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Motivation

Fig. 1: Top 5 supercomputers of the top500
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Intervals Libraries for the CPU
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Interval Libraries for the CPU
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Fig. 2: Overview of interval libraries
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State of the Art

Interval Libraries . . .

- support most major programming languages

- offer intuitive programming, thanks to operator overloading and OOP

- are extensible and interoperable (e.g. FADBAD++)

- include specialized toolboxes (verified solvers, optimizers, visualizations)

What about parallelization?

☞ C-XSC is considered thread-safe and has been tested with MPI and OpenMP [1, 2]
☞ many traditional optimization methods are B&B type algorithms

What about portability?

☞ dependence on platform-specific header files, libraries (MPFR, CRlibm) or inline assembly
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GPU Computing with Intervals
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A short introduction to GPU computing

- co-processors, originally made for computer graphics

- nowadays also used in many other domains,
due to higher core frequencies and more RAM, while
still being relatively affordable
☞ GPGPU

- SIMT: many low performance cores solving the same
task in parallel

- abstract view of threads, blocks and grids

- focus on NVIDIA-manufactured devices,
because of their high market share

Fig. 3: Accelerator/co-processor system share [3]

Fig. 4: Architectural differences between CPU and GPU [4]

L. Gillner, E. Auer: Interval Methods for the GPU in Global Optimization November 17, 2023 8/27



GPU Programming

Main obstacle: vendor-specific libraries (e.g. CUDA, ROCm, oneAPI, MUSA, Metal)

Common platform: OpenCL (not supported on every device)

Standard paradigm: kernel programming (vectorization)

Rounding control: direct, stateless (arithmetic operations)

Traditionally: C/C++

__global__ void kernel(float* X, float* Y) {
int i = threadIdx.x;
Y[i] = ...

}

int main() {
...
cudaMalloc(&X, T*sizeof(float));
...
kernel<<<1, T>>>(X, Y);
...

}

Higher-level approach: Numba

@cuda.jit
def kernel(X, Y):

i = cuda.threadIdx.x
Y[i] = ...

...
kernel[1, T](X,Y)
...

. . . however, JIT-compiled CUDA code performs worse than native code [5]
alternative: Codon or Mojo; AOT-compiled Python code (under development) [6]
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The Issue with CUDA Intervals

What is currently possible in CUDA C++

+ basic interval arithmetic with cuda_interval_lib.h

- incomplete, not included in CUDA anymore

+ automatic differentiation with Clad

- but only for native data types

+ solving IVPs using Odeint or DifferentialEquations.jl

- intervals are not supported

Fig. 5: Interval libraries for the GPU

L. Gillner, E. Auer: Interval Methods for the GPU in Global Optimization November 17, 2023 10/27



High-level GPU Programming with Intervals

Standard Julia code

A = rand(1_000_000)

# define a simple function
f(x) = 0.5 * exp(x)

# apply the function to A
B = f.(A)

CUDA Julia code

using CUDA # or AMDGPU, Metal, ...

# this data lives in the VRAM
A = CuArray(rand(1_000_000))

f(x) = 0.5 * exp(x)

# generate and run GPU kernel
B = Array(f.(A))

☞ eliminating hardware barriers with generic code!

This also works with IntervalArithmetic.jl, though with limitations:

- no "tight" rounding on the GPU (nextfloat/prevfloat only)

- use of trigonometric functions can be tricky with intervals
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Experiments in Parameter Estimation
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Parameter Estimation by Example

Two-compartment model

ẏ1 = −y1 · (p1 + p3) + p1 · y2
ẏ2 = −p2 · y2 + p3 · y1

(1)

y(0) = (1.0, 0.0)T , p ∈ [0.01, 2.0]× [0.05, 3.0]× [0.05, 3.0]

Analytical solution

D =
√
(p1 − p2 + p3)2 + 4 · p2 · p3, α =

p3
D

λ1 =
1

2
(p1 + p2 + p3 −D), λ2 =

1

2
(p1 + p2 + p3 +D)

y1(t) =
1

D
((p1 − λ1) · e−λ1·t − (p2 − λ2) · e−λ2·t)

y2(t) = α · (e−λ1·t − e−λ2·t)

(2)
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Accelerating Parameter Estimation

Objective function

Φ(p) =

te∑
k=tb

m∑
j=1

(yj(tk,p)− yj,m(tk))
2 !
= min, wrt. p (3)

Preconditioning of the search space

1. Initial search space p

2. Bisect p into sub-boxes of width w:
∀pk ∈ p : diam(pk) ≤ w, p1 ∪ p2 ∪ . . . ∪ pn = p

3. Apply the monotonicity test in parallel:
keep pk, if 0 ∈ ∇Φ(pk)

4. p∗ is the convex hull of suitable boxes

5. Re-iterate or optimize p∗
Fig. 6: Reduced search space
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Experiments with the Exact Solution

- 16 measurements for y2 only

- CUDA C++ and Julia implementations

- extended cuda_interval_lib.h from [7]

- manual differentiation for comparison

- CUDA port of FADBAD++ for AD

Test Environment
CPU:

2 × Intel Xeon Gold 5215 (20 cores)
GPU:

NVIDIA Quadro RTX 6000 (4608 cores)

t 1 2 3 4 5 6 . . . 15 16

y2,m 0.0532 0.0478 0.0410 0.0328 0.0323 0.0148 . . . 0.0060 0.0126

Φ(p) =

te∑
k=tb

(y2(tk,p)− y2,m(tk))
2 (4)
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Experiments without the Exact Solution

Approximation of Φ with Euler’s Method

Φ(p) =

te∑
k=tb

(y2(tk,p)− y2,m(tk))
2 (5)

y(k) = y(k−1) + h · f(y(k−1),p) (6)

Φapprox(p) =

te∑
k=tb

(y
(k−1)
2 + h · f2(y(k−1),p)− y2,m(tk))

2 (7)

Not optimal, but there are no verified IVP solvers for the GPU yet!
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A SIVIA-like approach

Input: f[], Y,X0, ϵ
Output: S,N , E
S ← N ← E ← ∅;
L ← {X0};
while L ≠ ∅ do

X ← pop(L);
if f[](X) ⊂ Y then

push(S, X);
else if f[](X) ∩ Y = ∅ then

push(N , X);
else if diam(X) < ϵ then

push(E , X);
else

XL, XR ← bisect(X);
push(L, XL);
push(L, XR);

end
end

Example

Let X0 = [−3, 3], Y = [1, 2] with ϵ = 0.05.

f[](x, y) = x2 + y2 + x · y

Fig. 7: Paving of f[]
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A SIVIA-like approach

Input: f[], Y,X0, ϵ
Output: S,N , E
S ← N ← E ← ∅;
L ← {bisect_until(X0, w)};
forall Xi ∈ L do

if f[](Xi) ⊂ Y then
push(S, Xi);

else if f[](Xi) ∩ Y = ∅ then
push(N , Xi);

else
push(E , Xi);

end
end

Example

Let X0 = [−3, 3], Y = [1, 2] with ϵ = 0.05.

f[](x, y) = x2 + y2 + x · y

Fig. 8: Parallelized paving of f[]
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Experimental Results

Initial search space p ∈ [0.01, 2.0]× [0.05, 3.0]× [0.05, 3.0], w = 0.05

Method Enclosure Φ(pbest) texec (s)

I [0.01, 2.0]× [2.262, 3.0]× [0.142, 3.0] [0.000092, 0.005273] 0.350

II [0.383, 2.0]× [2.539, 3.0]× [0.142, 1.709] [0.000092, 0.005273] 9.741

III [1.440, 2.0]× [1.617, 3.0]× [0.326, 3.0] [0.0, 0.005111] 2.212

IV [0.383, 2.0]× [2.539, 3.0]× [0.142, 3.0] [0.000092, 0.005273] 0.253

V [0.009, 2.0]× [2.435, 3.0]× [0.228, 3.0] [0.000135, 0.005245] 75.558∗

V I [0.437, 2.0]× [2.622, 3.0]× [0.228, 1.695] [−0.001776, 0.005245] 504.75∗

I Monotonicity test with MD of the exact solution (CUDA C++)

II Monotonicity test with AD of the exact solution (CUDA C++)

III Monotonicity test with AD of the approximate solution (CUDA C++)

IV SIVIA-like approach with the exact solution (CUDA C++)

V Monotonicity test with MD of the exact solution (Julia + CUDA.jl)

V I Monotonicity test with AD of the exact solution (Julia + CUDA.jl)

∗ including compile time
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Performance Considerations

Fig. 9: Kernel execution times for C++ and Julia Fig. 10: Comparison of compile times
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Outlook
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Outlook

Future experiments . . .

- exploration of dynamic parallelism

- performance comparison between GPU and low cost CPU clusters

- investigation of energy use compared to CPU clusters

What’s still needed . . .

- complete, platform-independent interval library

- GPU-compatible ODE solvers
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Thank you for your attention!
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