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Goal:
Non-trivial solutions of the one-dimensional stationary
Schrödinger-Poisson system

−u′′ + V0u + Wuu = u3

−W ′′
u + cWu = u2

 on R

lim
x→±∞

Φu = 0

parameter c > 0
constant external potential V0 > 0
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Using the Green’s function Γ for −W ′′ + cW :

Wu =

∫
R

Γ(·, t)u(t)2 dt

Insert into the first equation:

−u′′ +
(
V0 +

∫
R

Γ(·, t)u(t)2 dt
)

u = u3 on R (SPS)

u ∈ H1
S(R) := {u ∈ H1(R) : u(x) = u(−x) (x ∈ R)}

H−1
S (R) :=

(
H1

S(R)
)′

〈u, v〉H1 := 〈u′, v′〉L2 + σ 〈u, v〉L2 (u, v ∈ H1(R)), σ > 0 fixed
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Define F : H1
S(R)→ H−1

S (R) by

(Fu)[v ] :=
∫

R

[
u′v′ +

(
V0 +

∫
R

Γ(·, t)u(t)2 dt
)

uv − u3v
]

dx

Thus:

u solves (SPS) ⇔ Fu = 0

Let some approximate solution ũ ∈ H1
S(R) of Fu = 0 be computed (A0)

Linearization of F at ũ:

L : H1
S(R)→ H−1

S (R), L = F ′ũ
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Need constants δ ≥ 0, K ≥ 0 and a non-decreasing function
g : [0,∞)→ [0,∞) satisfying:

Bound for the defect (residual) of ũ:

‖Fũ‖H−1 ≤ δ (A1)

Norm bound for L−1:

‖u‖H1 ≤ K ‖Lu‖H−1 (u ∈ H1
S(R)) (A2)

∥∥∥F ′(ũ + u) − F ′ũ
∥∥∥
B
≤ g(‖u‖H1) (u ∈ H1

S(R)) (A3)

g(t)→ 0 (t → 0+) (A4)
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Theorem (Existence and enclosure theorem, see [4])

Let ũ ∈ H1
S(R) be an approximate solution of Fu = 0, i.e. of (SPS). Moreover

let ũ, δ, K and g : [0,∞)→ [0,∞) satisfy the assumptions (A1) - (A4).

Suppose some α ≥ 0 exists, such that

δ ≤
α

K
−G(α) and

K · g(α) < 1,

where G(s) =
∫ s
0 g(t) dt.

Then there exists an exact solution u∗ ∈ H1
S(R) of Fu = 0, satisfying the

enclosure ∥∥∥u∗ − ũ
∥∥∥
H1 ≤ α.

δ

δmax

t

ϕ(t) = t
K −G(t)
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Look for approximations in VS
R,M = span

{
ϕS

R,k : 1 ≤ k ≤ M
}
⊂ H1

S(R) with

ϕS
R,k =

sin
(
(2k − 1)π x+R

2R

)
, |x | ≤ R

0, |x | > R

Define : H1
S(R)→ H−1

S (R) by

Start Newton method with
p = 0 and u =

√
2V0

cosh(
√

V0·)

−10 −5 0 5 10

0

0.5

1

1.5
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Need a verified δ ≥ 0 with
‖Fũ‖H−1 ≤ δ

Have: ũ(x) = 0 for |x | > R and ũ
∣∣∣
[−R,R ]

∈ H2(−R, R)

Thus for ϕ ∈ H1
S(R)

Verified computation:
|ũ′(R)|+ |ũ′(−R)|∥∥∥ − ũ′′ +

(
V0 +

∫ R
−R Γ(·, t)ũ(t)2 dt

)
ũ − ũ3

∥∥∥
L2(−R,R)
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Have: ũ(x) = 0 for |x | > R and ũ
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ũ − ũ3
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‖Fũ‖H−1 ≤ δ

Have: ũ(x) = 0 for |x | > R and ũ
∣∣∣
[−R,R ]

∈ H2(−R, R)

Thus for ϕ ∈ H1
S(R)

(Fũ)[ϕ] = ũ′ϕ
∣∣∣R
−R +

∫ R

−R

[
− ũ′′ +

(
V0 +

∫ R

−R
Γ(·, t)ũ(t)2 dt

)
ũ − ũ3

]
ϕ dx

Verified computation:
|ũ′(R)|+ |ũ′(−R)|∥∥∥ − ũ′′ +

(
V0 +

∫ R
−R Γ(·, t)ũ(t)2 dt

)
ũ − ũ3

∥∥∥
L2(−R,R)



(A2) Norm bound for L−1
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Norm bound K ≥ 0 for L−1:

‖u‖H1 ≤ K‖Lu‖H−1 (u ∈ H1
S(R)) (A2)

Spectral decomposition of Φ−1L yields:

(A2) holds ⇔ γ := min{|λ| : λ ∈ σ(Φ−1L)} > 0

Compute verified lower bounds:
γev > 0 for min{|λ| : λ isolated eigenvalue of Φ−1L}
γess > 0 for min{|λ| : λ ∈ σess(Φ−1L)}
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Eigenvalue bound γev:

Φ−1Lu = λu ⇔
κ:= 1

1−λ

〈u,ϕ〉H1 = κ(Φu − Lu)[ϕ] (ϕ ∈ H1(R))

λ̂j 0 λj+1 κ̂j 1 κj+1

Upper eigenvalue bounds: Rayleigh-Ritz method

Lower eigenvalue bounds: Lehmann-Goerisch and homotopy method

Set γev = min{|λ̂j |, λj+1} = min{|1 − 1
κ̂j
|, 1 − 1

κj+1
}

Choose

K =
1

min{γev, γess}
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Need a non-decreasing function g : [0,∞)→ [0,∞) which satisfies∥∥∥F ′(ũ + u) − F ′ũ
∥∥∥
B
≤ g(‖u‖H1) (u ∈ H1

S(R)) (A3)

and g(t)→ 0 (t → 0+) (A4)

Set

g(t) =
3t

2σ
3
2

(
2‖ũ‖H1 + t +

1
√

c

(
2‖ũ‖L2 +

t
√
σ

))
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Results for the one-dimensional system
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Proved a non-trivial solution in the following cases:

c V0 σ δ K α

30.0 1.0 2.133 3.085e-4 3.753 1.17e-3
40.0 1.0 1.973 3.154e-4 3.543 1.12e-3
50.0 1.0 1.866 3.174e-4 3.498 1.12e-3
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