Safe Set



20

Problem Statement

• Computational tractable à linear in decision variables (i.e., control input), no semi-infinite 
(‘for all’) constraints

• Less conservative à with respect to estimated parameter set 
<latexit sha1_base64="4DPaZGGpz7xu0j3PCF5CbQQdV8s=">AAACGXicbZA9SwNBEIb34leMX1FLm8UgqEW4E1HLoI1lhCQKuTPsbSZmyd7euTsnhCN/w8a/YmOhiKVW/hs3lxR+vbDw8swMs/OGiRQGXffTKczMzs0vFBdLS8srq2vl9Y2WiVPNocljGeurkBmQQkETBUq4SjSwKJRwGQ7OxvXLO9BGxKqBwwSCiN0o0ROcoUWdsutjH5Bd7+/iHvWFon6fYeY3xnCUM5OGBhBu6QR2yhW36uaif403NRUyVb1Tfve7MU8jUMglM6btuQkGGdMouIRRyU8NJIwP2A20rVUsAhNk+WUjumNJl/ZibZ9CmtPvExmLjBlGoe2MGPbN79oY/ldrp9g7CTKhkhRB8cmiXiopxnQcE+0KDRzl0BrGtbB/pbzPNONowyzZELzfJ/81rYOqd1T1Lg4rtdNpHEWyRbbJLvHIMamRc1InTcLJPXkkz+TFeXCenFfnbdJacKYzm+SHnI8vHaefxQ==</latexit>

✓⇤(t) 2 ⇥̂(t) ✓ ⇥
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Approach: rCBF
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Approach: rCBF

Pati, T. and Yong, S.Z. IFAC World Congress, 2023.

<latexit sha1_base64="GVdZM7l/3XzC/SdBX+/fZEb5TMA="></latexit>

u(x) = argmin
u2U

1

2
ku� k(x)k

s.t.
@h

@x
(x, ✓)(f(x, ✓) + g(x, ✓)u) +

@h

@✓
(x, ✓)✓̇ � �↵(h(x, ✓)), 8✓ 2 ⇥, ✓̇ 2 ⇥d

Safety 
Filter
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Approach: Tractable rCBF
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Approach: Tractable rCBF
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Approach: Tractable rCBF

Proof Sketch: Use mixed-monotonicity property and interval arithmetic for lower bounding functions:

Pati, T. and Yong, S.Z. IFAC World Congress, 2023.
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Approach: Tractable rCBFs + rCLFs

Alternative tractable CBFs:
• Concave dependence on parametric uncertainty è rCBF-C via vertex 

enumeration
• Linear dependence on parametric uncertainty è rCBF-L via robust 

optimization/dual linear programming or rCBF-C

Analogous tractable CLFs:
• General parametric uncertainty è rCLF-MM via mixed-monotonicty
• Convex dependence on parametric uncertainty è rCLF-C via vertex enum.
• Linear dependence on parametric uncertainty è rCLF-L via robust opt. or 

robust adaptive CLF (raCLF)

Pati, T. and Yong, S.Z., 2023, submitted.
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Approach: Set-Membership Parameter Estimation

Parameter “Propagation”

<latexit sha1_base64="WQ1LR6kxkVW2wrs/HG5FHUocrd0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBiyURUY9FLx4r9AuaEDbbTbN0swm7E7GE/BUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvSDlTYNvfRmVtfWNzq7pd29nd2z8wD+s9lWSS0C5JeCIHAVaUM0G7wIDTQSopjgNO+8Hkbub3H6lULBEdmKbUi/FYsJARDFryzbobYcjdTkQBF34+OXcK32zYTXsOa5U4JWmgEm3f/HJHCcliKoBwrNTQsVPwciyBEU6LmpspmmIywWM61FTgmCovn99eWKdaGVlhInUJsObq74kcx0pN40B3xhgitezNxP+8YQbhjZczkWZABVksCjNuQWLNgrBGTFICfKoJJpLpWy0SYYkJ6LhqOgRn+eVV0rtoOldN5+Gy0bot46iiY3SCzpCDrlEL3aM26iKCntAzekVvRmG8GO/Gx6K1YpQzR+gPjM8f/RmUaA==</latexit>

⇥̂k�1

<latexit sha1_base64="m43HW9R2OTECYUtc3u0kl86iIC8=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiAIYpgRUY9BPXiMYFTIhKGmU0ma9Cx01whhyEd48Ve8eFDEqwdv/o2d5eD2oODxXhVV9cJUSUOu++kUZmbn5heKi6Wl5ZXVtfL6xrVJMi2wIRKV6NsQDCoZY4MkKbxNNUIUKrwJ+2cj/+YOtZFJfEWDFFsRdGPZkQLISkF5z+8B5f5VDwmGQd7f94bcT1KVGe6foyLgxCdu0A7KFbfqjsH/Em9KKmyKelD+8NuJyCKMSSgwpum5KbVy0CSFwmHJzwymIPrQxaalMURoWvn4qSHfsUqbdxJtKyY+Vr9P5BAZM4hC2xkB9cxvbyT+5zUz6py0chmnGWEsJos6meKU8FFCvC01ClIDS0BoaW/logcaBNkcSzYE7/fLf8n1QdU7qnqXh5Xa6TSOItti22yXeeyY1dgFq7MGE+yePbJn9uI8OE/Oq/M2aS0405lN9gPO+xcpg55A</latexit>

⇥̂k�1 ��t⇥d

Measurement Update

<latexit sha1_base64="2a649OFzumiAD0dLttx2qxGoPqY=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK/YImhs120yzdTcLuRCwhf8WLB0W8+ke8+W/ctjlo64OBx3szzMwLUs4U2Pa3UVlb39jcqm7Xdnb39g/Mw3pPJZkktEsSnshBgBXlLKZdYMDpIJUUi4DTfjC5nfn9RyoVS+IOTFPqCTyOWcgIBi35Zt2NMORuJ6KAiwfh55PCNxt2057DWiVOSRqoRNs3v9xRQjJBYyAcKzV07BS8HEtghNOi5maKpphM8JgONY2xoMrL57cX1qlWRlaYSF0xWHP190SOhVJTEehOgSFSy95M/M8bZhBeezmL0wxoTBaLwoxbkFizIKwRk5QAn2qCiWT6VotEWGICOq6aDsFZfnmV9M6bzmXTub9otG7KOKroGJ2gM+SgK9RCd6iNuoigJ/SMXtGbURgvxrvxsWitGOXMEfoD4/MHotGU1Q==</latexit>

⇥̂m
k

<latexit sha1_base64="m43HW9R2OTECYUtc3u0kl86iIC8=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiAIYpgRUY9BPXiMYFTIhKGmU0ma9Cx01whhyEd48Ve8eFDEqwdv/o2d5eD2oODxXhVV9cJUSUOu++kUZmbn5heKi6Wl5ZXVtfL6xrVJMi2wIRKV6NsQDCoZY4MkKbxNNUIUKrwJ+2cj/+YOtZFJfEWDFFsRdGPZkQLISkF5z+8B5f5VDwmGQd7f94bcT1KVGe6foyLgxCdu0A7KFbfqjsH/Em9KKmyKelD+8NuJyCKMSSgwpum5KbVy0CSFwmHJzwymIPrQxaalMURoWvn4qSHfsUqbdxJtKyY+Vr9P5BAZM4hC2xkB9cxvbyT+5zUz6py0chmnGWEsJos6meKU8FFCvC01ClIDS0BoaW/logcaBNkcSzYE7/fLf8n1QdU7qnqXh5Xa6TSOItti22yXeeyY1dgFq7MGE+yePbJn9uI8OE/Oq/M2aS0405lN9gPO+xcpg55A</latexit>

⇥̂k�1 ��t⇥d

<latexit sha1_base64="Bt2wQAWxmYClm+bryAL7Zidm48I=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1GPRi8cK/YImhM120yzdbMLupFBC/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXZoJrcJxvq7KxubW9U92t7e0fHB7ZxyddneaKsg5NRar6IdFMcMk6wEGwfqYYSULBeuH4Ye73Jkxpnso2TDPmJ2QkecQpASMFtu3FBAqvHTMgs6AYzwK77jScBfA6cUtSRyVagf3lDVOaJ0wCFUTrgetk4BdEAaeCzWperllG6JiM2MBQSRKm/WJx+QxfGGWIo1SZkoAX6u+JgiRaT5PQdCYEYr3qzcX/vEEO0Z1fcJnlwCRdLopygSHF8xjwkCtGQUwNIVRxcyumMVGEggmrZkJwV19eJ92rhnvTcJ+u6837Mo4qOkPn6BK56BY10SNqoQ6iaIKe0St6swrrxXq3PpatFaucOUV/YH3+ABeCk/Y=</latexit>

⇥̂k

<latexit sha1_base64="yUczcHcOd/UIhlsxo9Fm0SF6UQ0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2lM120i7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqdrNcYoaHTfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzeKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7Hky4AqZERNLKFPc3krYiCrKjI2oZEPwll9eJa2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDExgIeIZXeHMenRfn3flYtBacfOYY/sD5/AE8epAa</latexit>

⇥

<latexit sha1_base64="XH5tc6lLElIbgcJozYWI4KHghO4="></latexit>

⇥̂PI(t) = ⇥̂PI,bt/�tc � �t⇥d.

<latexit sha1_base64="AX5gB9Yg6Q9eejLbbpqo7nrZdq0="></latexit>

⇥̂PI,k = (⇥̂PI,k�1 ��t⇥d) \⇥ \
{�F (x(i))✓  �ˆ̇x(i) + f(x(i) + g(x(i))u(i) + ✏,

F (x(i))✓  ˆ̇x(i)� f(x(i)� g(x(i))u(i) + ✏}

Method 1: Polyhedral Intersections (via Computational Geometry Tools)
• Generalization of SMID in [Lopez et al., 2020] to allow time-varying parameters

Pati, T. and Yong, S.Z., 2023, submitted.
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Approach: Set-Membership Parameter Estimation
Method 2: Interval Observers
• Leverage mixed-monotone embedding systems [Pati, Yong, et al., 2023]
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ż =


ẋ
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Augmented system 
dynamics:

Interval Observer

Parameter Set Estimate
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Approach: Set-Membership Parameter Estimation

Proof Sketch: Leverage CT mixed-monotone embedding systems with appropriate equivalent
  system transformation, as well as positivity of error system [Pati, Yong, et al., 2023]

Pati, T. and Yong, S.Z., 2023, submitted.



Robust CBFAdaptive CBF

• 𝜃∗ is constant
• Dynamics is linear in 𝜃∗	
• Only guarantees that ℎ 𝑥, &𝜃 ≥ 0 

and not ℎ 𝑥, 𝜃∗ ≥ 0 

• 𝜃∗ ∈  𝛩, �̇�∗ ∈  𝛩" can be time-
varying

• Dynamics can be nonlinear in 𝜃∗
• Guarantees that ℎ 𝑥, 𝜃∗ ≥ 0 
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Comparison: Safety via Adaptive/Robust CBF

Pati, T. and Yong, S.Z. IFAC World Congress, 2023.
Lopez et al., LCSS, 2020. 
Similarly, in Taylor & Ames, ACC, 2022; Lopez & Slotine, ACC, 2023. 
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Time-to-Collision Safety:
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D � Tc(v � vl), vl unknown

ℎ!:      Adaptive CBF [Taylor & Ames, 2020]
ℎ":      Robust adaptive CBF (Lopez et al., 2020]
ℎ#:      Unmatched CBF [Lopez & Slotine, 2023]
ℎ"$%&: Robust CBF

Simulation: Adaptive Cruise Control



Simulation: Adaptive Cruise Control
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Without Parameter Estimation

With Parameter Estimation

Pati, T. and Yong, S.Z., 2023, submitted.



Overview
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A. Preliminaries on Mixed-Monotonicity

B. Robust Control Barrier Function
• Set-Membership Parameter 

Estimation

C. Robust Data-Driven Control Barrier 
Function
• Set-Membership Learning
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Motivation and Literature Review

Challenge: Extend control barrier function [Ames et al., 2016] to guarantee 
safety with no mathematical model but only prior state trajectory data

• Neural Networks, e.g., [Choi et al. 2020; Taylor et al., 2020]
• Gaussian Process, e.g., [Jagtap et al., 2020; Dhiman et al., 2023]

• Control Certificate Function under Lipschitz continuity [Taylor et al., 2021]

è Either no guarantees or only probabilistic guarantees

è Lipschitz continuity assumption may be strong
è Computationally expensive Second-Order Cone Programs (SOCPs)
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Problem Statement: Uncertain System Dynamics
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ẋ = f(x, u)

Consider an unknown nonlinear system:
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S , {x 2 Rn : h(x) � 0}with safe set
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Problem Statement: Continuity Assumptions
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• Set-membership prediction, Lipschitz interpolation, kinky inference
• Non-parametric learning approach with continuity assumption

• Lipschitz continuous à Piecewise affine bounding functions
• Hölder continuous à Piecewise nonconvex bounding functions
• Differentiable with bounded Jacobians 

• Piecewise affine bounding functions
• Less conservative than Lipschitz approach

Jin, Z., Khajenejad, M. and Yong, S.Z. LCSS, 2022.

Idea: Set-Membership Learning
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• Lower bound ℎ̇(𝑥, 𝑢) using data, directly from continuity definitions or 
interval/mixed-monotone bounding

Jin, Z., Khajenejad, M. and Yong, S.Z. LCSS, 2022 & LSCC, 2023.
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ḣ(x, u) � ḣJ(x, u) � ḣCL(x, u) � ḣL(x, u)

Idea: Set-Membership Learning



Approach: Robust Data-Driven CBF

39Jin, Z., Khajenejad, M. and Yong, S.Z. LCSS, 2023.

è Involves piecewise affine functions à Mixed-Integer Quadratic Programs



Approach: Complexity Reduction Strategies

40Jin, Z., Khajenejad, M. and Yong, S.Z. LCSS, 2023.

1. Parallel Computing via decomposition into multiple quadratic 
programming (QP) or analytical subproblems



Approach: Complexity Reduction Strategies
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2. Downsampling via the use of a subset of 
“nearby” data by leveraging monotonicity of the 
learning approach

• kNN and clustering method (cf. [Jin, 
Khajenejad & Yong, 2020])



Approach: Lipschitz Constants/Jacobian Bounds

42

What if the Lipschitz constants or 
Jacobian bounds are unknown?

Estimation with high 
probability:



Simulations: Inverted Pendulum & Adaptive 
Cruise Control 

43

Taylor, Dorobantu, Dean, Recht, Yue, and Ames, CDC, 2021.



• Robust control barrier functions for uncertain systems:
• Uncertain parameter-varying systems 

• Leveraged mixed-monotonicity, concave bounding and robust 
optimization

• Set-membership parameter estimation using computational geometry and 
mixed-monotonicity based interval observers

• Unknown continuous systems with only prior trajectory data
• Set-membership learning under various continuity assumptions
• Complexity reduction techniques for robust data-driven CBF

Summary

44



• Computationally efficient and tight set-membership parameter estimation
à Tighter zonotopic/polytopic observers for immersion/nonlinear systems

• Reliable estimation of continuity parameters—Lipschitz constant/Jacobian 
bounds—for set-membership learning
à Confidence or error bounds for these constants/bounds

• Learning of control barrier functions from positive demonstrations
à Non-parametric/set-membership learning of CBFs
à Active learning for exploring safety boundaries while remaining safe

• Preview control barrier functions
à Incorporation of future/preview information of (immutable) disturbances or 

  predictions for nonlinear systems

Challenges/Opportunities

45



Thank you!
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