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Schrédinger-Poisson system
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-h2
ihdw = -5 Ay + Wy on [0, ) X R®

m wavefunction ¢, mass m, Planck’s constant h
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m wavefunction ¢, mass m, Planck’s constant h
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m dielectric constant g, charge distribution p
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The one-dimensional Schrédinger-Poisson system

Karlsruhe Institute of Technology

Goal:
Non-trivial solutions of the one-dimensional stationary
Schrddinger-Poisson system

U+ Vou+ Wyu = d®

. 5 ON R
-W/ +cW, =u
X—=+00
a parameterc >0
a constant external potential Vo > 0
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The one-dimensional Schrédinger-Poisson system [T

Using the Green’s function I for —-W’"" + cW:
W, — f T(- Hu(t)? dt
R
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The one-dimensional Schradinger-Poisson system  {|T

Using the Green’s function I for —-W’"" + cW:

W, — er(-, f)u(t)? dt

Insert into the first equation:

_u”+(Vo—l—f]RF(‘,t)U(t)zdt)u:u3 on R (SPS)
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The one-dimensional Schradinger-Poisson system  {|T

Using the Green’s function I for —-W’"" + cW:

W, — er(-, f)u(t)? dt

Insert into the first equation:
-u” + (vo +f T(- t)u(t)? dt)u =wPonR (SPS)
R

® ueHL(R) :={ueH (R): u(x) = u(-x) (x € R)}
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® Hg'(R) := (H5(R))

5 July 26, 2018 Jonathan Wunderlich — Computer-assisted existence proofs for one-dimensional Schrédinger-Poisson systems

Institute for Analysis
SWIM 2018: 11th Summer Workshop on Interval Methods



5

The one-dimensional Schrédinger-Poisson system

Using the Green’s function I for —-W’"" + cW:

W, — er(-, f)u(t)? dt

Insert into the first equation:
-u” + (vo +f T(- t)u(t)? dt)u =wPonR (SPS)
R

® ueHL(R) :={ueH (R): u(x) = u(-x) (x € R)}
® Hg'(R) := (H5(R))

® (U, V) = UL V)2 + o (U, v (u v e H(R)), o > 0 fixed
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Setting

Define F: H5(R) — Hg'(R) by

(Fu)[v] :—f]R[u’v’+(V0+LF(-,t)u(t)2dt)uv—u3v dx
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Setting

Define F: H§(R) — Hg'(RR) by

(Fu)[v] :—f]R[u’v’+(V0+LF(-,t)u(t)2dt)uv—u3v dx

Thus:
usolves (SPS) & Fu=0
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Setting ﬂ(“.
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Define F: H§(R) — Hg'(RR) by

(Fu)[v] :—fR[u’v’—k(Vo—Ffﬂ;l"(-,t)u(tfdt)uv—u?’v

dx

Thus:

usolves (SPS) & Fu=0

Let some approximate solution i € H]S(]R) of Fu = 0 be computed (AO)
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Setting ﬂ(“.

Karlsruhe Institute of

Define F: H§(R) — Hg'(RR) by

(Fu)lv] :== f [u’v’ + (Vo + f r(-, tu(t)? dt) uv — udv| dx
R R
Thus:
usolves (SPS) & Fu=0
Let some approximate solution i € H]S(]R) of Fu = 0 be computed (AO)

Linearization of F at U:

L: HS(R) » Hg'(R), L = F'
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Assumptions
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Need constants ¢ > 0, K > 0 and a non-decreasing function
g: [0, 00) — [0, ) satisfying:
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Assumptions
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Need constants ¢ > 0, K > 0 and a non-decreasing function
g: [0, 00) — [0, ) satisfying:

a Bound for the defect (residual) of :

IFUlly-1 <6 (A1)
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Need constants ¢ > 0, K > 0 and a non-decreasing function
g: [0, 00) — [0, ) satisfying:

a Bound for the defect (residual) of :

IFUlly-1 <6 (A1)

m Norm bound for L~1:

lullyr < KllLully- (ue HE(R)) (A2)
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Assumptions

Need constants ¢ > 0, K > 0 and a non-decreasing function
g: [0, 00) — [0, ) satisfying:

a Bound for the defect (residual) of :

IFEll,+ <6

m Norm bound for L~1:

lullyr < KLl (u € HE(R))

w ||F(o+4u) - Fig < gllully) (ueHE(R))
m g(t) >0 (t—>0%)
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Existence and enclosure theorem
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Theorem (Existence and enclosure theorem, see [4])

Lett e H1S(IR) be an approximate solution of Fu = 0, i.e. of (SPS). Moreover
letti, 5, K and g: [0, ) — [0, o0) satisfy the assumptions (A1) - (A4).
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Existence and enclosure theorem ﬂ("'

Theorem (Existence and enclosure theorem, see [4])

Lett e H1S(IR) be an approximate solution of Fu = 0, i.e. of (SPS). Moreover
letti, 5, K and g: [0, ) — [0, o0) satisfy the assumptions (A1) - (A4).
Suppose some a > 0 exists, such that

% G(a) and

-g(a) <
where G(s) = os g(t) dt.
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Existence and enclosure theorem ﬂ("'

Theorem (Existence and enclosure theorem, see [4])

Lett e H1S(IR) be an approximate solution of Fu = 0, i.e. of (SPS). Moreover
letti, 5, K and g: [0, ) — [0, o0) satisfy the assumptions (A1) - (A4).

Suppose some a > 0 exists, such that
(04
<% ( ) and
-g(a) <

where G(s fo

Then there exists an exact solution u* € H§(IR) of Fu = 0, satisfying the
enclosure
o ~ s <
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(A0) Approximate solution
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Look for approximations in V5 , = span {tpg (1sks< M} c HE(R) with

oS sin((2k = 1)n%:8), IXI<R
AL, IxI > R
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(A0) Approximate solution

Look for approximations in V5 , = span {tpg (1sks< M} c HE(R) with

oS sin((2k = 1)n%:8), IXI<R
Rk o, x| > R

Define Fp: HL(R) — HZ'(R) (p € [0, 1]) by

(Fu)lvl = |

ax

u'v' + (Vo + pf T(-, tu(t)? dt) uv — v
R
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(A0) Approximate solution U ﬂ(“'

Karlsruhe Institute of

Look for approximations in V5 , = span {tpg (1sks< M} c HE(R) with

oS, = {sin((Zk - 1)a%R), IXI<R

0, x| > R

Define Fp: HL(R) — HZ'(R) (p € [0,1]) by

2
(Fpu)lv] = f u'v + (Vo + pf (- t)u(t) dt) uv — uPv| dx
R R
1.5
Start Newton method with 1
V2V,

=0andu= —*+~2— 0.5

P cosh(VVo-) 0| ‘ : ‘ :

-10 -5 0 5 10
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(A1) Defectbound ¢
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Need a verified 6 > 0 with
IFTll-1 <6
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(A1) Defectbound ¢

Need a verified 6 > 0 with
IFTll-1 <6

Have: &i(x) = 0 for [x| > R and u|[_R A € H?(-R, R)
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(A1) Defectbound ¢

Need a verified 6 > 0 with
IFTll-1 <6

Have: &i(x) = 0 for [x| > R and u|[_R A € H?(-R, R)

Thus for ¢ € HS(R)
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(A1) Defectbound ¢

Need a verified 6 > 0 with
IFTll-1 <6

Have: &i(x) = 0 for [x| > R and u|[_R A € H?(-R, R)

Thus for ¢ € HS(R)

R

pdx

(FO)le] = t'e| +f

-R

-0+ (Vo + IR T(-, )a(t)? dt)D— T

R
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(A1) Defectbound ¢

Need a verified 6 > 0 with
IFTll-1 <6

Have: &i(x) = 0 for [x| > R and u|[_R A € H?(-R, R)

Thus for ¢ € HS(R)

R R
(Fo)lg] = o'yl +f -u” -I—(Vo +f T(-, )a(t)? dt)D— 2 o dx
-R -R
Verified computation:
w [U'(R)|+ 1T (-R)
- R - -
w -0+ (Vo+ [[RT(.0)a(t)? dt)a - 0 2_p.p)

SWIM 2018: 11th Summer Workshop on Interval Methods



(A2) Norm bound for L~
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Norm bound K > 0 for L~:

llullyr < KllLully-+ (ue H5(R)) (A2)

11 July 26,2018 Jonathan Wunderlich — Computer-assisted existence proofs for one-dimensional Schrédinger-Poisson systems Institute for Analysis
SWIM 2018: 11th Summer Workshop on Interval Methods



(A2) Norm bound for L~

Norm bound K > 0 for L~
lullyr < KIILully-1 (ueHg(R))
Isometric isomorphism:

®: HE(R) - Hg' (R), um (u, )y
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(A2) Norm bound for L~
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Norm bound K > 0 for L~

lullyr < KIS 'Lullyr (v e HE(R)) (A2)
Isometric isomorphism:

®: HE(R) - Hg' (R), um (u, )y
Spectral decomposition of ®~'L yields:

(A2) holds & y:=min{lA: 1€ (P L)}>0
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(A2) Norm bound for L~ ﬂ(“.

Norm bound K > 0 for L~
lullyr < KID 'Lullyr (ueHE(R)) (A2)
Isometric isomorphism:
®: HE(R) - Hg' (R), um (u, )y
Spectral decomposition of ®~'L yields:
(A2) holds & y:=min{lA: 1€ (P L)}>0

Compute verified lower bounds:
® ye > 0 for min{|A]: 1 isolated eigenvalue of &1L}
® Yess > 0 for min{|A]: 1 € oess(P'L)}
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(A2) Norm bound for L~
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Eigenvalue bound yey:
O 'Lu= & (U ehy =«(Pu-Lu)lg] (¢ e H'(R))

k=12
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(A2) Norm bound for L~

Eigenvalue bound yey:

O 'Lu= e (U@ =«(Pu-Lu)lg] (¢ € H'(R))

k=12

[

Karlsruhe Institute of Technology

C

0 4,

_\A,) £
3) "
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(A2) Norm bound for L~

Eigenvalue bound yey:
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O 'Lu= e (U@ =«(Pu-Lu)lg] (¢ € H'(R))

k=12

[

C

0 4,

\A.» 4
Zp ot

Upper eigenvalue bounds: Rayleigh-Ritz method
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(A2) Norm bound for L~
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Eigenvalue bound yey:
O 'Lu= & (U ehy =«(Pu-Lu)lg] (¢ e H'(R))
K'=97

[

[
T

0 4y

Zp -
—

Kjt1

\A.» 4

Upper eigenvalue bounds: Rayleigh-Ritz method
Lower eigenvalue bounds: Lehmann-Goerisch and homotopy method
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(A2) Norm bound for L~

Eigenvalue bound yey:

k=12

O 'Lu= e (U@ =«(Pu-Lu)lg] (¢ € H'(R))

[
T

T Ky

Zp -

A

V_M—H
A 0 4,

Upper eigenvalue bounds: Rayleigh-Ritz method

Lower eigenvalue bounds: Lehmann-Goerisch and homotopy method
1

e

Set yev = min{|4jl, 4 1} = min{|1 - 7,1

Institute for Analysis
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(A2) Norm bound for L™ A\

Eigenvalue bound yey:
O 'Lu= & (U ehy =«(Pu-Lu)lg] (¢ e H'(R))

k=1
V_M_H
] — } ‘ {
A 0 4y Ko1Ky

Upper eigenvalue bounds: Rayleigh-Ritz method

Lower eigenvalue bounds: Lehmann-Goerisch and homotopy method
1
-

. A . 1
Set yey = m|n{|/lJ|,/_lj+1} = min{|1 - k_j|'1 "
Choose ’

min{Yev, Yess}

Institute for Analysis
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(A3)/(A4) Non-decreasing function g

Need a non-decreasing function g: [0, o) — [0, o) which satisfies

IF"(@+u) - F'dfl, < g(llullyr)  (ueHE(R)) (A3)

and g(t) - 0 (t —» 0™) (A4)
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(A3)/(A4) Non-decreasing function g

Need a non-decreasing function g: [0, o) — [0, o) which satisfies
|(F'(@+ u)v = (Fa)v)[¢]] < g(llully) VI liellyr (u, v, € HE(R)) (A3)

and g(t) - 0 (t —» 0™) (A4)
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(A3)/(A4) Non-decreasing function g

Need a non-decreasing function g: [0, o) — [0, o) which satisfies

|(F (64 u)v = (F D)) [g]] < g(liully1) Myt llgllyr (0, v, 0 € HE(R))
and g(t) — 0 (t —» 0%) (A4)
Set

g(t) = :Ttg (2IIUI|H1 +t+ \/_(2I|UIIL2 + \/E))
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Results for the one-dimensional system

Proved a non-trivial solution in the following cases:

July 26, 2018

[ ¢

[ Yo ||

o

|

0

|

K

|

a

30.0

1.0

2.133

3.085e-4

3.753

1.17e-3

40.0

1.0

1.973

3.154e-4

3.543

1.12e-3

50.0

1.0

1.866

3.174e-4

3.498

1.12e-3
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